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Preface

With the availability of Big Data, one may have more information to iden-
tify the underlying causality of economic relationship or forecast impor-
tant macroeconomic variables or indicators. However, when large volume
of data is involved, large dimension could be an issue in the statistical infer-
ence of traditional regression models. This book is motivated by the recent
development in panel data models with large individuals/countries (n) and
large amount of observations over time (T ). It introduces testing for cross-
sectional dependence and structural breaks in large panels. This book also
summarizes important advancement in estimating factor-augmented panel
data models and group patterns in panels in recent literature.

This book can be considered complementary to popular panel data
econometrics textbooks such as Baltagi (2013), Hsiao (2014) and Pesaran
(2015). It is designed for high-level graduate courses in econometrics and
statistics. It can be used as a reference for researchers. In speci�c, Chap-
ters 2 and 4 drew heavily from our published works with Badi H. Baltagi.
Chapters 3 and 5 summarize important methods from the recent literature.

We would like to thank Badi H. Baltagi for his collaborative work that
stimulated our interest in writing this book. We would also like to thank
Kunpeng Li for sharing his code, which is used to produce empirical results
in Chapter 3. Wei Wang and Mengying Yuan are also acknowledged for
helping read the drafts and research assistance. We also wish to thank
World Scienti�c Publishing for giving us the opportunity to undertake this
work.
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As a personal note, the authors would like to thank their family mem-
bers. Chihwa thanks his wife Ivy Liu who convinced him of the need for
writing this book. Qu wishes to thank his loving wife and parents. The com-
pletion of this book would not have been possible without their support.
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Chapter 1

Introduction

This book is motivated by the recent development in high-dimensional panel
data models with large amount of individuals/countries (n) and observa-
tions over time (T). Speci“cally, it introduces four important research topics
in large panels, including testing for cross-sectional dependence, estima-
tion of factor-augmented panel data models, structural changes and group
patterns in panels in the following four chapters. To address these issues,
we examine the properties of traditional tests and estimators in large-
dimensional setup. In addition, we also take advantage of some techniques
in Random Matrix Theory and Machine Learning.

Chapter 2 covers testing for cross-sectional dependence in panel data
regression models with largen and large T. Cross-sectional dependence,
described as the interaction between cross-sectional units (e.g., households,
“rms and states, etc.), has been well discussed in the spatial economet-
rics literature. Intuitively, depende nce across •spaceŽ can be regarded as
the counterpart of serial correlation in time series. It could arise from
the behavioral interaction between individuals, e.g., imitation and learn-
ing among consumers in a community, or “rms in the same industry. This
has been widely studied in game theory and industrial organization. It could
also be due to unobservable common factors or common shocks popular in
macroeconomics.

In recent literature, cross-sectional dependence among individuals is a
concern whenn is large. As serial correlation in time-series analysis, the

1
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cross-sectional of dependence/correlation leads to e�ciency loss for least
squares and invalidates conventionalt-tests andF -tests which use standard
variance…covariance estimators. In some cases, it could potentially result
in inconsistent estimators (Lee, 2002; Andrews, 2005). Several estimators
have been proposed to deal with cross-sectional dependence, including the
popular spatial methods (Anselin, 1988; Anselin and Bera, 1998; Kelejian
and Prucha, 1999; Kapoor, Kelejian and Prucha, 2007; Lee, 2007; Lee and
Yu, 2010), and factor models in panel data (Pesaran, 2006, Kapetanios,
Pesaran and Yamagata, 2011; Bai, 2009). However, before imposing any
structure on the disturbances of our model, it may be wise to test the
existence of cross-sectional dependence.

There has been a lot of work on testing for cross-sectional dependence in
the spatial econometrics literature, see Anselin and Bera (1998) for cross-
sectional data and Baltagi, Song and Koh (2003) for panel data, to men-
tion a few. The latter derives a joint Lagrange multiplier (LM) test for
the existence of spatial error correlation as well as random region e�ects
in a panel data regression model. Panel data provide richer information
on the covariance matrix of the errors than cross-sectional data. This is
especially relevant for the o�-diagonal elements which are of particular
importance in determining cross-sectional dependence. With panel data
one can test for cross-sectional dependence without imposingad hoc spec-
i“cations on the error structure generating the covariance matrix, e.g., the
spatial autoregressive model in the spatial literature, or the single or mul-
tiple factor structures imposed on the errors in the macro literature. Ng
(2006) and Pesaran (2004) propose two test procedures based on the sam-
ple covariance matrix in panel data. Ng (2006) develops a test tool using
spacing method in a panel model. Pesaran (2004) proposes a cross-sectional
dependence (CD) test using the pairwise average of the o�-diagonal sam-
ple correlation coe�cients in a seemingly unrelated regressions model. The
CD test is closely related to the RAVE test statistic advanced by Frees
(1995). Unlike the traditional Breusch-Pagan (1980) LM test, the CD test
is applicable for a large number of cross…sectional units (n) observed over
T time periods. In Pesaran (2015), the CD test is interpreted as a test
for weak cross-sectional dependence. Sara“dis, Yamagata and Robertson
(2009) develop a test for cross-sectional dependence based on Sargan•s
di�erence test in a linear dynamic panel data model, in which the error
cross-sectional dependence is modeled by a multifactor structure. Hsiao,
Pesaran and Pick (2012) propose a LM-type test for nonlinear panel data
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models. For a recent survey of some cross-sectional dependence tests in
panels, see Moscone and Tosetti (2009). Baltagi, Feng and Kao (2011)
propose a test for sphericity following John (1972) and Ledoit and Wolf
(2002) in the statistics literature. Sphericity means that the variance…
covariance matrix is proportional to the identity matrix. The rejection of
the null could be due to cross-sectional dependence or heteroskedasticity
or both.

Based on Baltagi, Feng and Kao (2012), Chapter 2 discusses testing pro-
cedures in the “xed e�ects panel data models, including static and dynamic
cases. It is well known that the standard Breusch and Pagan (1980) LM
test for cross-equation correlation in a SUR model is not appropriate for
testing cross-sectional dependence in panel data models whenn is large and
T is small. We derive the asymptotic bias of this scaled version of the LM
test in the context of a “xed e�ects panel data model. This asymptotic bias
is found to be a constant related ton and T, which suggests a simple bias
corrected LM test for the null hypothesis.

There are two ways of modeling cross-sectional dependence: spatial mod-
els and factor models. In Chapter 3, we introduce three leading approaches
of estimating large panel data regression models with an error factor struc-
ture: the common correlated e�ects (CCE) approach proposed by Pesaran
(2006), Bai•s (2009) iterated principal components (IPC) approach and the
maximum likelihood estimation (MLE) method proposed by Bai and Li
(2014). The use of these approaches is illustrated by an empirical example
in the context of the productivity of infrastructure investment in China.

Chapter 4 examines the issue of structural changes in large panel
data regression models. In the literature on panel data models with large
time dimension, e.g., Kao (1999), Phillips and Moon (1999), Hahn and
Kuersteiner (2002), Alvarez and Arellano (2003), Phillips and Sul (2007),
Pesaran and Yamagata (2008), Hayakawa (2009), to name a few, the
implicit assumption is that the slope coe�cients are constant over time.
However, due to policy implementation or technological shocks, structural
breaks are possible especially for panels with a long time span. Conse-
quently, ignoring structural breaks may lead to inconsistent estimation and
invalid inference.

Based on Baltagi, Feng and Kao (2016, 2019), Chapter 4 extends
Pesaran•s (2006) work on CCE estimators for large heterogeneous panels
with a general multifactor error structure by allowing for unknown common
structural breaks in slopes and unobserved factor structure. We propose
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a general framework that includes heterogeneous panel data models and
structural break models as special cases. The least squares method proposed
by Bai (1997a, 2010) is applied to estimate the common change points, and
the consistency of the estimated change points is established. We “nd that
the CCE estimators have the same asymptotic distribution as if the true
change points were known. Additionally, Monte Carlo simulations are used
to verify the main “ndings.

By considering both cross-sectional dependence and structural breaks
in a general panel data model, this chapter also contributes to the change
point literature in several ways. First, it extends Bai•s (1997a) time-series
regression model to heterogeneous panels, showing that the consistency of
estimated change points can be achieved with the information along the
cross-sectional dimension. This result con“rms the “ndings of Bai (2010)
and Kim (2011). Second, it also enriches the analysis of common breaks
of Bai (2010) and Kim (2011) in a panel mean-shift model and a panel
deterministic time trend model by extending them to a regression model
using panel data. This makes it possible to allow for structural breaks and
cross-sectional dependence in empirical work using panel regressions. In
particular, our methods can be applied to regression models using large
stationary panel data, such as country-level panels and state/provincial-
level panels.

Regarding estimating common breaks in panels, Feng, Kao and Lazarova
(2009) and Baltagi, Kao and Liu (2012) also show the consistency of the esti-
mated change point in a simple panel regression model. Hsu and Lin (2012)
examine the consistency properties of the change point estimators for non-
stationary panels. More recently,Qian and Su (2016) and Li, Qian and Su
(2016) study the estimation and inference of common breaks in panel data
models with and without interactive “xed e�ects using Lasso-type methods.
Westerlund (2019) establishes the consistency of least squares estimator of
break point in a mean-shift model with “xed T, using the CCE approach to
deal with unobserved error factors. In terms of detecting structural breaks
in panels, some recent literature includes Horváth and Hu�sková (2012) in
a panel mean-shift model with and without cross-sectional dependence, De
Wachter and Tzavalis (2012) in dynamic panels, and Pauwels, Chan and
Mancini-Gri�oli (2012) in heterogeneous panels, Oka and Perron (2018) in
multiple equation systems, to name a few.

Chapter 5 studies heterogeneity and grouping issues in large dimen-
sional panel data models. When a large number of individuals/countries
are involved in the regression, it is costly to allow for individual unobserved
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heterogeneity, for example, “xed e�ects, which may lead to incidental
parameter problem in the regression. One way to balance between model-
ing heterogeneity and incidental parameters is grouping. With within-group
homogeneity and cross-group di�erence, we can still allow for a certain
degree of heterogeneity and avoid incidental parameter problem.
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Chapter 2

Tests for Cross-Sectional
Dependence in Fixed E�ects

Panel Data Models

In recent literature, cross-sectional dependence among individuals is a con-
cern whenn is large. As serial correlation in time-series analysis, the cross-
sectional of dependence/correlationcould invalidate inference. In some
cases, it could even render inconsistent estimation. This chapter discusses
testing procedures in the “xed e�ects panel data models, including static
and dynamic cases.

In the “xed n case and asT � � , the Breusch and Pagan•s (1980)
LM test can be applied to test for the cross-sectional dependence in panels.
Under the null hypothesis of cross-sectional independence in errors, the test
statistic is asymptotically Chi-square distributed with n(n Š 1)/ 2 degrees
of freedom. However, this test is not applicable whenn � � . Therefore,
Pesaran (2004) proposes a scaled version of this LM test, denoted by CDlm

which has a N (0, 1) distribution as T � � “rst, followed by n � � . As
pointed out by Pesaran (2004), the CDlm test is not correctly centered at
zero for “nite T and is likely to exhibit large size distortions asn increases.
To solve this problem, Pesaran (2004) proposes a diagnostic test based on
the average of the sample correlations, which he denotes by the CD test,
and this is valid for large n. Additionally, Pesaran, Ullah and Yamagata
(2008) develop a bias-adjusted LM test using “nite sample approximations
in the context of a heterogeneous panel model.

Based on Baltagi, Feng and Kao (2012), this chapter introduces tests
for cross-sectional dependence in panel data models. In speci“c, we derive

7
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the asymptotic bias of this scaled version of the LM test in the context of
a “xed e�ects homogeneous panel data model. Because it is based on the
“xed e�ects residuals, we denote it by LMP to distinguish it from CD lm . The
asymptotic bias of LMP is found to be a constant related ton and T, sug-
gesting a simple bias corrected LM test for the null hypothesis. This chap-
ter di�ers from the bias-adjusted LM test of Pesaran, Ullah and Yamagata
(2008) in that the latter assumes aheterogeneouspanel data model, whereas
this chapter assumes a “xed e�ectshomogeneouspanel data model. Also,
the bias correction derived in this chapter is based on asymptotic results
as (n, T ) � � , while the bias adjustment in Pesaran, Ullah and Yamagata
(2008) is obtained using“nite sample approximation. Phillips and Moon
(1999) provide regression limit theory for panels with (n, T ) � � . Here, we
adopt the asymptotics used in the statistics literature for high-dimensional
inference, see Ledoit and Wolf (2002) and Schott (2005), to mention a few.
This literature usually deals with multivariate normal distributed variables
where the number of variables (in our casen) is comparably as large as the
sample size (T). We “nd that under this joint asymptotics framework with
(n, T ) � � simultaneously, the limiting distribution of the LM P statis-
tic is not standard normal under the assumption of a “xed e�ects model.
Consequently, it can su�er from large size distortions.

The organization of this chapter is as follows. Section 2.1 reviews several
LM tests for cross-sectional dependence in the literature. Section 2.2 derives
the limiting distribution of the LM P test in the raw data case. Section 2.3
derives a bias-corrected LM test in the context of a “xed e�ects model.
In Section 2.4, we show that the proposed bias-corrected LM test can be
extended to the dynamic panel data model. Section 2.5 reports the size
and power of the tests for cross-sectional dependence using Monte Carlo
experiments. Section 2.6 reviews the recent development in this topic. The
technical details are included in Section 2.7.

2.1. LM Tests for Cross-Sectional Dependence

Consider the heterogeneous panel data model:

yit = x�
it � i + uit , for i = 1 , . . . , n; t = 1 , . . . , T, (2.1)

where i indexes the cross-sectional units andt the time-series observations.
yit is the dependent variable andxit denotes the exogenous regressors of
dimension k × 1 with slope parameters� i that are allowed to vary across
i . uit is allowed to be cross-sectionally dependent but is uncorrelated with
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xit . Let Ut = ( u1t , . . . , unt )� . The n × 1 vectorsU1, U2, . . . , UT are assumed
i.i.d. N (0, � u ) over time. Let � ij be the (i, j )th element of the n × n matrix
� u . The errors uit are cross-sectionally dependent if �u is nondiagonal, i.e.,
� ij �= 0 for i �= j . The null hypothesis of cross-sectional independence can
be written as

H0 : � ij = 0 for i �= j,

or equivalently as

H0 : � ij = 0 for i �= j, (2.2)

where � ij is the correlation coe�cient of the errors with � ij = � ij�
� 2

i � 2
j

.

Under the alternative hypothesis, there is at least one nonzero correlation
coe�cient � ij , i.e., Ha : � ij �= 0 for some i �= j.

The OLS estimator of yit on xit for eachi , denoted by �� i , is consistent.
The corresponding OLS residuals �uit de“ned by �uit = yit Š x�

it
�� i are used

to compute the sample correlation �� ij as follows:

�� ij =

�
T�

t =1

�u2
it

� Š 1/ 2 �
T�

t =1

�u2
jt

� Š 1/ 2 T�

t =1

�uit �ujt . (2.3)

In the “xed n case and asT � � , the Breusch and Pagan•s (1980) LM test
can be applied to test for the cross-sectional dependence in heterogeneous
panels. In this case, it is given by

LM BP = T
n Š 1�

i =1

n�

j = i +1

�� 2
ij .

This is asymptotically distributed under the null as a � 2 with n(n Š 1)/ 2
degrees of freedom. However, this Breusch…Pagan LM test statistic is not
applicable when n � � . In this case, Pesaran (2004) proposes a scaled
version of the LMBP test given by

CDlm =

�
1

n(n Š 1)

n Š 1�

i =1

n�

j = i +1

�
T �� 2

ij Š 1
�
. (2.4)

Pesaran (2004) shows that CDlm is asymptotically distributed as N (0, 1),
under the null, with T � � “rst, and then n � � . However, as pointed
out by Pesaran (2004), for “nite T , E [T �� 2

ij Š 1] is not correctly centered
at zero, and with large n, the incorrect centering of the CDlm statistic is
likely to be accentuated. Thus, the standard normal distribution may be a
bad approximation of the null distribution of the CD lm statistic in “nite
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samples, and using the critical values of a standard normal may lead to
big size distortion. Using “nite sample approximation, Pesaran, Ullah and
Yamagata (2008) rescale and recenter the CDlm test. The new LM test,
denoted as PUY•s LM test, is given by

PUY•s LM =

�
2

n(n Š 1)

n Š 1�

i =1

n�

j = i +1

(T Š k)�� 2
ij Š µT ij

� T ij
, (2.5)

where

µT ij =
1

T Š k
tr[ E (M i M j )]

is the exact mean of (T Š k)�� 2
ij and

� 2
T ij = { tr[ E (M i M j )]} 2a1T + 2 tr { E [(M i M j )2]} a2T

is its exact variance. Here

a1T = a2T Š
1

(T Š k)2 ,

a2T = 3
�

(T Š k Š 8)(T Š k + 2) + 24
(T Š k + 2)( T Š k Š 2)(T Š k Š 4)

	 2

,

and M i = I Š X i (X �
i X i )Š 1X �

i , whereX i = ( xi 1, . . . , xiT )� contains T obser-
vations on the k regressors for thei th individual regression. PUY•s LM is
asymptotically distributed as N (0, 1), under the null, with T � � “rst,
and then n � � .

This chapter considers the “xed e�ects homogeneous panel data model

yit = � + x�
it � + µi + vit , for i = 1 , . . . , n; t = 1 , . . . , T, (2.6)

where µi denotes the time-invariant individual e�ect. The k × 1 regressors
xit could be correlated with µi , but are uncorrelated with the idiosyncratic
error vit . This is a standard model in the applied panel data literature
and di�ers from (2.1) in that the � �

i •s are the same, and heterogeneity is
introduced through the µ�

i •s. The intercept � appears explicitly so that the
regressor vectorxit includes only time-variant variables. Throughout our
derivations for the “xed e�ects model, we require the following assumptions.

Assumption 2.1. n
T � c � (0, � ) as (n, T ) � � .

c is a nonzero bounded constant. This assumption approximates the
case where the dimensionn is comparably as large asT.
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For a static panel data model, we assume the following.

Assumption 2.2. (i) The n × 1 vectors of idiosyncratic distur-
bances Vt = ( v1t , . . . , vnT )� , t = 1 , . . . , T, are i.i.d. N (0, � � ) over time;
(ii) E [vit |xi 1, . . . , xiT ] = 0 and E[vit |xj 1, . . . , xjT ] = 0, i = 1 , . . . , n,
t = 1 , . . . , T ; (iii) For the demeaned regressors �xit = xit Š 1

T


 T
s=1 xis ,

1
T


 T
t =1 �xit , 1

T


 T
t =1 �xit �x�

jt are stochastic bounded for all i = 1 , . . . , n

and j = 1 , . . . , n, and lim(n,T ) ��
1

nT


 n
i =1


 T
t =1 �xit �x�

it exists and is
nonsingular.

The normality assumption (Assumption 2.2(i)) may be strict but it is
a standard assumption in the statistical literature and is also assumed by
Pesaran, Ullah and Yamagata (2008). Other distributions will be examined
for robustness checks in the Monte Carlo experiments. Assumption 2.2(ii)
is standard. Assumption 2.2(iii) excludes nonstationary or trending regres-
sors. Under these assumptions, the within estimator�� is

�
nT -consistent.

This estimator is obtained by regressing �yit = yit Š 1
T


 T
s=1 yis on �xit . The

corresponding within residuals given by�vit = �yit Š �x�
it

�� are used to compute
the sample correlation �� ij as follows:

�� ij =

�
T�

t =1

�v2
it

� Š 1/ 2 �
T�

t =1

�v2
jt

� Š 1/ 2 T�

t =1

�vit �vjt . (2.7)

For a dynamic panel data model with the lagged-dependent variable
as a regressor, more assumptions are needed. We will discuss this case in
Section 2.4.

The scaled version of the LMBP test suggested by Pesaran (2004) but
now applied to the “xed e�ects model is given by

LM P =

�
1

n(n Š 1)

n Š 1�

i =1

n�

j = i +1

�
T �� 2

ij Š 1
�
. (2.8)

This replaces �� ij with �� ij and it now tests the null given in (2.2) only applied
to the remainder disturbancevit . In order to see this, letuit = µi + vit denote
the disturbances in (2.6). The “xed e�ects estimator wipes out the individ-
ual e�ects, and that is why it does not matter whether the µ�

i •s are correlated
with the regressors or not. The test for no cross-sectional dependence of
the disturbances given in (2.2) becomes a test for no cross-sectional depen-
dence of thevit . This LM P test, for the “xed e�ects model (2.8), su�ers
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from the same problems discussed by Pesaran (2004) for the corresponding
CDlm statistic (2.4) for the heterogeneous panel model. We show that it
will exhibit substantial size distortions due to incorrect centering when n is
large. Unlike the “nite sample adjustment in Pesaran, Ullah and Yamagata
(2008), this chapter derives the asymptotic distribution of the LMP statistic
under the null as (n, T ) � � , and proposes a bias corrected LM test. The
asymptotics are done using the high-dimensional inference in the statistics
literature, see Ledoit and Wolf (2002) and Schott (2005), to mention a few.
Our derivation begins with the raw data case and then extends it to a “xed
e�ects regression model. We “nd that in a “xed e�ects panel data model,
after subtracting a constant that is a function of n and T, the LM P test is
asymptotically distributed, under the null, as a standard normal. Therefore,
a bias-corrected LM test is proposed.

2.2. LM P Test in the Raw Data Case

In the raw data case, the n × 1 vectors Z1, Z2, . . . , ZT are a random
sample drawn from N (0, � z). The tth observation Zt has n components,
Zt = ( z1t , . . . , znt )� . The null hypothesis of independence among thesen
components is the same as (2.2) but now pertaining to �z rather than
� u . For “xed n, and as T � � , the traditional LM test statistic is
T


 n Š 1
i =1


 n
j = i +1 r 2

ij , which converges in distribution to � 2
n (n Š 1) / 2 under the

null of independence. The sample correlationr ij is de“ned as

r ij =

�
T�

t =1

z2
it

� Š 1/ 2 �
T�

t =1

z2
jt

� Š 1/ 2 T�

t =1

zit zjt . (2.9)

However, as the dimensionn becomes as comparably large asT, this tra-
ditional LM test becomes invalid. A scaled LM test statistic

LM z =

�
1

n(n Š 1)

n Š 1�

i =1

n�

j = i +1

�
T r2

ij Š 1
�

(2.10)

is thus considered. This LMz statistic (2.10) is closely related to the test
statistic proposed by Schott (2005)

n Š 1�

i =1

n�

j = i +1

r 2
ij Š

n(n Š 1)
2T

.
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For high-dimensional data, asn/T � c � (0, � ), Schott (Theorem 1, 2005)
shows that under the null of independence,

n Š 1�

i =1

n�

j = i +1

r 2
ij Š

n(n Š 1)
2T

d� N
�

0, lim
(n,T ) ��

n(n Š 1)(T Š 1)
T 2(T + 2)



(2.11)

or, equivalently, that

�
T 2(T + 2)

n(n Š 1)(T Š 1)

�

�
n Š 1�

i =1

n�

j = i +1

r 2
ij Š

n(n Š 1)
2T

�

� d� N (0, 1).

Using Schott•s (2005) result and the fact that

�
T 2(T + 2)

n(n Š 1)(T Š 1)

�

�
n Š 1�

i =1

n�

j = i +1

r 2
ij Š

n(n Š 1)
2T

�

� =

�
T + 2
T Š 1

LM z,

it is straightforward to infer that the limiting distribution of LM z is N (0, 1)
under the null. Srivastava (2005, Theorem 5.1) also derives the null limiting
distribution of the LM z statistic given in (2.10) using T � � and focusing
on the case whereT = O(n� ) where 0< � � 1.

2.3. A Bias-Corrected LM Test in a Fixed E�ects Panel
Data Model

This section derives the limiting distribution of the LM P test de“ned in
(2.8). This tests the null of no cross-sectional dependence in the “xed e�ects
regression model given in (2.6). The null hypothesis of no cross-sectional
dependence is the same as (2.2) but now pertaining to �� rather than � u .

Theorem 2.1. Under Assumptions 2.1, 2.2 and the null hypothesis of no
cross-sectional dependence

LM P Š
n

2(T Š 1)
d

� N (0, 1).

The key step of proof of Theorem 2.1 is provided in Section 2.7. The
asymptotics are derived under the joint asymptotics of (n, T ) � � with
n/T � c � (0, � ).



August 6, 2020 12:59 Large-Dimensional PanelData Econometrics 9in x 6in b3901-ch02 page 14

14 Large-Dimensional Panel Data Econometrics

Based on this result, this chapter proposes a bias-corrected LM test
statistic given by

LM BC = LM P Š
n

2(T Š 1)

=

�
1

n(n Š 1)

n Š 1�

i =1

n�

j = i +1

�
T �� 2

ij Š 1
�

Š
n

2(T Š 1)
. (2.12)

Theorem 2.1 shows that, under the null, the limiting distribution of the
bias-corrected LM test is standard normal.

Comparing LMP in the “xed e�ects model versus the corresponding
LM z in the raw data case, it is clear that LMP exhibits an asymptotic bias,
while LM z does not. The asymptotic bias in the “xed e�ect model results
from the incidental parameter problem. Due to the presence of unobserved
heterogeneityµi , the idiosyncratic error vit cannot be estimated accurately
by the within residuals �vit = �yit Š �x�

it
�� = vit Š 1

T


 T
s=1 vis Š �x�

it ( �� Š � ).
The second term 1

T


 T
s=1 vis , created by the within transformation to wipe

out the unobserved heterogeneityµi , is Op( 1
T ). Hence, the accuracy of the

within residuals depends onT. For small T , the within residuals are inac-
curate, and so are the sample correlations �� ij •s computed using the within
residuals. For largeT, the terms involved with odd power of 1

T


 T
s=1 vis

vanish due to the law of large numbers. However, the sum of a large num-
ber of squared terms of1

T


 T
s=1 vis cannot be ignored. The inaccuracy due

to the within transformation accumulates in the sum of squared terms of
the statistic with comparably large n and n/T � c � (0, � ), consequently,
resulting in asymptotic bias.

2.4. Dynamic Panel Data Models

In a dynamic panel data model

yit = � + �y i,t Š 1 + x�
it � + µi + vit , for i = 1 , . . . , n; t = 1 , . . . , T,

(2.13)

where yi,t Š 1 is the lagged-dependent variable. As documented by Nickell
(1981), the within estimator is inconsistent for “nite T as n � � . Various
consistent estimators have been proposed in the literature, including Ander-
son and Hsiao (1981), Arellano and Bond (1991), Kiviet (1995), Bun and
Carree (2005), Phillips and Sul (2007) etc., to name a few. For a detailed
discussion, see Baltagi (2008). Recently, Hahn and Kuersteiner (2002) stud-
ied the asymptotic properties of the within estimator in a dynamic panel
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model with “xed e�ects when n and T grow at the same rate. They show,
after a bias-correction, the within estimator is

�
nT -consistent.

For the dynamic panel data model in (2.13), let us denote	 = ( �, � � )� .

Based on the bias-corrected estimator ��	 proposed by Hahn and Kuersteiner

(2002), we can compute the within residuals�vit = �yit Š (�yi,t Š 1, �x�
it )��	 with

�yi,t Š 1 = yi,t Š 1 Š 1
T


 T
s=1 yi,s Š 1, and the corresponding sample correlations

�� ij and the bias-corrected LM test statistic (LM BC ). Theorem 1 of Hahn and
Kuersteiner (2002) shows that the limiting distribution of

�
nT ( �	 Š 	 ), where

�	 denotes the within estimator, is not centered at zero when bothn and
T are large. Due to this noncentrality, we “nd in Monte Carlo experiments
that the proposed bias-corrected LM test using the within estimator is
oversized in micro panels whenn is much larger than T. This is why we use

the bias-corrected estimator ��	 proposed by Hahn and Kuersteiner (2002).

We show that as long as��	 is
�

nT -consistent, the proposed LMBC test in the
dynamic panel data model still has standard normal limiting distribution
under the null. However, stronger assumptions are needed than the static
panel data model.

Assumption 2.3. (i)
�

nT (��	 Š 	 ) = Op(1); (ii) |� | < 1; (iii) 1
n


 n
i =1 y2

i, 0 =

Op(1) and 1
n


 n
i =1 µ2

i = Op(1); (iv) 1
T


 T
s=1


 sŠ 1
� =1 � � Š 1xi,s Š � = Op(1) and

1
T


 T
s=1


 sŠ 1
� =1 � � Š 1vi,s Š � = Op(T Š 1/ 2).

Assumption 2.3(iii) is the same as condition 4(iv) in Hahn and Kuer-
steiner (2002). It implies yi, 0 = Op(1) and µi = Op(1). Under Assumptions
2.3(iii) and (iv), the dependent variable yit and its time average 1

T


 T
t =1 yi,t

are stochastically bounded.

Theorem 2.2. Under Assumptions 2.1–2.3 and the null hypothesis of no
cross-section dependence

LM BC
d� N (0, 1).

Under Assumption 2.3(iii), the proof follows along the same lines as that
of Theorem 2.1.

2.5. Monte Carlo Simulations

This section employs Monte Carlo simulations to examine the empirical size
and power of our bias-corrected LM test de“ned in (2.12) in a static panel
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data model. We compare its performance with that of Pesaran•s (2004) CD
test given by

Pesaran•s CD =

�
2T

n(n Š 1)

n Š 1�

i =1

n�

j = i +1

�� ij ,

and PUY•s LM test given in (2.5). The sample correlations �� ij are computed
using OLS residuals, see (2.3).

2.5.1. Experiment design

The experiments use the following data generating process:

yit = � + �x it + µi + vit , i = 1 , . . . , n; t = 1 , . . . , T, (2.14)

xit = 
x i,t Š 1 + µi + � it . (2.15)

Following Im, Ahn, Schmidt and Wooldridge (1999) xit in (2.15) is corre-
lated with the µi , but not with vit .

To calculate the power of the tests considered, two di�erent models of
the cross-sectional dependence are used: a factor model and a spatial model.
In the former, it is assumed that

vit = � i f t + 
 it , (2.16)

wheref t (t = 1 , . . . , T ) are the factors and� i (i = 1 , . . . , n) are the loadings.
In a spatial model, we consider a “rst-order spatial autocorrelation (SAR(1)
in (2.17)) and a spatial moving average (SMA(1) in (2.18)) model as follows:

vit = � (0.5vi Š 1,t + 0 .5vi +1 ,t ) + 
 it , (2.17)

vit = � (0.5
 i Š 1,t + 0 .5
 i +1 ,t ) + 
 it . (2.18)

Cross-sectional dependence can also be modeled by including a spatially
lagged-dependent variable, denoted as the mixed regressive, spatial autore-
gressive (MRSAR) model:

yit = � + � (0.5yi Š 1,t + 0 .5yi +1 ,t ) + �x it + µi + vit , (2.19)

where, similar to the SAR(1) model in (2.17), the term � (0.5yi Š 1,t +
0.5yi +1 ,t ) represents the spatial interaction in the dependent variable.
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The null can be regarded as a special case of� i = 0 in the factor model
(2.16) and � = 0 in the spatial models (2.17)…(2.19).

vit (under the null) and 
 it (under the alternative) are from i.i.d.
N (0, � 2

i ). To model the heteroskedasticity, we follow Baltagi, Song and
Kwon (2009) and Roy (2002) and assume that

� 2
i = � 2(1 + 	 x̄i )2, (2.20)

where x̄i is the individual mean of xit . Here 	 is assigned values 0, 0.5
with 	 = 0 denoting the homoskedastic case. For nonzero	 , we “x the
average value of� 2

i acrossi as 0.5 in our experiments. We obtain the value
of � 2 = 0 .5/

�
1
n


 n
i =1 (1 + 	 x̄i )2

�
using (2.20) and subsequently the value of

� 2
i . For the case of	 = 0, � 2

i = � 2 is “xed at 0.5.
The parameters � and � are set arbitrarily to 1 and 2, respectively.

µi is drawn from i.i.d. N (� µ , � 2
µ ) with � µ = 0 and � 2

µ = 0 .25 for i =
1, . . . , n. For the regressor in (2.15),
 = 0 .7 and � it � i.i.d. N (� � , � 2

� ) with
� � = 0 and � 2

� = 1. For the factor model in (2.16), f t � i.i.d. N (0, 1)
and two sets of experiments are conducted for� i � i.i.d. U(Š0.5, 0.55) and
� i � i.i.d. U(0.1, 0.3). For the spatial model, � = 0 .4 in (2.17)…(2.19).

The Monte Carlo experiments are conducted forn = 5 , 10, 20, 30, 50,
100, 200 andT = 10, 20, 30, 50. For each replication, we compute the bias-
corrected LM test, Pesaran•s CD and PUY•s LM test. A total of 2000
replications are performed. To obtain the empirical size, the proposed bias-
corrected LM test and PUY•s LM test are conducted at the positive one-
sided 5% nominal signi“cance level, while Pesaran•s CD test is implemented
at the two-sided 5% nominal signi“cance level.

2.5.2. Results

Table 2.1 presents the empirical size of these tests under the null of cross-
sectional independence with heteroskedasticity (	 = 0 .5). The size of the
bias-corrected LM test is close to 5%, even for micro panels with smallT
and large n. For example, the size of the bias-corrected LM test is 5.1%
for n = 200 and T = 10. The simulation results are consistent with the
asymptotic theory given in Theorem 2.1 in Section 2.4. As discussed in
Pesaran, Ullah and Yamagata (2008), for largeT there is no bias issue, so
PUY•s LM test has the correct size for largeT. For large n and small T ,
it is slightly oversized. For example, the size of PUY•s LM test is 9.2% for
T = 10, n = 200. Pesaran•s CD test has the correct size for all combinations
of n and T.
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Table 2.1. Size of tests under heteroskedasticity ( � = 0 .5).

Size T \ n 5 10 20 30 50 100 200

Bias-corrected LM 10 5.4 5.5 5.8 5.4 6.2 5.9 5.1
20 5.6 6.3 5.0 4.8 6.2 5.5 5.4
30 6.5 5.5 5.0 6.1 6.0 6.1 5.3
50 5.8 6.0 5.4 5.9 5.1 5.7 4.3

PUY’s LM 10 6.7 6.9 5.9 6.1 6.5 7.3 9.2
20 6.4 6.3 5.6 6.0 7.2 5.2 6.7
30 7.0 6.0 4.8 6.0 5.5 5.8 5.7
50 6.7 6.5 5.8 5.5 4.7 5.3 4.5

Pesaran’s CD 10 4.9 5.9 5.0 4.9 5.9 5.3 5.4
20 4.9 5.5 5.3 5.8 4.5 4.7 4.9
30 5.5 5.1 5.0 6.2 5.1 5.3 4.8
50 5.0 5.3 5.1 4.8 4.4 4.2 5.4

Table 2.2 shows the size-adjusted power of these tests under the alter-
native speci“ed by a factor model. The bias-corrected LM test has bigger
size-adjusted power than PUY•s LM test for smallT . However, both tests
have size-adjusted power that is almost 1 whenn and T are larger than 20.
By contrast, the power of Pesaran•s CD test is much smaller than those of
the two LM tests. While the power of the LM tests becomes one for largen
and T, the power of the CD test reaches a maximum of 36.5% for n = 200
and T = 50 when � i is drawn from U(Š0.5, 0.55). This is expected under the
current design. As pointed out by Pesaran, Ullah and Yamagata (2008), in
the factor model above in (2.16), Cov(vit , vjt ) = E [� i ]E [� j ], implying that
the value of Pesaran•s CD test statistic is close to zero if the mean of� i is
zero. This explains the low power of Pesaran•s CD test when� i is drawn
from U(Š0.5, 0.55). However, this is not the case for the proposed LM and
PUY•s LM tests which involve the squared terms of sample correlation coef-
“cients. For the case of � i drawn from U(0.1, 0.3), the power of Pesaran•s
CD test increases to 1 withn or T .

Tables 2.3 and 2.4 give the size-adjusted power of these tests under
the alternative speci“cations of SAR(1) and SMA(1), respectively. In these
cases, the size-adjusted power of Pesaran•s CD test performs much better
than in the case of a factor model, increasing to 1 withT .

Table 2.5 provides the results of robustness check on the size of the
tests with some nonnormal or asymmetric distributions on the errors. We
ran experiments with uniform distribution U[1, 2], Chi-square distribution
with 1 degree of freedom,� 2

1, and t-distribution with 5 degrees of freedom,
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Table 2.2. Size-adjusted power of tests: Factor model.

Size-adjusted power T \ n 5 10 20 30 50 100 200

� i � i .i .d. U(Š 0.5, 0.55)

Bias-corrected LM 10 23 .8 50.4 82.1 92.9 99.2 99.9 100.0
20 50.4 82.9 98.5 100.0 100.0 100.0 100.0
30 61.9 93.2 99.7 100.0 100.0 100.0 100.0
50 79.1 98.1 100.0 100.0 100.0 100.0 100.0

PUY’s LM 10 21 .6 44.8 77.9 88.9 98.0 99.7 100.0
20 49.0 81.7 98.2 99.8 100.0 100.0 100.0
30 60.5 93.0 99.7 100.0 100.0 100.0 100.0
50 78.2 97.3 100.0 100.0 100.0 100.0 100.0

Pesaran’s CD 10 7.6 7.8 8.0 8.7 9.2 10.6 13.8
20 16.4 14.2 13.7 12.6 13.3 17.7 21.5
30 18.0 17.8 17.9 18.4 18.9 22.1 27.2
50 26.4 25.8 27.1 29.1 29.3 32.8 36.5

� i � i .i .d. U(0.1, 0.3)

Bias-corrected LM 10 15 .3 35.5 64.8 83.3 95.0 99.2 100.0
20 33.6 68.8 95.6 98.9 100.0 100.0 100.0
30 46.5 83.4 98.9 100.0 100.0 100.0 100.0
50 66.7 93.2 99.9 100.0 100.0 100.0 100.0

PUY’s LM 10 14 .7 29.2 59.6 76.2 91.9 98.0 100.0
20 33.5 68.7 94.1 98.8 99.9 100.0 100.0
30 46.3 83.6 98.7 100.0 100.0 100.0 100.0
50 65.3 92.8 99.9 100.0 100.0 100.0 100.0

Pesaran’s CD 10 20.8 51.4 86.5 96.6 99.7 100.0 100.0
20 42.6 83.3 99.1 99.9 100.0 100.0 100.0
30 52.8 93.2 100.0 100.0 100.0 100.0 100.0
50 72.3 98.6 100.0 100.0 100.0 100.0 100.0

t(5), and we compare these results with those of Gaussian caseN (0, 0.5).
For large T, these experiments show that thesize of the bias-corrected LM,
PUY•s LM and Pesaran•s CD tests are not that sensitive to the normality
assumption on the errors. The same results obtain although the magnitude
are di�erent. PUY•s LM test is st ill oversized around 8% for largen = 100,
small T = 10 no matter what distribution is used. The bias-corrected LM
test has size close to 5% for the uniform andt distributions and is a little
oversized forT 	 10 when using the� 2

1 distribution.

Dynamic panel data models. To examine the “nite sample properties
of the proposed bias-corrected LM test in a dynamic panel data model,
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Table 2.3. Size-adjusted power of tests: SAR (1) model.

Size-adjusted power T \ n 5 10 20 30 50 100 200

Bias-corrected LM 10 62 .4 66.0 65.8 68.3 68.2 69.9 73.6
20 96.0 98.1 99.4 99.9 99.8 99.9 100.0
30 99.5 100.0 100.0 100.0 100.0 100.0 100.0
50 100.0 100.0 100.0 100.0 100.0 100.0 100.0

PUY’s LM 10 57 .5 54.9 55.8 53.4 54.3 54.6 45.6
20 95.4 97.5 98.8 99.4 99.1 99.7 100.0
30 99.3 100.0 100.0 100.0 100.0 100.0 100.0
50 100.0 100.0 100.0 100.0 100.0 100.0 100.0

Pesaran’s CD 10 70.5 59.4 55.6 53.7 52.6 53.9 52.9
20 94.5 88.6 84.2 83.7 84.2 86.0 83.4
30 98.5 97.0 95.9 94.4 95.6 95.5 96.1
50 100.0 100.0 99.8 99.6 99.8 99.7 99.8

Table 2.4. Size-adjusted power of tests: SMA (1) model.

Size-adjusted power T \ n 5 10 20 30 50 100 200

Bias-corrected LM 10 50 .3 52.3 53.0 53.0 50.8 52.3 57.4
20 92.3 95.2 97.7 97.8 97.7 99.0 99.0
30 99.2 99.9 100.0 100.0 100.0 100.0 100.0
50 100.0 100.0 100.0 100.0 100.0 100.0 100.0

PUY’s LM 10 45 .1 40.1 45.4 41.8 40.9 40.6 33.6
20 90.0 93.2 96.0 95.9 95.8 97.0 95.9
30 98.4 99.8 100.0 100.0 100.0 100.0 100.0
50 100.0 100.0 100.0 100.0 100.0 100.0 100.0

Pesaran’s CD 10 46.8 40.7 38.2 37.3 35.6 36.9 37.3
20 80.5 70.9 66.7 63.1 65.9 69.1 66.4
30 90.8 87.6 84.2 81.8 80.9 78.4 80.2
50 99.5 98.1 97.3 97.0 96.1 97.3 96.8

Table 2.5. Size of tests: Robustness to nonnormal errors.

N (0 , 0.5) U [1, 2] � 2
1 t (5)

Size T \ n 20 50 100 20 50 100 20 50 100 20 50 100

Bias-corrected LM 10 5.8 6.2 5.9 5.6 6.2 6.0 6.5 7.4 6.8 6.1 5.7 5.8
30 5.0 6.0 6.1 5.3 5.4 5.6 7.8 7.5 8.7 6.1 6.0 5.6

PUY•s LM 10 5.9 6.5 7.3 5.9 6.9 8.3 7.1 7.4 7.9 6.4 8.0 7.6
30 4.8 5.5 5.8 6.2 5.6 5.5 8.3 7.1 8.0 5.9 5.9 6.2

Pesaran•s CD 10 5.0 5.9 5.3 4.7 5.7 5.5 5.5 5.2 4.8 4.9 4.5 5.7
30 5.0 5.1 5.3 4.8 4.7 4.4 4.7 4.4 4.6 5.3 5.0 4.0



August 6, 2020 12:59 Large-Dimensional PanelData Econometrics 9in x 6in b3901-ch02 page 21

Tests for Cross-Sectional Dependence in Fixed E�ects Panel Data Models 21

we follow the same design as that of Hahn and Kuersteiner (2002):

yit = � + �y i,t Š 1 + µi + vit , i = 1 , . . . , n;

t = Š50, Š49, . . . , 0, 1, . . . , T, where vit is assumed N (0, 1) indepen-
dent across i and t, µ i � N (0, 1), yi 0|µi � N

� µ i
1Š � , V ar (vit )

1Š � 2

�
and � =

{ 0.3, 0.6, 0.9} . For this model, Hahn and Kuersteiner (2002) propose a bias-

corrected estimator ��� = T +1
T

�� + 1
T , where �� is the within estimator of � .

Hahn and Kuersteiner (2002) show that
�

nT (��� Š � ) d� N (0, 1 Š � 2). In
our Monte Carlo experiments, heteroskedasticity of vit is allowed. In fact,
vit � N (0, � 2

i ) where � 2
i � � 2(2)/ 2 as in the dynamic setup of Pesaran,

Ullah and Yamagata (2008). The “rst 50 observations are discarded to
lessen the e�ects of the initial values ofyi 0 on the results.

Table 2.6 reports the size of the tests for the dynamic panel data model.
It shows that the proposed bias-corrected LM test has the correct size,
close to the 5% nominal signi“cance level, e.g., 5.1% and 5.4% for n = 100,
T = 10 and n = 200, T = 10 in the case of � = 0 .3. For the cases of
� = 0 .3, 0.6, it is slightly oversized for n = 200, T = 10. The PUY•s LM
test tends to over-reject in micro panels with largen and small T , and this
fact is also observed in Table 6 of Pesaran, Ullah and Yamagata (2008).
Pesaran•s CD has correct size as in Pesaran (2004) and Pesaran, Ullah and
Yamagata (2008).

2.6. Recent Development

Halunga, Orme and Yamagata (2017) propose a heteroskedasticity-
robust Breusch…Pagan test in heterogeneous dynamic panel data mod-
els. The key idea is to replace the sample correlation coe�cient �� ij =
� 
 T

t =1 �u2
it

� Š 1/ 2� 
 T
t =1 �u2

jt

� Š 1/ 2 
 T
t =1 �uit �ujt in equation (2.3) with

�� ij =

�
T�

t =1

�u2
it �u2

jt

� Š 1/ 2 T�

t =1

�uit �ujt

in the statistics LM BP and CDlm in the “xed n and large n cases. Using
�� ij instead of �� ij allows for heteroskedasticity across both the cross-section
and time dimension. Heteroskedasticity across time dimension emerges in
a one-break-in-volatility model or a trending volatility model.
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Table 2.6. Size of tests: A dynamic panel data model.

Size T \ n 5 10 20 30 50 100 200

� = 0 .3

Bias-corrected LM 10 5.3 5.8 5 .5 4.5 5.6 5.1 5.4
20 6.5 4.9 5.1 5.5 5.5 4.8 5.0
30 6.2 6.2 5.6 4.8 5.7 4.8 4.5
50 6.1 6.1 5.0 5.1 5.1 5.6 5.2

PUY’s LM 10 7.2 7.6 9 .0 9.9 15.9 29.5 65.5
20 6.4 5.7 7.2 6.9 7.9 11.1 17.8
30 7.5 6.1 5.9 6.2 7.4 7.9 8.8
50 6.0 6.3 6.2 5.4 6.3 6.9 7.0

Pesaran’s CD 10 6.5 5.9 5.5 6.2 5.0 6.1 4.5
20 5.1 5.4 4.5 5.1 5.3 5.1 5.7
30 5.1 4.6 5.7 5.6 5.1 5.5 5.7
50 5.2 5.0 4.0 5.0 4.5 4.9 5.4

� = 0 .6

Bias-corrected LM 10 4.1 5.2 5 .1 4.4 5.2 5.5 6.3
20 4.9 5.3 4.2 4.7 5.7 5.4 4.9
30 4.9 4.9 4.6 5.1 5.0 5.2 5.1
50 6.4 5.1 5.3 5.7 4.8 5.3 5.9

PUY’s LM 10 7.4 9.1 11 .5 12.4 22.0 42.8 84.6
20 6.0 6.9 6.0 7.9 9.6 17.9 36.3
30 6.3 5.8 6.7 7.4 8.2 11.0 17.8
50 6.7 6.0 6.5 6.9 5.7 7.4 7.8

Pesaran’s CD 10 6.2 6.0 5.5 4.6 5.1 5.2 5.7
20 5.9 5.7 7.1 5.5 6.0 6.4 5.0
30 6.3 5.3 5.2 4.7 4.9 4.5 5.5
50 4.6 5.7 5.5 5.5 4.5 5.1 4.5

In their Theorem 1, Halunga, Orme and Yamagata (2017) show that
under some conditions, for alli �= j, as T � �

�
T �� ij

d� N (0, 1).

Based on this result, they proposed two robust versions of Breusch…Pagan
tests using �� ij . However, the proposed tests are only valid whenn is “xed
or much smaller than T. For the case of comparably largen and T, wild
bootstrap procedures based on these two robust tests are proposed and
illustrated to work well in “nite samples.
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In Table 2.4 above, we “nd that under the alternative of an SMA(1)
model, the power of LMBC increases withT , but not substantially with n.
For example, whenn increases from 100 to 200 withT = 10, the power of
LM BC increases from 52.3% to 57.4%. This means that the LMBC test is
likely to be not powerful enough to reject the null in some cases. Recently,
Fan, Liao and Yao (2015) “nd that in the high-dimensional setup, the
quadratic tests, like LMBC and PUY•s LM, lack power to detect the sparse
alternatives with only a few nonzero o�-diagonal elements.

To deal with this issue, they propose a power enhanced version of LMBC

test by adding a power enhancement componentJ0 (	 0 almost surely),

J = LM BC + J0,

where J0 converges in probability to zero underH0, and diverges in prob-
ability under sparse alternatives. An example ofJ0 is a screening statistic,

J0 =
�

n(n Š 1)/ 2
�

( i,j ) � �S

�� 2
ij �vŠ 1

ij ,

�S = { (i, j ) : �� ij �vŠ 1/ 2
ij > � N,T , i < j � n} ,

where �vij = (1 Š �� 2
ij )2/T is the estimated asymptotic variance of �� ij ,

and � n,T = log(log T)
�

log(n(n Š 1)/ 2). Using a threshold � n,T , the set
�S screens out most of the estimation error and determines a few nonzero
o�-diagonal entries with an overwhelming probability.

Recently, Mao (2016) extends Pesaran•s (2004) CD test and PUY•s
bias-adjusted LM test in a static heterogeneous panel data model based
on pairwise-augmented regressions. Demetrescu and Homm (2016) derive
tests for cross-sectional correlation in large panels based on White•s (1982)
information matrix equality test principle. This approach is considered as
a speci“cation test. Instead of looking at the diagonality of error variance
matrix directly, the proposed tests examine the di�erence of variance esti-
mators of slope parameters in the cases with and without cross-sectional
correction.

2.7. Technical Details

The section provides some technical details needed to prove Theorem 2.1.
In the “xed e�ects model yit = � + x�

it � + µi + vit , �� is the within estimator
and the within residuals are given by�vit = �yit Š �x�

it
�� , where �yit = yit Š ȳi ·
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and �xit = xit Š x̄i · , with ȳi · = 1
T


 T
s=1 yis , and x̄i · similarly de“ned. De“ne

�vit = vit Š v̄i · with v̄i · = 1
T


 T
s=1 vis . The within residuals can be written

as �vit = �vit Š �x�
it ( �� Š � ). Let Vi = ( vi 1, . . . , viT )� , �Vi = (�vi 1, . . . , �viT )� , V̄i =

(v̄i · , . . . , v̄i · )� , X i = ( xi 1, . . . , xiT )� , �X i = (�xi 1, . . . , �xiT )� , Yi = ( yi 1, . . . , yiT )� ,
�Yi = (�yi 1, . . . , �yiT )� for i = 1 , . . . , n. In vector form,

�Vi = Vi Š V̄i Š �X i ( �� Š � ). (2.21)

Using this notation, the sample correlation r ij in the raw data case can be
written as

r ij =
V �

i Vj

(V �
i Vi )1/ 2(V �

j Vj )1/ 2
(2.22)

and its sample counterpart using within residuals in the “xed e�ects model
is given by

�� ij =
�V �

i
�Vj

( �V �
i

�Vi )1/ 2( �V �
j

�Vj )1/ 2
. (2.23)

Dividing �vit by � i , we obtain

�vit

� i
=

vit

� i
Š

1
T

T�

s=1

vis

� i
Š

�
�xit

� i


 �

( �� Š � ).

As shown below, the terms involving (�x it
� i

)� ( �� Š � ) have no e�ect on the
test statistic asymptotically. Without loss of generality, � i is assumed to
be 1 in the derivations below. Under Assumption 2.2, 1

T
�X �

i
�X i = Op(1),

1
T

�X �
i

�X j = Op(1) and ( �� Š � ) = Op((nT )Š 1/ 2). In addition, we need the
following lemma in the proofs below.

Lemma 2.1. Under Assumptions 2.1, 2.2 and the null,

(1) 1
T V �

i Vi = 1 + Op(T Š 1/ 2);

(2) 1
T V �

i Vj = Op(T Š 1/ 2) for i �= j ;

(3) 1
T V̄ �

i V̄i = 1
T V �

i V̄i = Op(T Š 1);

(4) 1
T v̄i · v̄j · = Op(T Š 2);

(5) 1
T

�X �
i Vi = Op(T Š 1/ 2);

(6) 1
T

�X �
i V̄i = Op(T Š 1/ 2);

(7) 1
T

�X �
j Vi = Op(T Š 1/ 2);

(8) 1
T

�X �
j V̄i = Op(T Š 1/ 2).
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Lemma 2.2. Under Assumptions 2.1, 2.2 and the null,

(1) �V �
i

�Vi = V �
i Vi Š V̄ �

i V̄i + Ei , where Ei = Š2( �� Š � )� �X �
i Vi +2( �� Š � )� �X �

i V̄i +
( �� Š � )� �X �

i
�X i ( �� Š � ) = Op(nŠ 1/ 2);

(2) �V �
i

�Vj = V �
i Vj Š V̄ �

i V̄j + F , where F = Š( �� Š � )� �X �
j Vi + ( �� Š � )� �X �

j V̄i Š
( �� Š � )� �X �

i Vj + ( �� Š � )� �X �
i V̄j + ( �� Š � )� �X �

i
�X j ( �� Š � ) = Op(nŠ 1/ 2).

Lemma 2.3. Under Assumptions 2.1, 2.2 and the null,

(1) ( �V �
i

�Vj )2 Š ( �V �
i

�Vi )( �V �
j

�Vj )(V �
i Vj )2/ [(V �

i Vi )(V �
j Vj )] = G + H ,

where

G = ( V̄ �
i V̄j )2 Š 2(V �

i Vj )( V̄ �
i V̄j ) + ( V̄ �

j V̄j )(V �
i Vj )2/ (V �

j Vj )

+ ( V̄ �
i V̄i )(V �

i Vj )2/ (V �
i Vi ) Š (V̄ �

i V̄i )( V̄ �
j V̄j )(V �

i Vj )2/ [(V �
i Vi )(V �

j Vj )]

+ 2( V �
i Vj )F = Op(1) + Op

� �
T
n

�

and

H = F 2 Š 2(V̄ �
i V̄j )F Š [(V �

i Vi )Ej Š (V̄ �
i V̄i )Ej + ( V �

j Vj )Ei

Š(V̄ �
j V̄j )Ei + Ei Ej ](V �

i Vj )2/ [(V �
i Vi )(V �

j Vj )] = Op(nŠ 1/ 2);

(2) (
�V �

i
�Vi

T )(
�V �

j
�Vj

T ) = (1 Š 1
T )2 + Op(T Š 1/ 2).

Lemma 2.4. Under Assumptions 2.1, 2.2 and the null,

(1)

�
1

n(n Š 1)

n Š 1�

i =1

n�

j = i +1

1
T

(V �
i Vj )( V̄ �

i V̄j )

=

�
1

n(n Š 1)

�
n(n Š 1)

2T
+ Op

�
n

�
n

T



+ Op

�
n

�
T


	
;

(2)

�
1

n(n Š 1)

n Š 1�

i =1

n�

j = i +1

1
T

(V̄ �
i V̄j )2

=

�
1

n(n Š 1)

�
n(n Š 1)

2T
+ Op

�
n

�
n

T


	
;
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(3)

�
1

n(n Š 1)

n Š 1�

i =1

n�

j = i +1

1
T

(V̄ �
j V̄j )(V �

i Vj )2/ (V �
j Vj )

=

�
1

n(n Š 1)

�
n(n Š 1)(T + 2)

2T 2 + Op

�
n

�
n

T


	
;

(4)

�
1

n(n Š 1)

n Š 1�

i =1

n�

j = i +1

1
T

(V̄ �
i V̄i )(V �

i Vj )2/ (V �
i Vi )

=

�
1

n(n Š 1)

�
n(n Š 1)(T + 2)

2T 2 + Op

�
n

�
n

T


	
;

(5)

�
1

n(n Š 1)

n Š 1�

i =1

n�

j = i +1

1
T

(V̄ �
i V̄i )( V̄ �

j V̄j )(V �
i Vj )2/ [(V �

i Vi )(V �
j Vj )]

=

�
1

n(n Š 1)

�
n(n Š 1)(T 2 + 20T + 60)

2T 4 + Op

�
n

�
n

T 2
�

T


	
;

(6)

�
1

n(n Š 1)

n Š 1�

i =1

n�

j = i +1

1
T

(V �
i Vj )F

=

�
1

n(n Š 1)

�
Op

� n
T

�
+ Op

� �
n
T


	
.

Now we are in good position to prove Theorem 2.1.

Proof of Theorem 2.1. It is equivalent to show that for large n and T,

LM(�� it ) Š LM( r it ) Š
n

2(T Š 1)
= op(1).

By (2.22), (2.23) and Lemma 2.3,

LM(�� ij ) Š LM( r it )

=

�
1

n(n Š 1)

n Š 1�

i =1

n�

j = i +1

(T �� 2
ij Š 1) Š

�
1

n(n Š 1)

n Š 1�

i =1

n�

j = i +1

(T r2
ij Š 1)

=

�
1

n(n Š 1)

n Š 1�

i =1

n�

j = i +1

T
( �V �

i
�Vj )2 Š ( �V �

i
�Vi )( �V �

j
�Vj )(V �

i Vj )2/ [(V �
i Vi )(V �

j Vj )]

( �V �
i

�Vi )( �V �
j

�Vj )
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=
1

(1 Š 1
T )2

�
1

n(n Š 1)

n Š 1�

i =1

n�

j = i +1

1
T (G + H )

( �V �
i

�Vi /T )( �V �
j

�Vj /T )/ (1 Š 1
T )2

=
1

(1 Š 1
T )2

�
1

n(n Š 1)

n Š 1�

i =1

n�

j = i +1

G
T

+
1

(1 Š 1
T )2

�
1

n(n Š 1)

n Š 1�

i =1

n�

j = i +1

H
T

+
1

(1 Š 1
T )2

�
1

n(n Š 1)

n Š 1�

i =1

n�

j = i +1

�
1

( �V �
i

�Vi /T )( �V �
j

�Vj /T )/ (1 Š 1
T )2

Š 1

�

×
1
T

(G + H ).

Using H = Op(nŠ 1/ 2), the second term above can be written as follows:

1
(1 Š 1

T )2

�
1

n(n Š 1)

n Š 1�

i =1

n�

j = i +1

H
T

=
1

(1 Š 1
T )2

1
T

�
1

n(n Š 1)

n Š 1�

i =1

n�

j = i +1

Op(nŠ 1/ 2) = Op

� �
n

T



.

By Lemma 2.3, ( 1
T

�V �
i

�Vi )( 1
T

�V �
j

�Vj ) = (1 Š 1
T )2 + Op(T Š 1/ 2), it follows that

1
( �V �

i
�Vi /T )( �V �

j
�Vj /T ) / (1Š 1

T )2 Š 1 = Op(T Š 1/ 2). Thus, it is straightforward to

calculate the order of magnitude of the third term,

1
(1 Š 1

T )2

�
1

n(n Š 1)

n Š 1�

i =1

n�

j = i +1

�
1

( �V �
i

�Vi /T )( �V �
j

�Vj /T )/ (1 Š 1
T )2

Š 1

�
G + H

T

=
1

(1 Š 1
T )2

1
T

�
1

n(n Š 1)

n Š 1�

i =1

n�

j = i +1

Op(T Š 1/ 2)

×

�

Op(1) + Op

� �
T
n

�

+ Op(nŠ 1/ 2)

�

= Op

�
n

T
�

T



+ Op

� �
n

T



.
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Now we consider the “rst term,

1
(1 Š 1

T )2

�
1

n(n Š 1)

n Š 1�

i =1

n�

j = i +1

G
T

=
1

(1 Š 1
T )2

�
1

n(n Š 1)

n Š 1�

i =1

n�

j = i +1

1
T

[(V̄ �
i V̄j )2 Š 2(V �

i Vj )( V̄ �
i V̄j )

+ ( V̄ �
j V̄j )(V �

i Vj )2/ (V �
j Vj ) + ( V̄ �

i V̄i )(V �
i Vj )2/ (V �

i Vi )

Š (V̄ �
i V̄i )( V̄ �

j V̄j )(V �
i Vj )2/ [(V �

i Vi )(V �
j Vj )] + 2( V �

i Vj )F ].

By Lemma 2.4,

1
(1 Š 1

T )2

�
1

n(n Š 1)

n Š 1�

i =1

n�

j = i +1

G
T

=
1

(1 Š 1
T )2

�
1

n(n Š 1)

�
Š2

n(n Š 1)
2T

+ Op

�
n

�
n

T



+ Op

�
n

�
T




+
n(n Š 1)

2T
+ Op

�
n

�
n

T




+
n(n Š 1)(T + 2)

2T 2 + Op

�
n

�
n

T




+
n(n Š 1)(T + 2)

2T 2 + Op

�
n

�
n

T




Š
n(n Š 1)(T 2 + 20T + 60)

2T 4 + Op

�
n

�
n

T 2
�

T




+ Op

� n
T

�
+ Op

� �
n
T


	
. (2.24)

For large n and T, the expression above (2.24) can be approximated by

1
(1 Š 1

T )2

�
Š2

n
2T

+
n

2T
+

n
2T

+
n

2T
Š

n
2T 2

�

+ Op

� n
T 2

�
+ Op

� �
n

T



+ Op

�
1

�
T




=
n

2(T Š 1)
+ Op

� n
T 2

�
+ Op

� �
n

T



+ Op

�
1

�
T



.
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Combining these three terms, we obtain

LM(�� it ) Š LM( r it )

=
�

n
2(T Š 1)

+ Op

� n
T 2

�
+ Op

� �
n

T



+ Op

�
1

�
T


	

+ Op

� �
n

T



+

�
Op

�
n

T
�

T



+ Op

� �
n

T


	

=
n

2(T Š 1)
+ Op

� n
T 2

�
+ Op

� �
n

T



+ Op

�
1

�
T



.

Therefore, as (n, T ) � � with n/T � c � (0, � ),

LM(�� ij ) Š LM( r it ) Š
n

2(T Š 1)
p

� 0.

2.8. Exercises

(1) Under Assumptions 2.1, 2.2 and the null, show:

(a) 1
T


 T
t =1 vit vjt = Op(T Š 1/ 2) for i �= j ;

(b) 1
T 2


 n Š 1
i =1


 n
j = i +1


 T
t =1 v2

it v2
jt = n (n Š 1)

2T + Op( n
�

n
T

�
T

);

(c) 1
T 2


 n Š 1
i =1


 n
j = i +1


 T
t =1


 T
� �= t v2

it vjt vj� = Op( n
�

n
T );

(d)
�

1
n (n Š 1)


 n Š 1
i =1


 n
j = i +1

1
T (V �

i Vj )( V̄ �
i V̄j ) =

�
1

n (n Š 1)

� n (n Š 1)
2T +

Op( n
�

n
T ) + Op( n�

T
)
�
.

(2) (Baltagi, Feng, Kao, 2011, Proposition 4.1) In the “xed e�ects model,
for i = 1 , . . . , n; t = 1 , . . . , T

yit = � + x�
it � + µi + vit ,

let vt = ( v1t , . . . , vnT )� . The n × 1 vectorsv1, v2, . . . , vT are assumed to
be i.i.d. N (0, � n ). Denote the n × n sample covariance matrix byS =
1
T


 T
t =1 vt v�

t . For the within residuals �vit , the residual-based sample
covariance matrix can be obtained as�S = 1

T


 T
t =1 �vt �v�

t where �vt =
(�v1t , . . . , �vnt )� for t = 1 , . . . , T. Under the null hypothesis H0 : � n =
� 2

v I n , show

1
n

tr �S Š
1
n

tr S = Op

�
1
T



.
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(3) [Breusch and Pagan, 1980]

LM BP = T
n Š 1�

i =1

n�

j = i +1

�� 2
ij

d� � 2
n (n Š 1) / 2

under the null of diagonality or cross-sectional uncorrelation.
(4) [Halunga, Orme and Yamagata (2017), Theorem 1] Under certain con-

ditions, for “xed n, as T � � , show

(a)
�

T � ij =
1�
T


 T
t =1 uit ujt

�
1
T


 T
t =1 u2

it u2
jt

d� N (0, 1).

(b) �� ij Š � ij =
1�
T


 T
t =1 �uit �ujt

�
1
T


 T
t =1 �u2

it �u2
jt

Š
1�
T


 T
t =1 uit ujt

�
1
T


 T
t =1 u2

it u2
jt

= op(1).

(5) [Pesaran (2015), Theorem 2] Under the null, asn and T go to in“nity,

CD d� N (0, 1).

(6) Prove (2.11).
(7) [Ledoit and Wolf, 2002] Let xi , i = 1 , . . . , n + 1 , be i.i.d. as a

p-dimensional random vector such that

xi � N (µ, �) .

Let

S =
1
n

n +1�

i =1

(xi Š x) (xi Š x)�

with

x =
1

n + 1

n +1�

i =1

xi .

Show that as p
n � c

1
p

tr( S)
p

� �,

1
p

tr
�
S2� p

� (1 + c)� 2 + � 2,
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and

n

�

�
�

1
p

tr( s) Š �

1
p

tr
�
S2�

Š
n + p + 1

n
� 2

�

�
�

d� N

�

�
�
�

�
0

0

�

,

�

�
�
�

2� 2

c
4

�
1 + 1

c

�
� 3

4
�

1 +
1
c



� 3 4

�
2
c + 5 + 2 c

�
� 4

�

�
�
�

 

!
!
"

with

� =
1
p

p�

j =1

� j

and

� 2 =
1
p

p�

j =1

(� j Š � )2

where � 1, . . . , � p are the eigenvalues of �.
(8) [Jiang (2004)] Let xn = ( xij ) be n × p, where the n rows are observa-

tions from a multivariate normal distribution and each of p columns
has n observations. Let

� ij =

 n

k=1 (xki Š xi ) (xkj Š xj )
� 
 n

k=1 (xki Š xi )
2 
 n

k=1 (xkj Š xj )2
,

where

xi =
1
n

n�

k=1

xki .

Then R = ( � ij ) is a p × p sample correlation matrix. De“ne

L n = max
1� i � j � p

|� ij | .

Show that if n
p � � � (0, � )

lim
n ��

�
n

logn
L n = 2

almost surely and

P
�
nL 2

n Š 4 logn + log (log n) � y
�

� eŠ keŠ y/ 2
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with

k =
1

� 2
�

8�
.

(9) (Jiang and Yang, 2013) Let p × 1 vector xi
i .i .d.� N (µ, �) , i = 1 , . . . , n.

Consider the spherical test

H0 : � = �I p

versus

Ha : � �= �I p

for a �. De“ne

x =
1
n

n�

i =1

xi

and

S =
1
n

n�

i =1

(xi Š x) (xi Š x)� .

Let

Vn = |S|
�

tr( S)
p


 Š p

.

(a) Show that under the null

Š (n Š 1) � logVn
d� � 2

f

as n � � with p “xed where

� = 1 Š
2p2 + p + 2
6 (n Š 1) p

and

f =
1
2

(p Š 1) (p + 2) .

(b) Show that

logVn Š µn

� n

d� N (0, 1)
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as p
n � y � (0, 1] where

µn = Šp Š
�

n Š p Š
3
2



log

�
1 Š

p
n Š 1




and

� 2
n = Š2

�
p

n Š 1
+ log

�
1 Š

p
n Š 1


	
.

(10) (Chen and Jiang, 2018) De“ne

� n =
�

e
n Š 1


 ( n Š 1) p
2

eŠ tr( S )
2 |S|

n Š 1
2 .

Show that as (n, p) � �

log � n Š µn

n� n

d� N (0, 1)

with

µn = Š
1
4

(n Š 1) (2n Š 2p Š 3) log
�

1 Š
p

n Š 1



+

1
2

.

(11) Let

� =
�
� |j Š i | �

p× p

for � � (Š1, 1) . Show that

tr
�
� 2�

=
p

1 Š p2 +
� 2

�
� 2p Š 1

�

(1 Š � 2)2 = O(p),

tr
�
� 4�

= 2
pŠ 1�

k=1

(p Š k) (k + 1) 2 � 2k

+ p

�
1 + � 2 + 7 � 4 Š � 6

�

(1 Š � 2)3 + O(1),

tr
�
� 4�

= O(p),

and

tr
�
� 4�

= o
#

tr 2�
� 2�$

.
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(12) (Chen et al., 2010) Let xi
i .i .d.� N (µ, �) , i = 1 , . . . , n, wherexi is p× 1.

Let

y1n =
1
n

n�

i =1

x�
i xi ,

y2n =
1

P2
n

�

i �= j

�
x�

i xj
� 2

,

y3n =
1

P2
n

�

i �= j

x�
i xj ,

y4n =
1

P3
n

�

i

�

j

�

k

x�
i xj x�

j xk ,

and

y5n =
1

P4
n

�

i

�

j

�

k

�

l

x�
i xj x�

k xl

with

Pr
n =

n!
(n Š r )!

.

De“ne

T1n = y1n Š y3n ,

T2n = y2n Š 2y4n + y5n ,

and

Un = p
�

T2n

T 2
1n



Š 1.

Show that as tr(� 2) � � and tr(� 4 )
tr 2 (� 2 ) � 0

1
� 1n

��
Un + 1

p


 �
tr 2(�)
tr(� 2)



Š 1

	
d� N (0, 1)

with

� 2
1n =

4
n2 +

8
n

tr

� �
� 2

tr(� 2)
Š

�
tr(�)


 2
�

+
4�
n

tr
��

A2

tr(� 2)
Š

A
tr(�)






�
A2

tr(� 2)
Š

A
tr(�)


	
,

where for two matricesC = ( cij ) and B = ( bij ), C 
 B = ( cij bij ).
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Chapter 3

Factor-Augmented Panel Data
Regression Models

3.1. Motivation

In the past decades, factor-augmented panel data regression models have
received tremendous attention in econometrics literature and empirical
studies. Adding an interactive form of unobserved factors could include
the traditional linear panel data regression models as special cases. In addi-
tion, the factor structure could be used to model heterogeneous impacts of
unobserved common shocks and cross-sectional dependence. Recently, Hsiao
(2018) provides a very detailed and insightful review on the main modeling
and estimation approaches in the literature. In this chapter, three main
approaches are introduced, including Pesaran•s (2006) common correlated
e�ect (CCE) approach and Bai•s (2009) iterated principal component (IPC)
approach and the likelihood approach proposed by Bai and Li (2014) and
advocated by Hsiao (2018).

Pesaran (2006) develops CCE estimators for large heterogeneous pan-
els with a general multifactor error structure. The idea of CCE approach
is to use cross-sectional averages of dependent and independent variables
to proxy for the unobserved factors, thus the slope parameters can be esti-
mated by least squares using augmented data when the cross-section dimen-
sion is large. Kapetanios, Pesaran and Yamagata (2011) show that the CCE
estimator can be extended to the case of nonstationary unobserved com-
mon factors. Additionally, the CCE approach is also shown to be applicable
to situations of spatial and other forms of weak cross-sectional dependent
errors (Pesaran and Tosetti, 2011; Chudik, Pesaran and Tosetti, 2011), and

35
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heterogeneous dynamic panel data models with weakly exogenous regressors
(Chudik and Pesaran, 2015). Baltagi, Feng and Kao (2016, 2019) general-
ize Pesaran•s (2006) heterogeneous panels by allowing for unknown common
structural breaks in slopes and factor loadings due to global technological
or “nancial shocks in the cases of exogenous and endogenous regressors.

Bai (2009) takes a di�erent perspective and treats the unobservable
factor structure as interactive “x ed e�ects in a homogeneous panel data
model. In this model, factors and loadings are treated as parameters to be
estimated, so the correlations between regressors and factors and loadings
are allowed. An IPC estimator is developed to consistently estimate slopes
and factor structure.

Since the advancement of Pesaran•s (2006) CCE approach and Bai•s
(2009) IPC method, a multifactor error structure has been widely employed
in empirical studies to model cross-sectional dependence and heterogeneous
e�ects of unobserved macro shocks. Forexample, in the applications of the
CCE approach, common factors are used to account for spillover in a study
of private returns to R&D (Eberhardt, Helmers and Strauss, 2013), and
to control for unobserved heterogeneity when examining the relationship
between public debt and long-run growth (Eberhardt and Presbitero, 2015).
In Boneva and Linton•s (2017) research on the issuing of a corporate bond,
unobserved common shocks such as the global “nancial crisis are modeled by
interactive “xed e�ects in a discrete-choice model in heterogeneous panels.
In addition, heterogeneous responses to aggregate shocks are allowed for by
common factors in examining the e�ect of “nancial aid on macro outcomes
by Temple and Van de Sijpe (2017), also, the reaction in a given US state
to capital tax changes in other states by Chirinko and Wilson (2017).

In the applications of the IPC approach, Kim and Oka (2014) exam-
ine the e�ects of unilateral divorce laws on divorce rates in the US. They
control for endogeneity due to the correlation between the unobserved het-
erogeneity and regressors to deal with bias in the resulting estimates of the
treatment e�ects. Similarly, Gob illon and Magnac (2016) use Bai•s (2009)
IPC approach to evaluate the e�ect of an enterprise zone program. Totty
(2017), on the other hand, estimates the e�ect of minimal wage increase on
employment in the US with a factor structure to address concerns related
to unobserved heterogeneity.

In this chapter, we introduce these three main approaches in the
factor-augmented panel data regression models. In particular, in Sec-
tion 3.2, Pesaran•s (2006) CCE approach is discussed in detail. Section 3.3
presents Bai•s (2009) IPC approach. A likelihood approach is introduced in
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Section 3.4, and other studies are brie”y discussed in Section 3.5. Finally,
an empirical example is used to illustrate these approaches.

3.2. CCE Approach

Pesaran•s (2006) CCE approach is originally developed in a static hetero-
geneous panel data model with largen and large T. It can be applied to
the cases of homogeneous panels, dynamic and “xedT, etc. Here, we start
with a simpli“ed version and then extend to the general model considered
by Pesaran (2006). In a heterogeneous panel data model:

yit = x�
it � i + eit , i = 1 , . . . , n; t = 1 , . . . , T, (3.1)

xit is a p × 1 vector of explanatory variables, and the errors are cross-
sectionally correlated, modeled by a multifactor structure

eit = � �
i f t + � it , (3.2)

where f t is an m × 1 vector of unobserved factors and� i is the correspond-
ing loading vector. Here � it is the idiosyncratic error independent of xit .
However,xit could be a�ected by the unobservable common e�ectsf t . Pro-
jecting xit on f t , we obtain

xit = � �
i f t + vit , i = 1 , . . . , n; t = 1 , . . . , T, (3.3)

where � i is an m × p factor loading matrix, and vit is a p × 1 vector of
disturbances. Due to the correlation betweenxit and eit , the ordinary least
squares (OLS) for each individual regression could be inconsistent.

To deal with the endogeneity due to the unobserved factors, Pesaran
(2006) proposes an innovative idea of using the cross-sectional averages of
yit and xit as proxies forf t . Plugging (3.2) and (3.3) into (3.1) gives

yit = x�
it � i + � �

i f t + � it

= (� �
i f t + vit )� � i + � �

i f t + � it

= ( � �
i � i + � �

i )f t + ( � �
i vit + � it ). (3.4)

Combining (3.4) and (3.3) yields

wit
(p+1) × 1

=

�
yit

xit

�

=

�
(� �

i � i + � �
i )f t + ( � �

i vit + � it )

� �
i f t + vit

�

= C�
i

(p+1) × m
f t

m × 1
+ uit

(p+1) × 1
, (3.5)
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where

Ci
m × (p+1)

= ( � i , � i )

�
1 0

� i I p

�

,

uit =
�

� �
i vit + � it

vit

�
.

Let w̄t =
� n

i =1 � i wit be the cross-sectional averages ofwit using weights
� i , i = 1 , . . . , n. They satisfy conditions: � i = O( 1

n ),
� n

i =1 � i = 1 and� n
i =1 |� i | < � . A simple example is the equal weights, i.e.,� i = 1 /n . In

particular,

w̄t = C̄� f t + ūt , (3.6)

where C̄ =
� n

i =1 � i Ci and

ūt =
n�

i =1

� i uit =

�
�̄ t +

� n
i =1 � i � �

i vit

v̄t

�

(3.7)

with �̄ t =
� n

i =1 � i � it and v̄t =
� n

i =1 � i vit .
When C̄ is of full rank, C̄C̄� is invertible. From (3.6), f t can be written

as follows:

f t =
�
C̄C̄� 	 Š 1

C̄(w̄t Š ūt ).

Intuitively, in the case of equal weights � i = 1 /n , i = 1 , . . . , n, ūt is the
combination of averaged errors. By the Law of Large Numbers and the
assumption of independence between� i and xit (or vit ), ūt � 0 asn � � ,
yielding

f t Š
�
C̄C̄� 	 Š 1

C̄w̄t
p

� 0. (3.8)

This implies that it is asymptotically valid to consider f t as a linear function
of w̄t . Pesaran (2006) suggests augmenting the original regression (3.1)
by adding w̄t , the cross-sectional averages of dependent and independent
variables, as additional regressors to control for the e�ects off t . That is,
the regression becomes

yit = x�
it � i + � �

i w̄t + � it .

From this perspective, this CCE approach is regarded as a way to predict
the unobservedf t using observables. It is also similar to IV estimation in the
sense that the CCE approach uses predicted value to solve the endogeneity
issue.
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The matrix form of (3.4) is

Yi = X i � i + F � i + � i . (3.9)

If F were treated as observable regressors, then the OLS estimator of� i can
be estimated by partitioned regression. However, equation (3.8) suggests
that f t can be proxied by w̄t . Or F can be wiped out asymptotically by
a projection matrix based on w̄t . Let W̄ = ( w̄1, w̄2, . . . , w̄T )� denote the
T × (p+1) matrix of cross-sectional averages of dependent and independent
variables. Denote the T × T matrix M w by M w = I T Š W̄ (W̄ �W̄ )Š 1W̄ � .
Premultiplying both sides of (3.9) by M w , we obtain

M w Yi = M w X i � i + M w F � i + M w � i . (3.10)

It is expected that the terms involving M w F are ignorable asymptoti-
cally asn � � , and that there is no endogeneity due to unobserved factors
in equation (3.10). Thus, the CCE estimator of � i is de“ned as the least
squares of transformed data

�� i, CCE = ( X �
i M w X i )Š 1X �

i M w Yi .

When a common slope� , instead of individual slope � i , is the parameter
of interest in empirical studies, under the random coe�cient assumption,
it can be obtained by the CCE mean group (CCEMG) estimator

�� CCEMG =
1
n

n�

i =1

�� i, CCE ,

or CCE-pooled (CCEP) estimator

�� CCEP =

�
n�

i =1

�� i X �
i M w X i

� Š 1 n�

i =1

�� i X �
i M w Yi ,

where �� i is a di�erent set of weights. Under some conditions,
�

n( �� CCEMG Š � ) d� N (0, � MG ),

where � MG can be consistently estimated by

1
n Š 1

n�

i =1

( �� i, CCE Š �� CCEMG )( �� i, CCE Š �� CCEMG )� .

The general case considered by Pesaran (2006) includes observed factors,
e.g., season dummies denoted bydt :

yit = � �
i dt + x�

it � i + eit , i = 1 , . . . , n; t = 1 , . . . , T.

Thus, equation (3.9) becomes

Yi = D� i + X i � i + F � i + � i ,
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where D = ( d1, d2, . . . , dT )� . Di�erent from unobserved factors F , the
observed factorsD can be partialled out directly. In this case, the projection
matrix M w (3.10) can be replaced byM h = I T Š H (H �H )Š 1H � , where
H = ( D, W̄ ).

3.3. IPC Approach

Another popular approach of estimating factor-augmented panel regression
model is IPC proposed by Bai (2009) in a homogeneous panel data model:

yit = x�
it � + uit = x�

it � + 	 �
i f t + � it , i = 1 , . . . , n; t = 1 , . . . , T. (3.11)

In this model, the factor structure 	 �
i f t is considered as a generalized version

of “xed e�ects with an interaction form, instead of an additive form 	 i + f t

in a two-way error component panel data model. Di�erent from the model
above using CCE approach, here� i could be correlated with regressorsxit ,
as in the traditional “xed e�ects model . Thus, there is an additional source
of endogeneity. Therefore, the CCEMG or CCEP could be inconsistent in
the model (3.11) under this assumption.

To obtain a consistent estimator of � in equation (3.11), Bai (2009)
proposes an iteration method based on the principal components method.
Di�erent from Pesaran•s (2006) approach, in which the unobserved factors
are partialled out, the IPC approach treats factors and loadings as param-
eters and estimates them directly. The matrix form of (3.11) is

Yi = X i � + F 	 i + � i . (3.12)

De“ne n × r matrix � = ( 	 1, . . . , 	 n )� . The parameters of interest here
include � , F and �. The least squares estimator is de“ned as the solution
to minimizing the sum of squared residuals

min SSR(�, F, �) =
n�

i =1

(Yi Š X i � Š F 	 i )� (Yi Š X i � Š F 	 i ). (3.13)

Stacking observations through all n individuals, we write equation (3.12)
as

Y = X� + F � � + �,

where Y = ( Y1, . . . , Yn ), X = ( X 1, . . . , X n ) and � = ( � 1, . . . , � n ). Since F
and � are not identi“able, additional restrictions are imposed on the factor
structure: F �F/T = I r and � � � = diagonal.
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With these additional restrictions, an iterated estimation procedure is
proposed. First, for each givenF , OLS of � is obtained in (3.13)

�� (F ) =

�
n�

i =1

X �
i M F X i

� Š 1 n�

i =1

X �
i M F Yi ,

where M F = I T Š F (F �F )Š 1F � = I T Š F F � /T . Second, for a given� ,
Yi Š X i � = F 	 i + � i has a pure factor structure. The least squares estimator
of F is equal to the “rst r eigenvectors (multiplied by

�
T) associated with

the r largest eigenvalues of the matrix
� n

i =1 (Yi Š X i � )(Yi Š X i � )� . Once
the estimated factor �F is obtained in the second step, the slope estimator
�� (F ) in the “rst step can be updated. Thus, the “nal least squares estimator
( ��, �F ), referred to as the IPC estimator, is the solution of following iteration:

�� =

�
n�

i =1

X �
i M �F X i

� Š 1 n�

i =1

X �
i M �F Yi , (3.14)



1

nT

n�

i =1

(Yi Š X i � )(Yi Š X i � )�

�

�F = �F VnT , (3.15)

where VnT is a diagonal matrix that consists of the r largest eigenvalues of
1

nT

� n
i =1 (Yi Š X i � )(Yi Š X i � )� , arranged in descending order. The loading

estimator is

�� � = �F � (Y Š X �� )/T.

In practice, Bai (2009) proposes a more robust iteration procedure: given
F, �, slope estimate can be computed by

�� (F, �) =

�
n�

i =1

X �
i X i

� Š 1 n�

i =1

X �
i (Yi Š F 	 i ), (3.16)

and given �� above,F and � can be computed from the pure factor structure
Yi Š X i

�� = F 	 i + ei , i = 1 , . . . , n. This new iteration scheme calculates a
matrix inverse (

� n
i =1 X �

i X i )Š 1 in (3.16) and avoids updating matrix inverse
in each iteration in (3.14).

In the absence of correlations and heteroskedasticity, the IPC estimator
�� de“ned above is

�
nT consistent without a bias. However, in a general

case,�� is asymptotically biased. Thus, Bai (2009) proposes a bias-corrected
version of IPC estimator of � .

Compared to the CCE estimator proposed by Pesaran (2006), the IPC
approach has the advantage of allowing for the correlation between factor
loadings and regressors. In addition, no rank condition is required.
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3.4. Likelihood Approach

Bai•s (2009) IPC approach treats both factors and loadings as parameters,
and controls the interactive “xed e�ects through estimating them. The ben-
e“t of this approach is allowing for arbitrary correlations between regressors
and factors and loadings. However, there are too many parameters to esti-
mate and a bias due to incidental parameters may arise. To address this
concern, Bai and Li (2014) propose a likelihood approach to estimate the
sample covariance matrix of factors (or loadings), instead of factors (or
loadings) themselves, thus eliminating the incidental parameters problem
in the time dimension (or cross-sectional dimension).

The model considered in Bai and Li (2014) is

yit = x�
it � + 	 �

i f t + � it , i = 1 , . . . , n; t = 1 , . . . , T. (3.17)

To estimate � , Hsiao (2018) considers a quasi-likelihood approach for (3.17)
using the following objective function:

Š
T
2

ln |� � | Š
1
2

n�

i =1

(Yi Š X i � Š F 	 i )� � Š 1
� (Yi Š X i � Š F 	 i ),

in a special case of homoskedasticity, i.e., �� = E(� i � �
i ) = 
 2

� I T . Bai and
Li (2014) take a di�erent approach. Similar to Pesaran•s (2006) model, the
relationship between xit and factor structure is speci“ed in an additional
equation:

xit = � �
i f t + vit . (3.18)

Di�erent from Pesaran (2006), this model allows for the correlation between
xit and 	 i through the correlation between� i and 	 i . Bai and Li (2014) treat
loadings 	 i , � i as parameters and estimate them jointly with � by forming
(3.17) and (3.18) in a simultaneous equation system. Let �i = ( 	 i , � i ),
zit = ( yit , x�

it )� and uit = ( � it , v�
it )� . The model consisting of (3.17) and

(3.18) can be written as



1 Š� �

0 I p

�

zit = � �
i f t + uit .

Let B =
�

1 Š � �

0 I p



, zt = ( z�

1t , . . . , z�
nt )� and � = (� 1, . . . , � n )� , ut =

(u�
1t , . . . , u�

nt )� . Stacking observations acrossi , we obtain

(I N � B )zt = � f t + ut , t = 1 , . . . , T. (3.19)

Thus, the model (3.19) becomes a high-dimensional factor model considered
in Bai and Li (2012) except the term (I n � B ) in front of the observablezt . As
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in the estimation of system of equations, the objective function of maximum
likelihood estimation considered in Bai and Li (2014) is

ln L = Š
1

2n
ln |� zz | Š

1
2n

tr[( I n � B )M zz (I n � B � )� Š 1
zz ] (3.20)

where � zz = � M ff � � + � u , M zz = 1
T

� T
t =1 (zt Š z̄)(zt Š z̄)� is the data

matrix and z̄ = 1
T

� T
t =1 zt . The parameters to be estimated here are

(�, �, M ff , � u ). Here N (p + 1) × r matrix � contains all factor loadings
	 i , � i in equations of yit and xit , i = 1 , . . . , n, and r × r matrix M ff =
1
T

� T
t =1 (f t Š f̄ )( f t Š f̄ )� has r × (r + 1) / 2 distinct elements, f̄ = 1

T

� T
t =1 f t .

Di�erent from Bai (2009), here only matrix M ff , instead of r × T param-
eters f t , t = 1 , . . . , T , is to be estimated. Thus, the incidental parameters
problem in time dimension is avoided. Moreover,n(p+ 1) × n(p+ 1) matrix
� u = E(ut u�

t ) = diag(� 11, . . . , � nn ) is a block diagonal matrix due to the
uncorrelation of uit acrossi .

The maximum likelihood estimator (MLE) of ( �, �, M ff , � u ) is de“ned
to maximize ln L in equation (3.20). The identi“cation conditions required
are as follows:M ff = I r , 1

T

� T
t =1 f t = 0, and 1

n � � � Š 1
u � is a diagonal matrix

with its diagonal elements distinct and arranged in descending order. Under
these conditions, parameters to be estimated reduce to (�, �, � u ).

Bai and Li (2014) show that under some conditions and
�

n/T � 0, the
MLE of � is

�
nT consistent, e�cient and has no asymptotic bias, which

is di�erent from Bai•s (2009) IPC estimator. To implement the maximum
likelihood method, Bai and Li (2014) adapt the ECM (expectation and
conditional maximization) procedures.

In equation (3.19), an individual speci“c intercept term can be intro-
duced to accommodate an intercept in equation (3.17) and nonzero means in
equation (3.18). As shown in (3.20), only the second moments are involved,
so including an intercept term does not a�ect the MLE.

Bai (2013) extends the likelihood approach to a dynamic panel data
model with a factor error structure. With a proper treatment of the initial
observation, the proposed MLE is consistent, e�cient and asymptotically
unbiased in cases of “xedT and large T.

3.5. Other Studies

Other important approaches to deal with the unobserved factor structure
in static panel data models include the quasi-di�erence method by Ahn
et al. (2013), instrumental variable approach by Sara“dis and Robertson
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(2015), etc. In a dynamic model, Moon and Weidner (2017) propose a bias-
corrected least squares estimator. Hsiao (2018) reviews the existing factor-
augmented panel data regression models in the literature and categorizes
them into four groups by treating 	 i and f t as random or “xed e�ects. In
terms of the potential correlations between	 i and xit , and betweenf t and
xit , Pesaran•s (2006) model and CCE approach introduced in Section 3.2
can be considered as the case of treating	 i as random andf t as “xed. Since
in Bai•s (2009) model, both	 i and f t are allowed to be correlated withxit ,
the IPC approach is considered as the case of treating both	 i and f t as
“xed.

Hsiao (2018) suggests a quasi-likelihood approach as a common frame-
work for four di�erent combinations of random and “xed 	 i and f t . In a
dynamic model,

yit = � 1yit Š 1 + x�
it � 2 + 	 �

i f t + � it , i = 1 , . . . , n; t = 1 , . . . , T,

when T is “xed, it is reasonable to treat 	 i as random andf t as “xed. In
Hsiao•s (2018) Monte Carlo experiments, both CCE and IPC approaches
are invalid for the case of the dynamic model whenT is “xed. In this
case, a quasi-maximum likelihood estimator introduced by Hsiao (2018) is
consistent and asymptotically unbiased asn � � .

3.6. An Empirical Example

In this section, CCE, IPC and likelihood approaches introduced above are
illustrated by using a panel data set for China•s provincial infrastructure
investments over the period of 1996…2015. This data set is employed by
Feng and Wu (2018) to investigate the productivity e�ect of infrastructure
by estimating the output elasticity with respect to public infrastructure in
an aggregate production function.

We start with a homogeneous panel data model based on an aggregate
production function:

git = � 0 + � bbit + � k kit + µi + 	 t + � it , (3.21)

where git is the logarithm of GDP per labor in province i in year t, and
bit is the logarithm of public infrastructure stock per labor, and kit is the
logarithm of noninfrastructure capital stock per labor. In this equation,
� b and � k are, respectively, the output elasticities of public infrastruc-
ture and noninfrastructure capital, and µi denotes province speci“c fac-
tors, such as location, weather, endowments of raw materials. Time e�ects
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	 t are used to control for national-level macro shocks, and� it denotes the
idiosyncratic error. To estimate the parameter of interest � b, the following
“rst-di�erenced equation form is used to deal with the nonstationarity of
macroeconomic variablesgit , bit , kit :

� git = � b� bit + � k � kit + � 	 t + � � it . (3.22)

Summary statistics of the variables used in the regressions and detailed
information of the data construction and variables can be found in Feng
and Wu (2018).

Table 3.1 gives the “rst-di�erenced (FD) estimates assuming that the
regressors �bit and � kit are exogenous. Besides the full sample estimates in
column (1), estimates using subsamples of noneastern and eastern provinces
are reported in columns (2) and (3) to highlight cross-region heterogeneity.
Similarly, to allow for structural changes in elasticities, subsample estimates
using the periods of 1997…2007 and 2008…2015 are presented in columns
(4) and (5). Substantial di�erences in the magnitude of the estimated� b are
observed, indicating that cross-region heterogeneity and structural changes
should be accommodated in an empirically more ”exible model.

Table 3.1 also reports Bai•s (2009) IPC estimates in column (6), Bai
and Li•s (2014) MLE in column (7) and Pesaran•s (2006) CCE mean group
(CCEMG) estimates in column (8). In column (6), the IPC estimates of
� b and � k are 0.197 and 0.349, respectively.1 Compared with column (1),
the IPC estimate of � k varies little after controlling for interactive “xed
e�ects, while the IPC estimate of � b increases from 0.127 to 0.197. MLE
results proposed by Bai and Li (2014) are included in column (7). In the
case of two factors, the MLE of � b and � k are 0.233 and 0.517, slightly
bigger than those of IPC. When there is one unobserved factor in errors,
the MLE results are very close to IPC estimates.

Column (8) estimates a heterogeneous model to allow for di�erent elas-
ticities across provinces:

� git = � b,i � bit + � k,i � kit + � 	 t + � � it . (3.23)

Column (8) assumes a factor structure in the error � � it = � �
i f t + � it in

equation (3.23) to capture the heterogeneous impact of unobserved macro
shocksf t , and the fact that regressors � bit , � kit can be a�ected by the

1A Stata ado “le regife developed by Gomez (2015) is used to calculate Bai•s (2009)
IPC estimates. Here, two factors are assumed. The estimates are quantitatively similar
to those with three factors in the errors.
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Table 3.1. Output elasticities estimates.

Dependent variable: Output per labor

FD IPC MLE CCEMG

Independent variables (1) (2) (3) (4) (5) (6) (7) (8)

Infrastructure per labor 0.127*** 0.166*** 0.107*** 0.144*** 0.088** 0.197*** 0.233 0.194***
(0.025) (0.025) (0.026) (0.031) (0.036) (0.017) (0.023)

Noninfrastructure per labor 0.324*** 0.346*** 0.321*** 0.340*** 0.315*** 0.349*** 0.517 0.407***
(0.027) (0.024) (0.025) (0.040) (0.024) (0.018) (0.037)

Regions All Noneastern Eastern All All All All All
Periods All All All 1997…2007 2008…2015 All All All
Year e�ects Yes Yes Yes Yes Yes Yes Yes Yes

No. of observations 569 360 209 329 240 569 569 569
Overall R2 0.727 0.762 0.758 0.755 0.670 0.72

Notes: Standard errors are reported in parentheses. The stars, � , �� and ��� indicate the signi“cance level at 10%, 5% and 1%, respectively.
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unobserved common factorsf t . For this model, Pesaran•s (2006) CCEMG
can be applied directly. Compared with the usual “rst-di�erence estimates
in column (1), CCEMG in column (8) a ccommodates two empirical fea-
tures: slope heterogeneity and cross-sectional dependence. The CCEMG
estimates of � b and � k are 0.194 and 0.407, respectively, very close to the
corresponding IPC estimates in column (6) and both are slightly di�erent
from the FD estimates in column (1).

3.7. Exercises

(1) (Doz, Giannone, and Reichlin, 2012) Consider

yt = � f t + et ,

where f t = ( f 1t , . . . , f rt )� is an r × 1, � is an n × r factor loading
matrix, and et = ( e1t , . . . , ent )� is an n × 1 idiosyncratic components

with et
i .i .d.� N (0, �) where � is a diagonal matrix. Assume

A(L )f t = ut

with

A(L ) = I Š A1L Š · · · Š ApL p

an r × r “lter of “nite length p with roots outside the unit circle, and ut

an r -dimensional Gaussian white noise,ut
i .i .d.� N (0, I r ). Let �� be the

quasi maximum likelihood estimator (QMLE) of parameters � . De“ne

�F�� = E�� [F |Y ]

with F = ( f 1, . . . , f T )� and Y = ( y1, . . . , yT )� where �F�� =
( �f �� 1, . . . , �f ��T )� . Show that

trace
�

1
T

(F Š �F��
�H )� (F Š �F��

�H )
�

= Op

�
1

� nT

�

as (n, T ) � � where �H = ( �F �
��

�F�� )Š 1 �F �
��
F and � nT = min {

�
T , n

log n } .
(2) (Continued) Assume

f t
i .i .d.� N (0, I r )

and

et
i .i .d.� N (0, 
 2I r ).

Show that:
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(a) the log-likelihood function is

logL (Y ; � ) = Š
nT
2

log 2� Š
T
2

log |�� �+ 
 2I n |Š
T
2

trace(�� �+ 
 2I n );

(b) the QMLE are

�� = V (D Š �
 2I r )1/ 2

and

�
 2 =
1
n

trace(S Š �� �� � ),

whereD is an r × r diagonal matrix containing the r largest eigen-
values of the sample covariance matrix

S =
1
T

Y �Y,

and V is the n × r matrix whose columns are the corresponding
normalized eigenvectors such thatV �V = I r and SV = V D;

(c) �F�� = Y V(D Š �
 2I r )1/ 2D Š 1.

(3) (Barigozzi and Cho, 2019) Consider

yit = � it + eit

with

� it = 	 �
i f t .

Let

�� pc
it =

r�

j =1

�wij �wj yt ,

where �wj = ( �w1j , . . . , �wnj ) is the normalized eigenvector correspond-
ing to the j th largest eigenvalue of the sample covariance matrix ofyt .
Show that

max
i

max
t

| �� pc
it Š � it | = Op

�

max

� �
logn

T
,

1
�

n

�

logT

�

.

(4) (Bai and Liao, 2013) Consider

yit = 	 �
i f t + uit

where f t is an r × 1 vector of common factors, 	 i is a vec-
tor of factor loadings, and uit is the idiosyncratic component.
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Let yt = ( yit , . . . , ynt )� , � = ( 	 1, . . . , 	 n )� and ut = ( u1t , . . . , unt )� .
In vector form,

yt = � f t + ut .

De“ne

( �� , �f t ) = arg min
� ,f t

T�

t =1

(yt Š � f t )�WT (yt Š � f t )

subject to 1
T

� T
t =1

�f t
�f �
t = I r and �� �WT �� is diagonal, where WT is an

n × n weight matrix. Let Y be the n × T matrix of yit . Show that
�	 i and �f t are both r × 1 vectors such that the columns of theT × r
matrix 1�

T
�F = 1�

T
( �f 1, . . . , �f T )� are the eigenvectors corresponding to

the largest r eigenvalues ofY �WT Y and �� = ( �	 1, . . . �, 	 n )� = 1
T Y �F .

(5) (Bai and Liao, 2016) Consider

yit = � i + 	 �
i f t + uit ,

where � i is an individual e�ect, 	 i is an r × 1 vector of factor load-
ings, f t is an r × 1 vector of common factors anduit denotes the
idiosyncratic component. Let yt = ( y1t , . . . , ynt )� , � = ( 	 1, . . . , 	 n )� ,
� = ( � 1, . . . , � n )� and ut = ( u1t , . . . , unt )� . In vector form,

yt = � + � f t + ut .

Let S = 1
T

� T
t =1 (yt Š y)(yt Š y)� and Sf = 1

T

� T
t =1 (f t Š f )( f t Š f )�

with y = 1
T

� T
t =1 yt and f = 1

T

� T
t =1 f t . AssumeSf = I r and � � � Š 1

u �
is diagonal. The quasi-likelihood function is

L (� , � u ) =
1
n

log[�� � + � u ] +
1
n

tr (S(�� � + � u )Š 1),

where � u = E(ut u�
t ). De“ne

( �� , �� u ) = arg min
(� ,� u )

L (� , � u ) + PT (� u )

with

PT (� u ) =
1
n

�

i �= j

µnT wij |� ij |,

where µnT is a tuning parameter that converges to zero andwij is an
entry-dependent weight parameter. Let

�f t = ( �� � �� u ��) Š 1 �� � �� Š 1
u (yt Š y).
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Assume log(n) = o(T). Show that as (n, T ) � �

1
n

� �� u Š � u � 2
F

p
� 0,

1
n

� �� Š � � 2
F

p
� 0,

and

� �f t Š f t �
p

� 0

for each t where � · � F is the Frobenius norm.
(6) (Fan, Liao, Liu, 2016) Consider

yt = � f t + et .

Assume � is known, � = ln , and � e = E(et e�
t ) = I , where ln denotes

the n-dimensional column of ones with� ln l �
n � 2 = n. Let � = E(yt y�

t ).
Then

� = Var( f 1)ln l �
n + I

and

�� = �Var( f 1)ln l �
n + I.

Note � �� Š � � 2 = | 1
T

� T
t =1 (f 1t Š f 1)2 Š var(f 1t )| × � ln l �

n � 2 where � A� 2

denotes the operator norm of a matrixA. Show that
�

T
n � �� Š � � 2 =

Op(1) and � �� Š � � 2 � � if n >
�

T.
(7) Consider

yt = � f t + et ,

where f t is an r × 1 vector of common factors,yt = ( y1t , . . . , ynt )� ,
� = ( 	 1, . . . , 	 n )� and et = ( e1t , . . . , ent )� . Let F = ( f 1, . . . , f T )�

and Y = ( y1, . . . , yT )� . Assume �� �

n � � � which is positive de“nite,
E (et e�

t ) = � = diag( 
 2
1 , . . . , 
 2

n ), 1
T F �F = I r and �� � is diagonal

with distinct entries. Let �F be the “rst r leading eigenvectors ofY Y�

multiplied by
�

T and �� = Y � �F
T . Show that for each i

�
T(�	 i Š 	 i )

d� N (0, 
 2
i I r )

if
�

T
n � 0 for eachi ,

and
�

T( �f t Š f t )
d� N (0, � Š 1

� Q� � )
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if
�

n
T � 0 for eacht, with

1
n

� � � � � �

and

1
n

� � �� � Q.

Consider a quasi-likelihood function

(Y ; � , F, �) = ŠnT log(2� ) Š
T
2

log det

�
�
�
�
XX �

T
+ �

�
�
�
�

Š
1
2

tr




Y �
�

XX �

T
+ �

� Š 1

Y

�

with X = � F � and XX �

T = �� � . Let �� and �� be the quasi-maximum
likelihood estimates (QMLE) of � and �. Show that as ( n, T ) � �
for each i

�
T(�	 i Š 	 i )

d� N (0, 
 2
i I r )

and
�

T(�
 2
i Š 
 2

i ) d� N (0, (2 + 
 i )
 4
i )

where 
 i is the excess kurtosis ofeit . De“ne

�f t = ( �� � �� Š 1 ��) Š 1 �� � �� Š 1yt .

Show that
�

n( �f t Š f t )
d

� N (0, QŠ 1)

if n
T 2 � 0.

(8) (Continued) Let

�� = ( F �F )Š 1F � �F =
F � �F

T
.

Show that

�� Š 1 = op

�
1

�
T

�

if factors are strong, i.e., � � �
n � � � . Let Y =

�
T �U �D �V � with �D =

diag( �d1, . . . , �dmin( n,T ) ), and �U� �U = �V � �V = I r . De“ne � = UD with
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U�U = I r and D = diag( d1, . . . , dr ). By assuming factors are weak,
i.e., dk � � k < � , show that

�dk
p

�

�
��

��

� �
� k +

1
� k

� �
� k +

c
� k

�

 if � k > c 1/ 4
,

(1 +
�

c)
 otherwise

and

�� k
p

�

�
��

��

�
� 4

k Š c
� 4

k + � 2
k

if � k > c 1/ 4
,

0 otherwise

if � = 
 2I n and n
T � c.

(9) Consider a large factor model as in Bai and Ng (2002),

yit = 	 �
i f t + uit for i = 1 , . . . , n and t = 1 , . . . , T, (3.24)

to test the null hypothesis of

H0 : 	 i = 0 (3.25)

for all i against the alternative that

H1 : 	 i �= 0

for somei . To test the null hypothesis in equation (3.25), a standard
F -statistic is de“ned as

F� (r ) =
(RRSSŠ URSS)/nr

URSS/ [n(T Š r )]
, (3.26)

where RRSS and URSS denote the residual sum of squares from
the restricted and unrestricted models, respectively. Show that the
F -statistic can be written as a ratio of the average ofr largest eigen-
values and the average of the restT Š r eigenvalues,

F� (r ) =
1
r

� r
j =1

�l j
1

T Š r

� T
j = r +1

�l j

where �l1, . . . , �lT are eigenvalues of1n
� n

i =1 X i X �
i .
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(10) Let X ij be i.i.d. standard normal variables. Write

Sn =

�
1
n

n�

k=1

X ik X jk

� p

i,j =1

,

which can be considered as a sample covariance matrix withn samples
of a p-dimensional mean zero random vector with covariance matrix
I p× p. De“ne

Tn = ln(det Sn )

=
p�

j =1

ln 	 n,j ,

where 	 n,j are the eigenvalues ofSn , j = 1 , . . . , p.

(a) Show that when p is “xed, 	 j
p

� 1 and henceTn
p

� 0.
(b) Show that

�
n
p

Tn
d� N (0, 2)

for any “xed p.
(c) One may think that the possibility that Tn is asymptotically nor-

mal provided p = O(n). However, this is not the case. Explain
(no need to show it formally) why

�
n
p

Tn � Š�

when (p, n) � � .

(11) Suppose �X it is observed with a measurement error� it in a large factor
model

�X it = 	 �
i f t + eit

with

�X it = X it + � it

and

1
nT

n�

i =1

T�

t =1

� it = Op

�
1

� 2
nT

�
,
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where � nT = min(
�

n,
�

T). Show that PC and IC estimators of the
number of factors in Bai and Ng (2002) are still consistent. Impose
the conditions/assumptions you need as you see “t.

(12) (Kao and Oh, 2017) Consider a factor model

yit = 	 �
i f t + � it ,

i = 1 , . . . , n, t = 1 , . . . , T , where f t is an r × 1 vector of factors, 	 i is
an r × 1 vector of factor loadings andr is the number of factors, and

� it
i .i .d.� N (0, 1). Let

IC(k) = ln S(k) + k · G(n, T )

with

S(k) =
1

nT

n�

t =1

T�

t =1

(yit Š �	 �k
i

�f k
t )2,

where k < min(n, T ), G(n, T ) is a penalty function, �	 k
i and �f k

t are
estimated loadings and factors given by the number of factorsk, e.g.,
Bai and Ng (2002). De“ne

�kIC = arg min
k

IC(k).

Show that IC(k) in Bai and Ng (2002) can be written as

IC(k) = ln

�

� 1
n

n�

j = k+1

� j

�

� + k · G(n, T ),

where � 1 	 � 2 	 · · · 	 � n denotes then eigenvalues of ann × n sample
covariance matrix 1

T

� T
t =1 x�

t xt . Let �IC(1) = IC( r ) Š IC( r + 1) > 0,
where

IC( r ) = ln

�

� 1
n

n�

j = r +1

� j

�

� + r · G(n, T )

and

IC( r + 1) = ln

�

� 1
n

n�

j = r +2

� j

�

� + ( r + 1) × G(n, T ).
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Show that the probability of the number of factors would be overesti-
mated by exactly one has the form

P(�IC(1) > 0) = P
�

� 1(W )
Tr( W )

> � n,T

�
+ Op

�
1
n

�
,

whereW is an (nŠ r )× (nŠ r ) Wishart matrix with identity covariance
matrix, � 1(W ) is the largest eigenvalue ofW , Tr( W ) is the sum ofnŠ r
eigenvalues ofW and

� n,T = Š1 +
�

1 + 2G(n, T ).
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Chapter 4

Structural Changes in Panel
Data Models

Based on Baltagi, Feng and Kao (2016, 2019), this chapter studies the
issue of structural changes in large panel data regression models. Parameter
instability due to new policy implementation or major technological shocks
is more likely to occur over a longer time span. Consequently, ignoring
structural changes may lead to inconsistent estimation and invalid inference.

We consider a heterogeneous panel regression model and extend
Pesaran•s (2006) work on common correlated e�ect (CCE) estimators for
large heterogeneous panels with a general multifactor error structure by
allowing for unknown common structural breaks. We propose a general
framework that includes heterogeneous panel data models and structural
break models as special cases. The least squares method proposed by Bai
(1997a, 2010) is applied to estimate the common change points, and the
consistency of the estimated change points is established. We “nd that the
CCE estimators have the same asymptotic distribution as if the true change
points were known.

Then, we discuss the case of endogenous regressors and structural
changes in error factor loadings. Allowing for endogenous regressors makes
the proposed panel regression empirically more appealing. An extensive
Monte Carlo study is employed to examine the proposed estimator in var-
ious scenarios. In addition, an empirical example of infrastructure invest-
ment is used to illustrate the estimation of common break date and slope
parameters.

57
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Finally, we also review the recent development in this literature, includ-
ing Lasso-type approaches in Qian and Su (2017) and Okui and Wang
(2018).

4.1. Heterogeneous Panels with a Common
Structural Break

In a heterogeneous panel data model:

yit = x�
it � i + eit , i = 1 , . . . , n; t = 1 , . . . , T, (4.1)

xit is a p × 1 vector of explanatory variables, and the errors are cross-
sectionally correlated, modeled by a multifactor structure

eit = � �
i f t + � it , (4.2)

where f t is an m × 1 vector of unobserved factors and� i is the corre-
sponding loading vector. Here,� it is the idiosyncratic error independent of
xit . However, xit could be a�ected by the unobservable common e�ectsf t .
Projecting xit on f t , we obtain

xit = � �
i f t + vit , i = 1 , . . . , n; t = 1 , . . . , T, (4.3)

where � i is an m × p factor loading matrix and vit is a p × 1 vector of
disturbances. Due to the correlation betweenxit and eit , ordinary least
squares (OLS) for each individual regression could be inconsistent. Thus,
Pesaran (2006) develops the CCE estimator of� i by least squares using
augmented data.

In this chapter, we allow for structural breaks to occur in some or all
components of the slopes� i . Following Bai (2010) and Kim (2011), a struc-
tural break at a common unknown date k0 is assumed. This could be due
to a macro policy implementation or a technological shock that a�ects all
markets or “rms at the same time. More formally,

yit = x�
it � i (k0) + eit , i = 1 , . . . , n; t = 1 , . . . , T, (4.4)

where some or all components of� i (k0) are di�erent before and after
the date k0. Following Bai (1997a), this structural break model can be
written as

yit =

�
x�

it � i + eit , t = 1 , . . . , k0,

x�
it � i + z�

it � i + eit , t = k0 + 1 , . . . , T,
(4.5)
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i = 1 , . . . , n, where zit = R�xit denotes a q × 1 subvector of xit with
R� = (0 q× (pŠ q) , I q). Here, I q is the q × q identity matrix with q � p. The
case whereq < p denotes a partial change model, while the case where
q = p is for a pure change model. Pauwels, Chan and Mancini-Gri�oli
(2012) propose a testing procedure fork0 in this setting.

Substituting zit = R�xit in (4.5), we obtain

� i (k0) = � i + R� i · 1{ t > k 0}

=

�
� 1i = � i , t = 1 , . . . , k0,

� 2i = � i + R� i , t = k0 + 1 , . . . , T,

so that � 2i Š � 1i = R� i , and � i denotes the slope jump fori . When � i = 0,
there is no structural break in the slope.

The case of multiple break points will be discussed in Section 4.5. In
Sections 4.2 and 4.3, we consider the simple case of one common break
as in model (4.5). Compared with the heterogeneous panel data model
considered in Pesaran (2006), equation (4.5) has the extra componentR� i ·
1{ t > k 0} in the slope, involving the unknown structural change point k0.
Thus, ignoring the structural break in the slopes may invalidate the CCE
estimator proposed by Pesaran (2006). Compared with the simple mean-
shift panel data model in Bai (2010), our model is enriched by adding
a regression structure with xit �= 1 in general, as well as cross-sectional
dependence characterized by a multifactor structure in the errors. When
there are no unobservable common factorsf t , our model (4.4) can also be
regarded as an extension of Bai (1997a) to a panel data setting. In addition,
the model (4.4) above is similar to Kim (2011), who considered the case of
a deterministic time tr end with a common break.

Before proceeding to the general model (4.5), we start with a simple
case of heterogeneous panels in the absence of common correlated e�ectsf t

and then extend the main results to the general case.
To estimate the common change pointk0, we need the following addi-

tional assumptions.

Assumption 4.1. k0 = [ � 0T ], where � 0 � (0, 1) and [ · ] is the greatest
integer function.

Note that unlike the time-series model considered by Bai (1997a), the
restriction of � 0 � (0, 1) is unnecessary in a panel mean-shift setup consid-
ered by Bai (2010) as long asT/n � 0. However, this assumption is required
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in our heterogeneous panels with general regressors. Enough observations
are needed to consistently estimate the slopes in each regime.

De“ne � n =
� n

i =1 � �
i � i . For seriesi , � �

i � i measures the magnitude of the
structural break, thus � n is an indicator of the break magnitude for all n
series sharing a common break.

Assumption 4.2. � n � � and (i) � n
n is bounded asn � � ; (ii) � n

T
n �

� as (n, T ) � � .

� i could be random with a “nite variance across i , with
Assumption 4.2(i) describing this case. When� i is considered as random,
Assumption 4.2 means that � n

n is stochastically bounded in part (i), and
that n

� n T converges in probability to 0 in part (ii). Alternatively, � i could
denote “xed parameters. Since Assumption 4.2(i) allows for the case where
� n
n � 0 asn � � , Assumption 4.2(ii) implies that it cannot converge to 0

too fast. Consequently, Assumption 4.2(i) imposes an upper bound on� n
n ,

while Assumption 4.2(ii) imposes a lower bound on� n
n .

In caseT grows at a comparable rate or faster thann, i.e., T = O(n� )
with � � 1, Assumption 4.2(ii) implies that � n can diverge at any rate.
When � n increases at a rate less thann, Assumption 4.2(ii) allows for the
possibility of no structural break in some series. Assumption� n � � rules
out the case where there is no structural break in the slopes in all series.

4.2. Model 1: No Common Correlated E�ects

In this section, we assume that there are no unobserved common e�ectsf t

in the errors and regressors. Or the loading vectors� i and � i are equal to
zero. For i = 1 , . . . , n,

yit =

�
x�

it � i + � it , t = 1 , . . . , k0,

x�
it � i + z�

it � i + � it , t = k0 + 1 , . . . , T.
(4.6)

This is the special case of cross-sectionally independent errors, where a
common breakk0 occurs in the heterogeneous slopes. This model generalizes
Bai•s (1997a, 2010) and Pesaran and Smith•s (1995) models. Whenn = 1,
equation (4.6) is the time-series model considered in Bai (1997a). When
xit = 1, this model reduces to the one in Bai (2010). In case the lagged-
dependent variable is included inxit and � i = 0, equation (4.6) turns out
to be the setup in Pesaran and Smith (1995).
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Assumption 4.3. (i) The disturbances � it , i = 1 , . . . , n, are cross-
sectionally independent; (ii) for each seriesi, � it is independent of xit

for all i and t; (iii) � it is a stationary process with absolute summable
autocovariances,

� it =
��

l =0

ail 	 i,t Š l ,

where { 	 it , t = 1 , . . . , T } are i.i.d. random variables with “nite fourth-order
cumulants. Assume 0< Var( � it ) =

� �
l =0 a2

il = 
 2
i < � . Also, for the T × 1

vector � i = ( � i 1, � i 2, . . . , � iT )� , Var( � i ) = � �,i .

When � it is serially uncorrelated, lagged-dependent variables are prede-
termined and can be included as regressors in (4.6).

Assumption 4.4. For i = 1 , . . . , n, the matrices (1/j )
� j

t =1 xit x�
it ,

(1/j )
� T

t = T Š j +1 xit x�
it , (1/j )

� k0
t = k0 Š j +1 xit x�

it and (1/j )
� k0 + j

t = k0 +1 xit x�
it are

stochastically bounded and have minimum eigenvalues bounded away from
zero in probability for all large j . In addition, for each i , (1/T )

� T
t =1 xit x�

it

converges in probability to a nonrandom and positive de“nite matrix as
T � � .

This assumption is borrowed from Assumptions A3 and A4 in Bai
(1997a). Its counterpart across the cross-sectional dimension is also needed.

Assumption 4.5. For any positive “nite integer s, the matrices
1
n

� n
i =1

� k0
t = k0 Š s+1 xit x�

it and 1
n

� n
i =1

� k0 + s
t = k0 +1 xit x�

it , i = 1 , . . . , n, are
stochastically bounded, with minimum eigenvalues bounded away from
zero in probability for large n. In addition, for each t, (1/n )

� n
i =1 xit x�

it

is stochastically bounded asn � � .

Assumption 4.6. { � i , i = 1 , . . . , n} are drawn independently of { xit ,
i = 1 , . . . , n} .

Let bi = ( � �
i , � �

i )
� , i = 1 , . . . , n, denote the slope parameters. In the ran-

dom coe�cient model considered by Pesaran and Smith (1995) and Pesaran
(2006), we assume the following.

Assumption 4.7. For i = 1 , . . . , n,

bi = b+ vb,i , vb,i � i.i.d.(0, � b), (4.7)



August 6, 2020 15:30 Large-Dimensional PanelData Econometrics 9in x 6in b3901-ch04 page 62

62 Large-Dimensional Panel Data Econometrics

where b = ( � � , � � )� , vb,i =
�

v�,i

v�,i

�
and � b =

�
� � 0
0 � �

�
for i = 1 , 2, . . . , n,

where	 b	 < � , 	 � b	 < � , and the random deviationsvb,i are independent
of xit and � jt for all i, j and t.

For any matrix or vector A, the norm of A is de“ned as	 A	 =
	

tr( AA � ).
This assumption is a simpli“ed version of Assumption 4 of Pesaran (2006).
Under Assumption 4.6,{ � i , i = 1 , . . . , n} are not necessarily random. When
{ � i , i = 1 , . . . , n} are considered as random, as part of Assumption 4.7,
Assumption 4.6 becomes redundant. Under Assumption 4.7, �� �= 0 implies
a structural break in the slope.

By (4.4),

yit = x�
it � i + x�

it R� i 1{ t > k 0} + � it ,

if the structural break is ignored, the term x�
it R� i 1{ t > k 0} is absorbed in

the error term �� it = x�
it R� i 1{ t > k 0} + � it . This leads to inconsistency of

OLS for each series due to endogeneity. Thus, estimatingk0 “rst is essential.
Let Yi = ( yi 1, . . . , yiT )� , X i = ( xi 1, . . . , xiT )� and � i = ( � i 1, � i 2, . . . , � iT )�

denote the stacked data and errors for individual i = 1 , . . . , n over the
time periods observed. Similarly, de“ne Z0i = (0 , . . . , 0, zi,k 0 +1 , . . . , ziT )� .
Equation (4.6) can be written in matrix form as

Yi = X i � i + Z0i � i + � i , i = 1 , . . . , n. (4.8)

The parameters of interest are� i , � i and the change point k0. We “rst
estimate k0 using least squares as proposed by Bai (1997a, 2010). For
any possible change pointk = 1 , . . . , T Š 1, de“ne the matrices X 2i (k) =
(0, . . . , 0, xi,k +1 , . . . , xiT )� , and Z2i (k) = (0 , . . . , 0, zi,k +1 , . . . , ziT )� . When
k happens to be the true change pointk0, Z2i (k0) = Z0i . De“ne X 0i =
X 2i (k0), thus Z0i = X 0i R. To make the notation more compact, we let
Xi (k) = ( X i , Z2i (k)) and X0i = ( X i , Z0i ). Thus, (4.8) becomes

Yi = X i � i + Z0i � i + � i = X0i bi + � i , i = 1 , . . . , n. (4.9)

Given any k = 1 , . . . , T Š 1, one can estimatebi by least squares,

�bi (k) =
� �� i (k)

�� i (k)

�
= [ Xi (k)�Xi (k)]Š 1Xi (k)�Yi , i = 1 , . . . , n. (4.10)
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The corresponding sum of squared residuals is given by

SSRi (k) = [ Yi Š Xi (k)�bi (k)]� [Yi Š Xi (k)�bi (k)]

= [ Yi Š X i
�� i (k) Š Z2i (k) �� i (k)]� [Yi Š X i

�� i (k) Š Z2i (k) �� i (k)],

i = 1 , . . . , n. Note that both �bi (k) and SSRi (k) depend onk. For each series
i , k0 can be estimated by arg min1� k � T Š 1 SSRi (k) as in Bai (1997a). Given
that the structural break occurs at a common date for all cross-sectional
units in the panel setup, the least squares estimator ofk0 is de“ned as

�k = arg min
1� k � T Š 1

n�

i =1

SSRi (k). (4.11)

In Baltagi et al. (2016), di�erent weights are used in the sum (4.11) above
to allow for the possibility of di�erent magnitudes, e.g., di�erent variances,
across series.

When n = 1, �k de“ned in (4.11) boils down to the change-point estima-
tor considered by Bai (1997a) in a time-series setting, with�k Š k0 = Op(1)
for large T. In time-series models, only the break fraction� 0 = k0/T ,
instead of k0 itself, can be consistently estimated. In a multivariate time
series setup, Bai, Lumsdaine and Stock (1998) show that the width of the
con“dence interval of the estimated change point decreases with the num-
ber of time series. This result implies that cross-sectional observations with
common breaks improve the accuracy of the estimated change point. In
fact, Bai (2010) shows that the least squares estimator of the change point
is consistent in a panel mean-shift model, i.e.,�k Š k0 = op(1). A similar
result is also obtained by Kim (2011) in a panel deterministic time trend
model. In our heterogeneous panel regression model, equation (4.11) com-
bines the information from each series by summing up SSRi (k). With a large
n, �k uses more information provided by the multiple time series sharing a
common break. Consequently, the panel data estimator�k is more accurate
than the time-series estimator and achieves consistency, i.e.,�k Š k0

p
� 0 as

(n, T ) � � .

Theorem 4.1. Under Assumptions 4.1–4.6 (or 4.7), lim(n,T ) ��

P (�k = k0) = 1 .

Given the estimated change point�k, the corresponding estimator of the
slopes is�bi = �bi (�k), i = 1 , . . . , n. When bi , i = 1 , . . . , n, are considered as
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random variables under Assumption 4.7, the cross-sectional meanb can be
consistently estimated by the mean group estimator proposed by Pesaran
and Smith (1995) and Pesaran (2006):

�bMG =
1
n

n�

i =1

�bi =
1
n

n�

i =1

[Xi (�k)�
i Xi (�k)]Š 1

i Xi (�k)�Yi . (4.12)

4.3. Model 2: Common Correlated E�ects

In this section, we extend Model 1 to the general model with common
correlated e�ects (4.5): for i = 1 , . . . , n,

yit = x�
it � i (k0) + eit

=

�
x�

it � i + eit , t = 1 , . . . , k0,

x�
it � i + z�

it � i + eit , t = k0 + 1 , . . . , T,

where eit = � �
i f t + � it . The regressorsxit , i = 1 , . . . , n, are allowed to be

correlated with the unobservable factorsf t modeled in (4.3),xit = � �
i f t + vit .

When � i = 0, the model reduces to the one considered by Pesaran (2006).
Kim (2011) considers the special case ofxit = (1 , t)� . Recently, a simpli“ed
model with xit = 1 and “xed T is considered by Westerlund (2019). In this
heterogeneous panel data model with a common breakk0, the parameters
of interest are bi = ( � �

i , � �
i )

� , i = 1 , . . . , n, and the change point k0. The
following assumptions are needed.

Assumption 4.8. Common factors f t , t = 1 , . . . , T, are covariance sta-
tionary with absolute summable autocovariances, independent of errors� is

and vis for all i, s, t.

Assumption 4.9. Errors � is and vjt are independent for all i, j, s, t.
Moreover, vit , i = 1 , . . . , n, are linear stationary processes with abso-
lute summable autocovariances,vit =

� �
l =0 Sil � i,t Š l , where (	 it , � �

it )� are
(p+1) × 1 vectors of i.i.d. random variables with variance…covariance matrix
I p+1 and “nite fourth-order cumulants, and

Var( vit ) =
��

l =0

Sil S�
il = � i,v , and 0 < 	 � i,v 	 < � .

Assumption 4.10. Factor loadings � i and � i are i.i.d. acrossi , and inde-
pendent of � jt , vjt and f t for all i, j, t . Assume� i = � + � i , � i � i.i.d.(0, � � )
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and � i = � + 
 i , 
 i � i.i.d.(0, � � ), i = 1 , . . . , n, where the means� , � are
nonzero and “xed and the variances �� , � � are “nite.

Together with Assumptions 4.3 and 4.7, Assumptions 4.8…4.10 given
above are the same as Assumptions 1…3 of Pesaran (2006), with the addi-
tional restrictions � �= 0 and � �= 0.

The correlation betweenxit and eit due to unobserved common factors
f t renders OLS inconsistent. Iff t were observable, it could be treated as a
regressor, and this correlation can be removed using a partitioned regres-
sion. Let F = ( f 1, f 2, . . . , f T )� , then the corresponding orthogonal projec-
tion matrix is given by M f = I T Š F (F �F )Š 1F � . In this case, equation (4.5)
can be written in matrix form as

Yi = X i � i + Z0i � i + F � i + � i , i = 1 , . . . , n. (4.13)

Premultiplying (4.13) by M f , we get

�Yi = �X i � i + �Z0i � i + �� i , i = 1 , . . . , n, (4.14)

which is of the same form as equation (4.8) considered in Model 1 of no
factor structure above, with transformed data �Yi = M f Yi , �X i = M f X i =
M f Vi , �Z0i (k0) = M f Z0i and �� i = M f � i . For each i = 1 , . . . , n, the T × p
vector Vi denotes (vi 1, . . . , viT )� . Conditional on F , ( �X i , �Z0i ) and �� i are
uncorrelated under Assumption 4.9.

However, f t , t = 1 , . . . , T, are unobservable. To proceed, we follow
Pesaran•s (2006) idea of using the cross-sectional averages ofyit and xit

as proxies forf t . Combining (4.5) and (4.3) yields

wit
(p+1) × 1

=



yit

xit

�

= Ci (k0)�

(p+1) × m
f t

m × 1
+ uit (k0)

(p+1) × 1
, (4.15)

where

Ci (k0)
m × (p+1)

= ( � i , � i )



1 0

� i (k0) I p

�

,

uit (k0) =
�

� it + v�
it � i (k0)

vit

�
.

Note that like � i (k0), the slope Ci (k0) in (4.15) also shifts at k0.

Ci (k0) =

�
C1i = ( � i + � i � 1i , � i ), t = 1 , . . . , k0,

C2i = ( � i + � i � 2i , � i ), t = k0 + 1 , . . . , T.
(4.16)
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Common breakk0 splits the data generating process for all individuals
into two regimes, and each regime has the same structure as that considered
in Pesaran (2006). Consequently, unobserved common factorsf t can be
partialled out by using cross-sectional averages in the same spirit.

Let w̄t =
� n

i =1 � i wit be the cross-sectional averages ofwit using weights
� i , i = 1 , . . . , n. In particular,

w̄t = C̄(k0)� f t + ūt (k0), (4.17)

where

C̄(k0) =
n�

i =1

� i Ci (k0) =

�





�






�

C̄1 =
n�

i =1

� i C1i , t = 1 , . . . , k0,

C̄2 =
n�

i =1

� i C2i , t = k0 + 1 , . . . , T.

The common break assumption is needed, otherwiseC̄(k0) is not well
de“ned. Now ūt (k0) is de“ned as

ūt (k0) =
n�

i =1

� i uit (k0)

=

�










�











�

�

�
�

�̄ t +
n�

i =1

� i v�
it � 1i

v̄t

�

�
� , t = 1 , . . . , k0,

�

�
�

�̄ t +
n�

i =1

� i v�
it � 2i

v̄t

�

�
� , t = k0 + 1 , . . . , T.

(4.18)

As in Pesaran (2006), the weights� i , i = 1 , . . . , n, satisfy conditions: � i =
O( 1

n ),
� n

i =1 � i = 1 and
� n

i =1 |� i | < � .

Assumption 4.11. Rank(C̄1) = Rank( C̄2) = m � p + 1 .

We assume that the rank condition is satis“ed. Pesaran (2006) shows
that in the case of de“cient rank, it is impossible to obtain consistent
estimators of the individual slope coe� cients, but their cross-sectional
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mean can be consistently estimated. WhenC̄(k0) is of full rank, f t can
be written as

f t =
�
C̄(k0)C̄(k0)� � Š 1

C̄(k0)( w̄t Š ūt (k0)) .

From (4.16), the matrix C̄(k0)C̄(k0)� has two regimes, shifting atk0,

C̄(k0)C̄(k0)� =

�
C̄�

1C̄1, t = 1 , . . . , k0,

C̄�
2C̄2, t = k0 + 1 , . . . , T.

Assumption 4.11 implies that C̄(k0)C̄(k0)� is invertible. As shown in Lemma
1 of Pesaran (2006), the cross-sectional average of the errors vanish in both
regimes asn � � , where ¯� t =

� n
i =1 � i � it , v̄t =

� n
i =1 � i vit , yielding

f t Š
�
C̄(k0)C̄(k0)� � Š 1

C̄(k0)w̄t
p

� 0. (4.19)

This suggests that it is asymptotically valid to use w̄t as observable prox-
ies for f t . Let W̄ = ( w̄1, w̄2, . . . , w̄T )� denote the T × (p + 1) matrix
of cross-sectional averages. Denote theT × T matrix M w by M w =
I T Š W̄ (W̄ �W̄ )Š 1W̄ � . Thus, similar to the result M f F = 0, by (4.19) it
is expected that the terms involving M w F are ignorable asymptotically as
n � � .

Premultiplying (4.13) by M w instead of M f , we obtain

M w Yi = M w X i � i + M w Z0i � i + M w F � i + M w � i , i = 1 , . . . , n. (4.20)

Let the T × p matrix �X i = M w X i = (�xi 1, . . . , �xiT )� denote the transformed
regressors. Similarly, de“ne �Yi = M w Yi , �Z0i = M w Z0i and �� i = M w � i .
Thus, equation (4.20) becomes

�Yi = �X i � i + �Z0i � i + M w F � i + �� i

= �X i � i + �Z0i � i + �� 0
i , i = 1 , . . . , n, (4.21)

where �� 0
i = M w F � i + �� i .

Lemma 4.5 in Section 4.8 shows that each element ofM w F � i is of order
Op( 1�

n ) and vanishes as (n, T ) � � , implying that �� 0
i can be treated as �� i

asymptotically. Based on this intuition, we can follow the procedure pro-
posed in Model 1 above to estimatek0 and bi = ( � �

i , � �
i )

� , using transformed
data { �Yi , �X i , i = 1 , . . . , n} .

For any possible change pointk = 1 , . . . , T Š 1, de“ne matrices �Z2i (k) =
M w Z2i (k), �Xi (k) = ( �X i , �Z2i (k)) and �X0i = ( �X i , �Z0i ). With new notation,
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equation (4.21) becomes

�Yi = �X0i bi + �� 0
i , i = 1 , . . . , n. (4.22)

Given k, slopebi can be estimated by least squares,

�bi (k) =
� �� i (k)

�� i (k)

�
= [ �Xi (k)� �Xi (k)]Š 1 �Xi (k)� �Yi , i = 1 , . . . , n. (4.23)

The resulting sum of squared residuals is

�SSRi (k) = [ �Yi Š �Xi (k)�bi (k)]� [ �Yi Š �Xi (k)�bi (k)]

= [ �Yi Š �X i
�� i (k) Š �Z2i (k) �� i (k)]�

× [ �Yi Š �X i �� i (k) Š �Z2i (k) �� i (k)], i = 1 , . . . , n,

and the estimator of k0 is de“ned similarly as

�k = arg min
1� k � T Š 1

�

i

�SSRi (k). (4.24)

Assumption 4.12. For i = 1 , . . . , n, the matrices 1
T X �

i M w X i and
1
T X �

i M f X i are nonsingular, and their inverses have “nite second-order
moments.

This assumption of identifying bi and b is adopted from Pesaran (2006).
Let �x�

it be the tth element of matrix �X i , i = 1 , . . . , n. To identify k0, we
need a modi“ed version of Assumptions 4.4…4.6.

Assumption 4.13. For i = 1 , . . . , n, the matrices (1/j )
� j

t =1 �xit �x�
it ,

(1/j )
� T

t = T Š j +1 �xit �x�
it , (1/j )

� k0
t = k0 Š j +1 �xit �x�

it and (1/j )
� k0 + j

t = k0 +1 �xit �x�
it are

stochastically bounded and have minimum eigenvalues bounded away from
zero in probability for all large j . In addition, for each i , (1/T )

� T
t =1 �xit �x�

it

converges in probability to a nonrandom and positive de“nite matrix as
T � � .

Assumption 4.14. For any positive “nite integer s, the matrices
1
n

� n
i =1

� k0
t = k0 Š s+1 �xit �x�

it and 1
n

� n
i =1

� k0 + s
t = k0 +1 �xit �x�

it , i = 1 , . . . , n, are
stochastically bounded, with minimum eigenvalues bounded away from
zero in probability for large n. In addition, for each t, (1/n )

� n
i =1 �xit �x�

it

is stochastically bounded asn � � .
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Assumption 4.15. { � i , i = 1 , . . . , n} are drawn independently of the pro-
cess of{ �xit , i = 1 , . . . , n} .

Alternatively, under a random coe�cient model, we have a slightly dif-
ferent version of Assumption 4.7.

Assumption 4.16. For i = 1 , . . . , n,

bi = b+ vb,i , vb,i � i.i.d.(0, � b),

where b = ( � � , � � )� , vb,i =
�

v�,i

v�,i

�
and � b =

�
� � 0
0 � �

�
for i = 1 , 2, . . . , n,

where	 b	 < � , 	 � b	 < � , and the random deviationsvb,i are independent
of � j , � j , � jt , and vjt for all i, j and t.

Under Assumption 4.16,bi is independent of � j , implying that as n �
� , C̄1 =

� n
i =1 � i C1i

p
� E (C1i ) = ( � +� �, �) and C̄2

p
� E (C2i ) = ( � +�( � +

R� ), �). In this case, rank condition (Assumption 4.11) requires nonzero
means for� and � in Assumption 4.10 when n is large. Similarly in Model
1, when{ � i , i = 1 , . . . , n} are considered as random, as part of Assumption
4.16, Assumption 4.15 becomes redundant.

After the transformation (4.20), it can be shown that the change point
estimator �k is still consistent in a linear model with a multifactor error
structure (4.5), i.e., �k Š k0 = op(1).

Theorem 4.2. Under Assumptions 4.1–4.3, 4.8–4.15 (or 4.16),
lim (n,T ) �� P (�k = k0) = 1 .

Theorem 4.2 can be proved similarly to Theorem 4.1, see the technical
details in Section 4.8.

Given the change point estimator �k, the CCE estimator of the slope
coe�cients can be written as

�bi = �bi (�k) = [ �Xi (�k)� �Xi (�k)]Š 1 �Xi (�k)� �Yi , i = 1 , . . . , n.

With the consistency of �k, the asymptotics of �bi can be established.

Proposition 4.1. Under Assumptions 4.1–4.3, 4.8–4.15, and



T /n � 0
as (n, T ) � � , for each i,



T(�bi Š bi )

d� N
�
0, � Š 1

�X,i
� �X ��,i � Š 1

�X,i

�
,
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where

� �X,i = plim
T ��

1
T

�X�
0i

�X0i ,

� �X ��,i = plim
T ��

1
T

�X�
0i � �,i �X0i , i = 1 , . . . , n.

An additional condition



T /n � 0 as (n, T ) � � is required here, due
to the fact that M w F � i is included in �� 0

i = M w F � i + �� i , the error term
of transformed model (4.21) using cross-sectional averages. This yields an
extra term in



T(�bi Š bi ) whose order isOp(



T /n ) + Op(1/



n) which is

asymptotically ignorable when



T /n � 0 as (n, T ) � � . See the Supple-
mentary Appendix.

As discussed above, Assumption 4.2 allows thatT can grow faster than
n, i.e., T = O(n� ) with � � 1. Here, the relative speed ofn and T,



T /n �

0 as (n, T ) � � imposes an upper bound on� , i.e., � < 2. Therefore, in the
case ofT = O(n� ) with 1 � � < 2, both Assumption 4.2 and



T /n � 0

as (n, T ) � � required by Proposition 4.1 are satis“ed.
As discussed by Pesaran (2006), a consistent Newey…West-type estima-

tor of � �X ��,i can be obtained using the transformed data,

�� �X ��,i = �� i 0 +
	�

j =1

�
1 Š

j
� + 1

�
( �� ij + �� �

ij ),

�� ij =
1
T

	�

t = j +1

�eit �ei,t Š j Xit (�k)Xit (�k)� ,

where � is the window size. �eit is the tth element of �ei = �Yi Š �Xi (�k)�bi and
�Xit (�k) is the tth row of �Xi (�k). Since � �X,i can be consistently estimated by
1
T

�Xi (�k)� �Xi (�k). Thus, a consistent estimator of � Š 1
�X,i

� �X ��,i � Š 1
�X,i

is given by

�
1
T

�Xi (�k)� �Xi (�k)
� Š 1

�� �X ��,i

�
1
T

�Xi (�k)� �Xi (�k)
� Š 1

. (4.25)

Since �bi (�k) has the same limiting distribution as �bi (k0), parameters bi ,
i = 1 , . . . , n, in model (4.5) can be inferred as ifk0 were known.

The mean group estimator with a common break can be de“ned
similarly:

�bMG =
1
n

n�

i =1

�bi =
1
n

n�

i =1

[ �Xi (�k)� �Xi (�k)]Š 1 �Xi (�k)� �Yi . (4.26)
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Proposition 4.2. Under the Assumptions4.1–4.3, 4.8–4.14, 4.16,



n(�bMG Š b) d� N (0, � b).

As in Pesaran (2006), � b can be consistently estimated by

1
n Š 1

n�

i =1

(�bi Š �bMG )(�bi Š �bMG )� .

For detailed proofs of Propositions 4.1 and 4.2, see the Supplementary
Appendix. Unlike Pesaran (2006), an additional step is needed, that of
estimating k0. As shown in the propositions above, with the consistency
of �k, the convergence rate of�k is not required for deriving the asymptotic
distributions of �bi , for i = 1 , . . . , n, and �bMG .

4.4. Multiple Common Break Points

When multiple common break points k(1)
0 , . . . , k(B k )

0 , occur in the slopes,
there are Bk + 1 regimes for each individual:

yit =

�





�






�

x�
it � i + eit , t = 1 , . . . , k(1)

0 ,

x�
it � i + z�

it � 1i + eit , t = k(1)
0 + 1 , . . . , k(2)

0 ,
...

...

x�
it � i + z�

it � B k ,i + eit , t = k(B k )
0 + 1 , . . . , T,

(4.27)

for i = 1 , . . . , n.
Estimation of multiple break points has been discussed by Bai (1997b)

and Chong (1995) in a mean-shift model, Bai and Perron (1998) in linear
regression models and Bai (2010) in a panel mean-shift model. To deal with
this issue in the model (4.27), we can follow the sequential or one at-a-time
approach discussed by Bai (1997b, 2010). The number of common breaks,
Bk , is assumedknown. The idea of the sequential approach is to estimate
break points one by one. For example, ifBk = 3, the estimation of k(1)

0 , k(2)
0

and k(3)
0 can be completed in three steps. In the “rst step, one break point

is assumed as in Model 1 (or Model 2) above, and can be estimated by
(4.11) (or (4.24)), denoted by �k(1) (or �k(1) ). In the second step, in each of
the two sub-panels split by �k(1) (or �k(1) ), the same procedure (4.11) (or
(4.24)) is applied. Thus, two single break estimators are obtained in these
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two sub-panels. Moreover,�k(2) (or �k(2) ) is de“ned as the one associated
with a larger reduction in the sum of squared residuals. Similarly,�k(1) and
�k(2) (or �k(1) and �k(2) ) yield three sub-panels. In the third step, in each of
these three sub-panels, one break point can be estimated as in Model 1
(or 2). Among these three break estimators, we choose the one associated
with the largest reduction of sum of squared residuals, denoted as�k(3) (or
�k(3) ). As suggested by Bai (2010), it can be shown that after rearranging
(�k(1) , �k(2) , �k(3) ) (or ( �k(1) , �k(2) , �k(3) )) in temporal order, ( �k(1) , �k(2) , �k(3) ) (or
(�k(1) , �k(2) , �k(3) ) in Model 2) is consistent for (k(1)

0 , k(2)
0 , k(3)

0 ) as long as the
assumptions listed in Section 4.2 (or 4.3) hold in each of the sub-panels.

Once the consistent estimators of (k(1)
0 , . . . , k(B k )

0 ) are obtained, the
parameters� i , � 1i , . . . , � B k ,i , i = 1 , . . . , n, can be estimated by least squares
as in (4.10) (or (4.23)). Thus, their mean group estimators can be obtained
similarly.

4.5. Endogenous Regressors and Break in Factors

In the empirical studies using the CCE and iterated principal component
(IPC) approaches, there are two main concerns. First, to apply these two
approaches, long panel data sets are usually required. However, over a long
span, parameter instability due to structural breaks is possible. Second,
with the exception of Temple and Van de Sijpe (2017), and Chirinko and
Wilson (2017), endogeneity due to the correlation between the regressors
and the idiosyncratic errors could bias the resulting estimates. Though an
error factor structure can be used to control for the correlation between the
regressors and the unobserved factors or loadings, the correlation between
the regressors and the idiosyncratic errors could still be present due to
reverse causality or other sources. This endogeneity is common in empiri-
cal studies using aggregate data, for example, the return of public infras-
tructure as surveyed by Gramlich (1994) and Calderon, Moral-Benito and
Serven (2015).

In this section, we show that the model (4.4) considered in Section 4.5
can be extended to allow for endogenous regressors and structural changes
in error factor loadings. Thus, based on Pesaran•s (2006) heterogeneous pan-
els we provide an appealing panel data regression model with four empirical
features: (i) slope heterogeneity, (ii)cross-sectional dependence modeled by
an error factor structure, (iii) endogenous regressors and (iv) structural
changes in slopes and error factor loadings.
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Speci“cally, the model considered here is

yit = x�
it � i (k0) + eit

=

�
x�

it � 1i + eit , t = 1 , . . . , k0,

x�
it � 2i + eit , t = k0 + 1 , . . . , T,

eit = � i (k1)� f t + � it , xit = � �
i f t + vit .

Here Cov(� it , vit ) �= 0. The case of partial changes in slopes can be easily
accommodated as in (4.6) of Model 1in Section 4.2. Assume there areq
instruments zit with q � p. The instruments zit could be a�ected by f t .
The key di�erences of this model from (4.4) are (i) endogenous regressors
and (ii) a common break k1 in factor loading � i (k1).

To deal with endogeneity, we start with a simpli“ed case without
considering the error factor structure. Di�erent from the assumption in
Sections 4.2 and 4.3, here� it is allowed to be correlated with xit .

Let bi = ( � �
1i , � �

2i )
� , i = 1 , . . . , n. For every i , and k = 1 , . . . , T Š 1,

de“ne X 1i (k) = ( xi 1, . . . , xi,k )� and X 2i (k) = ( xi,k +1 , . . . , xiT )� . Simi-
larly, de“ne Y1i (k) = ( yi 1, . . . , yi,k )� and Y2i (k) = ( yi,k +1 , . . . , yiT )� . Let
Yi = ( yi 1, . . . , yiT )� and � i = ( � i 1, � i 2, . . . , � iT )� denote the stacked data
and errors over time, thus Yi = ( Y1i (k)� , Y2i (k)� )� . Using the notation

Xi (k) =
�

X 1i (k ) 0
0 X 2i (k )

�
, equation (4.6) can be written in matrix form as

Yi = Xi (k0)bi + � i , i = 1 , . . . , n. (4.28)

Following Perron and Yamamoto (2015), we can project� i on the col-
umn space spanned byXi (k0) such that the new error term � �

i (de“ned
below) is uncorrelated with Xi (k0). Rewrite equation (4.8) as follows:

Yi = Xi (k0)� �
i (k0) + � �

i , (4.29)

where � �
i = ( I Š PX)� i = ( � �

i 1, . . . , � �
iT )� and PX is the projection matrix

based onXi (k0), and

� �
i (k0) =

�
� �

1i

� �
2i

�
= bi + [ Xi (k0)�Xi (k0)]Š 1 Xi (k0)� � i .

As argued by Perron and Yamamoto (2015) in a time-series model, a struc-
tural change in the original parameter � i (k0) implies a shift in the new
parameter, the probability limit of � �

i (k0), at the same break datek0, except
for a knife-edge case.
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Since the new errors� �
it are uncorrelated with xit , equation (4.29)

becomes Model 1 in Section 4.2. Following the same lines of proof as in
Theorem 1, it can be shown that �k is consistent for k0, i.e., �k Š k0 = op(1),
under appropriate assumptions.

In the general model,

Yi = Xi (k0)bi + F � i (k1) + � i , i = 1 , . . . , n.

The new complication is the additional term F � i (k1). Besides nonzero
Cov(vit , � it ), this unobserved factors create an additional source of endo-
geneity due to the unobservable common factorsf t that a�ect both xit =
� �

i f t + vit and eit .
With endogenous regressorsxit , this general model with a multifactor

error structure can still “t into the simpli“ed case discussed in the previous
subsection. Hence, we can still use OLS to estimate k0. However, due to the
common f t , errors eit are no longer cross-sectionally independent. This is
a major di�erence. As pointed out by Kim (2011), the cross-sectional cor-
relation in the errors could o�set the information across the cross-sectional
dimension under the common break assumption. Thus,�kŠ k0 = op(1) is not
necessarily achieved without controlling forf t . It depends on the magnitude
of the cross-sectional correlation governed by the unobservable loadings.

As shown in Baltagi, Feng and Kao (2019), the CCE approach is still
valid in this general model. Sincef t are unobservable, we follow Pesaran•s
(2006) idea of using the cross-sectional averages ofyit and xit as proxies for
f t . Combining (4.3) and (4.5) yields

wit
(p+1) × 1

=



yit

xit

�

= Ci (k0, k1)�

(p+1) × m
f t

m × 1
+ uit (k0)

(p+1) × 1
,

where

Ci (k0, k1)
m × (p+1)

= ( � i (k1), � i )



1 0

� i (k0) I p

�

,

uit (k0) =
�

� it + v�
it � i (k0)

vit

�
.

In the case that the instruments zit are a�ected by f t , zit can be included
in the vector wit . Note that like � i (k0), the slope Ci (k0, k1) in (4.15) also
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shifts at k0, and k1. Without loss of generality, we assumek1 > k 0. Thus,

Ci (k0, k1) =

�

�


�

C1i = ( � 1i + � i � 1i , � i ), t = 1 , . . . , k0,

C2i = ( � 1i + � i � 2i , � i ), t = k0 + 1 , . . . , k1,

C3i = ( � 2i + � i � 2i , � i ), t = k1 + 1 , . . . , T.

Common breakk0 splits the data generating process for all individuals
into two regimes, and in each regime the unobserved common factorsf t

can be partialled out by using cross-sectional averages in Pesaran (2006).
Let w̄t =

� n
i =1 � i wit be the cross-sectional average ofwit using weights � i ,

i = 1 , . . . , n. In particular,

w̄t = C̄(k0, k1)� f t + ūt (k0), (4.30)

where

C̄(k0, k1) =
N�

i =1

� i Ci (k0, k1)

=

�









�










�

C̄1 =
n�

i =1

� i C1i , t = 1 , . . . , k0,

C̄2 =
n�

i =1

� i C2i , t = k0 + 1 , . . . , k1,

C̄3 =
n�

i =1

� i C3i , t = k1 + 1 , . . . , T,

(4.31)

and

ūt (k0) =
n�

i =1

� i uit (k0)

=

�









�










�

�

�
�

�̄ t +
n�

i =1

� i v�
it � 1i

v̄t

�

�
� , t = 1 , . . . , k0,

�

�
�

�̄ t +
n�

i =1

� i v�
it � 2i

v̄t

�

�
� , t = k0 + 1 , . . . , T,

(4.32)

where ¯� t =
� n

i =1 � i � it , v̄t =
� n

i =1 � i vit .
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For equation (4.30), whenC̄(k0, k1) is of full rank, f t can be written as

f t =
�
C̄(k0, k1)C̄(k0, k1)� � Š 1

C̄(k0, k1)( w̄t Š ūt (k0)) . (4.33)

For simplicity, we assume that the rank condition is satis“ed.
Assumptions 4.10 and 4.11 imply that C̄(k0, k1)C̄(k0, k1)� is invertible.

As shown in Lemma 1 of Pesaran (2006), in (4.18), the cross-sectional
averages of the errors ¯� t , v̄t ,

� n
i =1 � i v�

it � 1i and
� n

i =1 � i v�
it � 2i all vanish as

n � � , thus

ūt (k0)
p

� 0

in both regimes asn � � , regardless of the correlation between� it and
vit , yielding

f t Š
�
C̄(k0, k1)C̄(k0, k1)� � Š 1

C̄(k0, k1)w̄t
p

� 0. (4.34)

This suggests that it is asymptotically valid to use w̄t as observable proxies
for f t . This “nding also shows that the CCE approach proposed by Pesaran
(2006) is robust to endogeneity and structural changes in slopes and factor
structures. Same as Model 2 above, OLS ofk0 using the CCE transformed
data is consistent, i.e., �k Š k0 = op(1).

4.6. Monte Carlo Simulations

This section employs Monte Carlo simulations to examine the consistency
of the estimated break points�k and �k summarized in Theorems 4.1 and 4.2.
Since the CCE estimators in Model 2 have the same asymptotic distribu-
tions as if the true common breaks were known, their asymptotic properties
are not examined here. Two di�erent designs are used for Models 1 and 2,
respectively. In Model 1, there are no common correlated e�ects in the
errors and regressors, so least squares can be run for each individual series.
While in Model 2, the regressors and errors are correlated due to common
correlated e�ects f t . A transformation, using cross-sectional averages of the
dependent variable and regressors proposed by Pesaran (2006), is needed
to remove such e�ects asymptotically.

In the following experiments, the focus is on the histograms of�k and �k
in setups with di�erent combinations of ( n, T ).
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4.6.1. Model 1: No common correlated e�ects

The data generating process (DGP) of Model 1 is modi“ed from that in
Pesaran (2004, p. 24):

yit = � i + � i (k0)yi,t Š 1 + eit , i = 1 , . . . , n; t = 1 , . . . , T ;

eit = � i f t + � it .

Here we set� i = 0, so there is no cross-sectional dependence in the errors.
Instead, in this dynamic heterogeneous panel model, there is a common
break k0 = 0 .5T in the slopes� i , for i = 1 , . . . , n, i.e.,

� i (k0) =

�
� 1i , t = 1 , . . . , k0,

� 2i = � 1i + � i , t = k0 + 1 , . . . , T,

where � i is the jump in the slope for each series. We assume� 1i �
i.i.d. U(0, 0.8) and � i � i.i.d. U(0, 0.2). We set � i = µi (1Š � 1i ), µi = � 0i + � i

where � 0i � i.i.d. N (0, 1) and � i � i.i.d. N (1, 2). In addition, we assume
yi, 0 � i.i.d. N (0, 1) and � it � i.i.d. N (0, 
 2

i ), with 
 2
i � � 2

2/ 2.
In (4.11), for any possible change pointk = 1 , . . . , T Š 1, the estimated

change point �k is the one that minimizes the sum ofn individual sum of
squared residuals. 1000 replications are performed to obtain the histogram
of �k for each setup.

Panel A of Fig. 4.1 reports the histograms of�k for T = 50 and n =
10, 50, 200. The frequency of choosing the true valuek0 increases from 17%
for n = 10 to almost 90% for n = 200. It shows that the distribution of �k
shrinks with n. This “nding supports Theorem 4.1, con“rming that multiple
individual series provide additional information on k0, and that �k converges
to k0 as the number of series goes to in“nity.

To consider the case where there is no structural break in slopes in some
series, we set� i = 0 in [ n/ 4] series, implying that � N increases withn at
a rate of O(n3/ 4). Panel B of Fig. 4.1 reports the histograms of�k for this
case with T = 50. Similar to Panel A, the pattern that �k converges tok0

as n increases remains. However, the frequency of choosing the true value
k0 is signi“cantly smaller than that in Panel A of Fig. 4.1. For example,
for n = 50, the frequency of choosing the true valuek0 drops from 44%
in Panel A to 34% in Panel B. This suggests that for the accuracy of the
estimated change point, allowing for no break in some series is equivalent
to reducing the number of series or the magnitude of break� N .
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Fig. 4.1. Histograms of �k in Model 1: T = 50.
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4.6.2. Model 2: Common correlated e�ects

The data generating process for Model 2 is as follows:

yit = � i + � i (k0)xi,t + eit , i = 1 , . . . , n; t = 1 , . . . , T,

eit = � 1i f t + � it ,

where � i
i .i .d.� N (1, 1) and � 1i

i .i .d.� N (1, 0.2). The idiosyncratic errors are

generated as� it
i .i .d.
� N (0, 
 2

i ) and 
 2
i

i .i .d.
� U(0.5, 1.5). There is a common

break in the individual slopes:

� i (k0) =

�
� 1i , t = 1 , . . . , k0,

� 2i = � 1i + � i , t = k0 + 1 , . . . , T,
k0 = 0 .5T,

where � 1i = 1 + � i , � i
i .i .d.� N (0, 0.04) and � i

i .i .d.� N (0, 0.04).
Unlike Model 1, the error eit and the regressorxit contain the common

correlated e�ect f t :

xit = ai + � 2i f t + vit ,

whereai
i .i .d.� N (0.5, 0.5), � 2i

i .i .d.� N (0.5, 0.5) and vit
i .i .d.� N (0, 1Š � 2

vi ), with
� vi = 0 .5. The factor f t is generated by the stationary process:

f t = � f f t Š 1 + vft , t = Š49, . . . , 0, 1, . . . , T ;

� f = 0 .5, vf t
i .i .d.
� N (0, 1 Š � 2

f ), f Š 50 = 0 .

The correlation betweenxit and eit renders OLS inconsistent in the individ-
ual regressions. Thus, transformation (4.20) using cross-sectional averages
of yit and xit is needed to removef t before conducting least squares esti-
mation of k0.

The setup above is a simpli“ed version of the design in Pesaran (2006).
First, as in model (4.4), the observed factors are omitted for simplicity.
Second, the number of regressors and unobservable factors are reduced to
1, respectively. Third, the correlation structures in vit and � it are removed.
The only new feature of this model is that there is a common break atk0,
speci“ed as 0.5T .

The “rst row of Fig. 4.2 presents the histograms of the estimated
change point �k for T = 50. It replicates the pattern in Fig. 4.1, show-
ing that after the transformation, the frequency of choosing the true value
k0 increases signi“cantly with n. Figure 4.2 also reports, in the second
row, the histograms of the estimated change point�k without conducting
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Fig. 4.2. Histograms of �k and �k in Model 2: T = 50.
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transformation (4.20). It indicates that in the presence of common cor-
related e�ects, cross-sectional information using multiple series fails to
improve the accuracy of the estimated change point.

Figure 4.3 reports the histograms of�k and �k for T = 200. The same
pattern emerges, suggesting that the distribution of �k shrinks to k0 as
n � � . Di�erent from Fig. 4.2, the frequency of �k, the estimator without
conducting transformation (4.20), choosing the true break date increases
with n in Fig. 4.3 when T is large, although not at a rate as high as
that of �k using the transformed data. Whether |�k Š k0| shrinks to 0 or
not as (n, T ) � � depends upon the correlation betweenxit and eit . In
Fig. 4.4, we increase this correlation by changing the distribution of� 1i

from N (1, 0.2) to N (2, 0.2). In this case, the cross-sectional information
using multiple series fails to improve the accuracy of the estimated change
point �k. This is consistent with the “ndings of Kim (2011).

4.6.3. Case of endogenous regressors

We also check the impact of endogeneity on the consistency of the break
point estimator using various experiments. The DGP used here is a modi“ed
design of Model 2. The main di�erence is thateit is correlated with xit (or
vit ) by adding a term � e,i vit in the process ofeit :

eit = � 1i (k1)f t + � e,i vit + (1 Š � 2
e)1/ 2� it , (4.35)

where� e,i denotes the correlation betweenxit and eit . We also allow a break
in the factor loading � 1i (k1) at a di�erent time point k1 = [0 .7T ]:

� 1i (k1) =

�
� 1i , t = 1 , . . . , k1,

� 1i + � � 1i , t = k1 + 1 , . . . , T.

In the process generatingeit , the loadings � 1i � i.i.d. N (1, 0.2), � � 1i �
i.i.d. N (0.5, 0.5), � e,i � i.i.d. U(Š0.5, 0.5) and � it � i.i.d. N (0, 
 2

i ) with

 2

i � i.i.d. U(0.5, 1.5).
In the error structure (4.35), there are two sources of endogeneity due

to the unobserved factorf t and the random componentvit . For simplicity,
we “rst ignore the break in factor loading � 1i (k1) and set � � 1i = 0 in
Fig. 4.5. As pointed out by Perron and Yamamoto (2015), the break fraction
� 0 = k0/T can be consistently estimatedby OLS even in the presence of
correlation between xit and eit in a time-series regression. However, in a
panel data setup, the cross-sectional correlation in the errors due to the
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Fig. 4.3. Histograms of �k and �k in Model 2: T = 200.
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Note : The DGP is the same as in Fig. 4.2, except that the correlation between xit and eit increases by changing the distribution of � i 1

from i.i.d. N (1, 0.2) to i.i.d. N (2, 0.2). k0 = 0 .5T = 100.
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Fig. 4.5. Histograms of �k and �k in the general case with endogenous regressors (T = 50).
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common f t could fail to improve the accuracy of the OLS estimator ofk0,
as pointed out by Theorem 1A(iii) of Kim (2011) and Fig. 4.4. Thus, the
transformation (4.20) using cross-sectional averages ofyit and xit is needed
to remove f t before conducting least squares.

The “rst row of Fig. 4.5 presents the histograms of the estimated change
point �k for T = 50. The frequency of choosing the true valuek0 increases
signi“cantly with n. It con“rms the “nding that the distribution of �k col-
lapses tok0 asn � � in the presence of endogenous regressors. The second
row of Fig. 4.5 also reports the histograms of the estimated change point
�k without conducting the CCE transformation (4.20). It indicates that in
the presence of common correlated e�ects, cross-sectional information using
multiple series fails to improve the accuracy of the estimated change point.

Figure 4.6 presents the case when there is a common break in the factor
loading � 1i (k1), with k1 = [0 .7T ] > k 0. Consistent with our theory �k, our
estimator of the break point in the slope parameters is robust to a break in
the error factor loadings � 1i . This holds sincef t is asymptotically removed
by the CCE transformation (4.20). However, as shown in the second row of
Fig. 4.6, the break point in factor loadings could lead to a spurious break
in the slope parameters if we ignore the unobserved factors in the errors.
In Fig. 4.7, we reduce the correlation betweenxit and eit by changing the
distribution of the loading � 2i from N (0.5, 0.5) to N (0.1, 0.1), increasingn
does not improve the frequency of�k choosingk0.

Figure 4.8 reports the case of rank de“ciency. By changing the distribu-
tion of � 2i from N (0.5, 0.5), the matrix C̄(k0) is not of full rank asymptoti-
cally. The “rst panel of Fig. 4.8 shows that the consistency of�k remains in
the case of rank de“ciency. AsN increases, the probability of choosing the
true value k0 increases.

In Fig. 4.9, we also compare the e�ciency of the proposed OLS and IV
estimators of k0. An IV estimator is used in the “rst step, instead of OLS,
in a simpli“ed case without an error factor structure. The DGP is similar to
the one used in Fig. 4.5 except that there are no factors and an instrument is
introduced and regressorxit is generated in a slightly di�erent way, similar
to Hall et al. (2012). As expected, the IV estimator �k is also consistent,
and its probability of choosing the true value k0 increases withn (and T).
However, a comparison between the histograms of�k and �k suggests that
OLS yields more accuracy in terms of the probability of “nding the true
value k0 than the IV estimator.
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Fig. 4.6. Histograms of �k and �k with endogenous regressors and a structural change in the error factor loading ( T = 50).
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Fig. 4.7. Histograms of �k and �k in the general case with reduced endogeneity ( T = 50).

Note : The DGP is the same as the one in Fig. 4.5, except for reducing the correlation between xi,t and ei,t by changing the distribution
of the loading � 2i from i.i.d. N (0.5, 0.5) to i.i.d. N (0.1, 0.1).
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Fig. 4.8. Histograms of �k and �k in the general case with rank de“ciency ( T = 50).

Note : The means of � i 2 and ai change to zero, i.e., � i 2 � i.i .d. N (0, 0.5), ai � i.i .d. N (0, 0.5), so the rank condition is not satis“ed
asymptotically.
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Fig. 4.9. Histograms of the OLS estimator �k and IV estimator �k in a simpli“ed case without a factor structure in the errors ( T = 50).

Note : In this simpli“ed case, there is no factor structure in the errors. The instrument z3it is introduced and regressor x it is generated
in a slightly di�erent way (similar to Hall et al. , 2012). z3it = 2 ai + � 3i f t + v2it where � 3i � i .i .d. N (1, 0.5), v2it � i .i .d. N (0, 1), and
v2it is independent of vit and � it .
x it = 0 .5z3it + vit ; eit = � e,i vit + (1 Š � 2

e,i )1/ 2 � it , � e,i � i .i .d. U(Š 0.5, 0.5), � it � i .i .d. N (0, � 2
i ), � 2

i � i .i .d. U(0.5, 1.5), � 1i �
i .i .d. N (1, 0.2), � 2i � i .i .d. N (0.5, 0.5), ai � i.i .d. N (0.5, 0.5), vit � i .i .d. N (0, 1, Š � 2

vi ), � vi = 0 .5. These variables are mutually
independent. The replication number is 1000. T = 50, k0 = 25.
�k: The OLS estimator of the change point.
�k: The IV estimator of the change point: the IV estimator is used in the “rst step, instead of OLS.
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4.7. An Empirical Example

In Section 3.6, CCE, IPC and likelihood approaches are illustrated by using
China•s provincial panel data during 1996…2015 to estimate the output
elasticity with respect to public infrastructure in an aggregate production
function. In this section, based on Feng (2020), we empirically investigate
how to deal with common factors and common breaks using the estimators
proposed in this chapter.

Baltagi, Feng and Kao (2016, 2019) extend Pesaran•s (2006) CCE
approach by allowing for unknown common structural changes in slopes
and error factor structure and endogenous regressors in large heterogeneous
panels. They “nd that Pesaran•s CCE approach is still valid when deal-
ing with unobservable common factors in the presence of common breaks
in slopes and error factor loadings and endogenous regressors. Given that
there are no empirical investigationsof the proposed estimators available,
this section aims to compare these estimators to Bai•s (2009) IPC esti-
mator and Pesaran•s (2006) CCE mean group estimator in the context of
China•s provincial infrastructure investment covering the period 1996…2015.
In this speci“c empirical context, the trade-o�s of allowing for endogeneity
and common structural breaks in heterogeneous panels with an error factor
structure can be illustrated.

Consider the general model,

Yi = Xi (k0)bi + F � i (k1) + � i , i = 1 , . . . , n.

Denote wit = ( yit , x�
it )� , w̄t = 1

n

� n
i =1 wit , W̄ = ( w̄�

1, w̄�
2, . . . , w̄�

T )� and
M w = I T Š W̄ (W̄ �W̄ )Š 1W̄ � . Baltagi, Feng and Kao (2019) argue that
W̄ can be treated as exogenous asymptotically whenn is large, and
that it can be included as the “rst-stage regressors along with instru-
ments zit . Similar to the de“nition of Xi (k), we de“ne the instrument

matrix Zi (k) =
�

Z 1i (k ) 0
0 Z 2i (k )

�
where Z1i (k) = ( z�

i 1, . . . , z�
ik )� and Z2i (k) =

(z�
ik +1 , . . . , z�

iT )� . Denote Z +
i (k) = ( Zi (k), W̄ ). The predicted value of Xi (�k)

is �Xi (�k) = PZ +
i ( �k ) Xi (�k). Given the OLS estimator of the break date, �k, the

IV estimator of bi is given by [�Xi (�k)�M w �Xi (�k)]Š 1 �Xi (�k)�M w Yi , i = 1 , . . . , n,
and the mean group estimator of the cross-sectional mean ofbi , i = 1 , . . . , n,
is de“ned in Baltagi, Feng and Kao (2019) by

1
n

n�

i =1

[�Xi (�k)�M w �Xi (�k)]Š 1 �Xi (�k)�M w Yi , (4.36)

which is labeled as CCEMG-IV-b here.
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In this example, we make use of China•s institutional context to obtain
an instrument to deal with endogeneity issue. The endogeneity due to the
reverse causality between output and infrastructure has been widely docu-
mented in the literature (Gramlich, 1994).

In Section 3.6, Table 3.1 reports FDestimates of output elasticity of
infrastructure, � b, in a homogeneous model assuming exogenous regressors:

� git = � b� bit + � k � kit + � � t + � � it . (4.37)

Here, we consider the case that �bit and � kit are endogenous due to
reverse causality. Thus, “rst-di�erenced instrumental variable (FDIV) esti-
mation is reported in Table 4.1. � enbit , the infrastructure capital per labor
in two economically neighboring provinces, and lagged values �kit Š 2 in dif-
ferenced form are used as instruments for �bit and � kit . The validity of
instruments has been discussed in Feng and Wu (2018). In line with Feng
and Wu (2018), after controlling for endogeneity, there is no strong evidence
on a large and signi“cant estimate of� b. In addition, comparisons between
columns (2) and (3), and between (4) and (5) also con“rm the “nding in
Table 3.1 of potential cross-region heterogeneity and structural change.

Besides endogeneity, we also considerthree other empirical features in
various cases: slope heterogeneity, common factors and a common break in

Table 4.1. Output elasticities estimates: Endogenous regressors.

Dependent variable: Output per labor

FD IV

Independent variables (1) (2) (3) (4) (5)
Infrastructure per

labor
0.077 Š 0.070 0.033 0.202 Š 0.202**

(0.150) (0.316) (0.137) (0.199) (0.244)
Noninfrastructure per

labor
0.250*** 0.245* 0.286*** 0.099 0.438***

(0.079) (0.133) (0.074) (0.126) (0.128)
Regions All Noneastern Eastern All All
Periods All All All 1997…2007 2008…2015
Year e�ects Yes Yes Yes Yes Yes

No. of observations 569 322 187 269 240
Overall R2 0.704 0.614 0.742 0.687 0.510

Instruments � enbt , � kt Š 2

First-stage regression
coe�cients

0.256 0.153 0.287 0.241 0.283

First-stage t-ratio (4.61) (2.02) (3.92) (3.15) (3.45)
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slopes. In Table 4.2, columns (1)…(3) of Panel A consider the case of exoge-
nous regressors, including mean group (MG) estimates without consider-
ing unobserved factors in column (1), Pesaran•s (2006) CCE mean group
(CCEMG) estimates in column (2), CCEMG allowing for a common break
in slopes (CCEMG-b) in column (3). Column (1) of Table 4.2 estimates a
heterogeneous model to allow for di�erent elasticities across provinces:

� git = � b,i � bit + � k,i � kit + � � t + � � it . (4.38)

Pesaran•s (2006) CCEMG reported in column (8) of Table 3.1 is included
as column (2) of Table 4.2 as a reference, assuming a factor structure in the
error � � it = � �

i f t + � it in equation (4.38). Column (3) extends Pesaran•s
(2006) approach by allowing for a common breakk0 in the slopes:

� git = � b,i (k0)� bit + � k,i (k0)� kit + � � t + � � it , � � it = � �
i f t + � it .

(4.39)

Compared with the “rst-di�erence estimates in column (1) of Table 3.1,
CCEMG in column (2) of Table 4.2 accommodates two empirical features:
slope heterogeneity and cross-sectional dependence. CCEMG-b in column
(3) adds one more feature of parameter structural change to CCEMG in
column (2). In column (3) of Table 4.2, using the estimation procedure in
Baltagi, Feng and Kao (2016), the estimated common break 2004 splits
� b and � k in two regimes of 1997…2004 and 2005…2015. The CCEMG-b
estimates of� b and � k deviate moderately from their CCEMG counterparts
in column (2) of Table 4.2 in di�erent directions.

Columns (4)…(6) of Panel B of Table 4.2 are the IV versions of columns
of (1)…(3) of Table 4.2 assuming that �bit , � kit are endogenous. MG-IV
in column (4) is the IV version of MG without considering unobserved
common factors. In the simpli“ed case without unobserved common factors,
Yi = Xi (k0)bi + � i , i = 1 , . . . , N, Baltagi, Feng and Kao (2019) show that
the OLS estimator �k, bi can be consistently estimated by the IV estimator

�bi,IV (�k) = [ Xi (�k)�PZi ( �k ) Xi (�k)]Š 1Xi (�k)�PZi ( �k ) Yi ,

where the projection matrix PZi ( �k ) = Zi (�k)[Zi (�k)�Zi (�k)]Š 1Zi (�k)� . The cross-
sectional mean ofbi can be consistently estimated by a mean group (called
MG-IV) estimator 1

N

� N
i =1

�bi,IV (�k). CCEMG-IV in column (5) refers to
the estimator (4.36) assuming no break. Column (6) is the IV version of
CCEMG with an estimated common break in the slopes. The instruments
� enbit , � kit Š 2 are used for the endogenous �bit , � kit . Compared to the
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Table 4.2. Output elasticities estimates: Common factors and common break.

Dependent variable: Output per labor

Panel A: exogeneity Panel B: endogeneity

MG CCEMG CCEMG-b MG-IV CCEMG-IV CCEMG-IV-b

Independent variables (1) (2) (3) (4) (5) (6)
Infrastructure per labor 0.205*** 0.194*** 0.252*** 0.179*** 0.156 0.165 0.289* 0.468

(0.025) (0.023) (0.044) (0.036) (0.132) (0.137) (0.137) (0.418)
Noninfrastructure per labor 0.361*** 0.407*** 0.386*** 0.441*** 0.231* 0.286* 0.527*** Š 0.370

(0.031) (0.037) (0.052) (0.047) (0.149) (0.174) (0.168) (0.597)
Periods All All 1997…2004 2005…2015 All All 1997…2004 2005…2015
Year e�ects Yes Yes Yes Yes Yes Yes

No. of observations 569 569 239 330 509 509 179 330
Overall R2 0.65 0.72 0.78

Empirical features
Slope heterogeneity Yes Yes Yes Yes Yes Yes
Cross-sectional dependence No Yes Yes No Yes Yes
Structural break No No Yes No No Yes
Endogeneity No No No Yes Yes Yes

� and ��� for 10% and 1% signi“cance, respectively.
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FDIV estimates in column (1) of Table 4.1, the CCEMG-IV estimates in
column (5) of Table 4.2 show a positive and signi“cant� k , but weak evi-
dence on the productivity of infrastructure.

In column (6) of Table 4.2, as suggested by Theorem 1 of Baltagi, Feng
and Kao (2019), with endogenous regressors the estimated common break
date remains the same as 2004 in column (3). Interestingly, CCEMG-IV-
b estimates of � b and � k in the period 1997…2004 are 0.289, 0.527 and
signi“cant, but no longer signi“cant in the period 2005…2015. Compared
with the case of exogenous regressors in column (3), the IV estimates in
column (6) have much bigger standard errors.

To look at the e�ect of choosing structural break on coe�cient estimates,
we also use the imposed break date of 2007 as in the subsample estimates in
columns (4) and (5) of Table 4.1. In this case, the CCEMG-IV-b estimate
of � k becomes 0.765 and signi“cant over the period 2008…2015, but the
coe�cient of � b is still insigni“cant.

This application shows that the proposed panel data model has the
advantage of accommodating more empirical features in the data than
existing models considered the literature in Panel A of Table 4.2. How-
ever, the trade-o� seems also pronounced, especially when the endogeneity
issue arises. The estimates in Panel B of Table 4.2 become less accurate
especially when the sample size is not very big. From this point of view,
applied researchers have to strike a balance between model ”exibility and
data constraints.

4.8. Recent Development

In this section, we review other approaches on estimating panel regression
models with structural changes in the recent literature. Speci“cally, we
introduce the Lasso-type approaches proposed by Qian and Su (2016), Li,
Qian and Su (2016) and Okui and Wang (2018).

To facilitate the discussion, we start with a simple setup of time-series
regression with endogenous regressors and multiple structural changes dis-
cussed by Qian and Su (2014):

yt = x�
t � t + � t , t = 1 , . . . , T, (4.40)

where slopes� t vary over time. In this setup, structural breaks in slopes
are modeled by time-varying coe�cients { � 1, . . . , � T } , and the sequential
changes in � t are assumed to be sparse. Assume there arem unknown
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break points Tm = { T1, . . . , Tm } in slopes that slit the time span into m +1
intervals, i.e.,

� t = � j for t = Tj Š 1, . . . , Tj Š 1 and j = 1 , . . . , m + 1 (4.41)

with T0 = 1 and Tm +1 = T.
To estimate the number of breaksm, break dates Tm , Qian and Su

(2014) apply the group-fused Lasso approach in a two-step procedure based
on a penalized lease squares

min
{ � t }

1
T

T�

t =1

(yt Š x�
t � t )2 + �

T�

t =2

	 � t Š � t Š 1	 , (4.42)

where � is the tuning parameter and 	 · 	 denotes the Frobenius norm. In
Step 1, the break date estimates�T�m � =

� �T1, . . . , �T �m �

 
can be obtained by

the solution { �� t } to (4.42) such that �� t = �� s for t, s � [ �Tj Š 1, �Tj Š 1] and
�� �Tj

�= �� �Tj Š 1
for j = 1 , . . . , �m
 +1, where �m
 denotes the estimated number

of breaks.
Qian and Su (2014) prove that if �m
 is equal to the true number of

breaks, �T�m � is consistent under certain assumptions. In addition, given that
� is chosen properly by minimizing a BIC-type information criterion, �m


can be consistently estimated with a probability approaching to one. In Step
2, regime-speci“c parameters� m = ( � �

1, . . . , � �
m +1 )� can be consistently

estimated by applying the post-Lasso GMM procedure.
Recently, Qian and Su (2016) extend their work from a time-series

regression model to a panel data model with exogenous regressors:

yit = µi + x�
it � t + uit , i = 1 , . . . , n; t = 1 , . . . , T � 2, (4.43)

where time-varying coe�cients { � 1, . . . , � T } follow the same modeling setup
(4.41) with parameters of interest: Tm = { T1, . . . , Tm } , number of breaks
m and � m = ( � �

1, . . . , � �
m +1 )� . In this panel data model, “rst di�erencing is

used to removeµi ,

� yit = x�
it � t Š x�

i,t Š 1� t Š 1 + � uit

= � x�
it � t + x�

i,t Š 1(� t Š � t Š 1) + � uit .

As in Qian and Su (2014), a two-step procedure is applied to estimate
parameters of interest. In Step 1, a penalized least squares (PLS) is used
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to obtain shrinkage estimators of breaks�T�m =
� �T1, . . . , �T �m �

 
and �m
 :

min
{ � t }

1
n

n�

i =1

T�

t =2

(� yit Š x�
it � t + x�

i,t Š 1� t Š 1)2 + �
T�

t =2

�wt 	 � t Š � t Š 1	 ,

(4.44)

where � 1 is the tuning parameter. In this adaptive group-fused lasso
(AGFL) approach, weights �wt are used and treated as known by using
preliminary estimates of { � t } . The new features in this panel data model
include transformed equation due to “rst di�erencing and additional dimen-
sion

� n
i =1 due to the data along the cross-sectional dimension.

Similar to the time-series model (4.42), the estimators of breaks�T�m =� �T1, . . . , �T �m �

 
and �m
 are shown to be consistent under certain con-

ditions given that tuning parameter � is carefully chosen. In Step 2,
post-Lasso estimation is applied to obtain consistent estimator of slopes
�� p

�m = �� p
�m ( �T�m � ) = { �� j } for each regime, j = 1 , . . . , �m + 1, based on

�T�m � =
� �T1, . . . , �T �m �

 
in Step 1:

min
� m

1
n

m +1�

j =1

Tj Š 1�

t = Tj Š 1

n�

i =1

(� yit Š � x�
it � t Š x�

i,t Š 1(� t Š � t Š 1))2

= min
� m

1
n

m +1�

j =1

Tj Š 1�

t = Tj Š 1

n�

i =1

(� yit Š � x�
it � j )2

or

min
� m

1
n

m +1�

j =1

Tj Š 1�

t = Tj Š 1

n�

i =1

(� yit Š � x�
it � j )2

+
1
n

m�

j =1

n�

i =1

(� yiT j Š x�
iT j

� j +1 + x�
i,T j Š 1� j )2

where the second term is used for asymptotic e�ciency.
By generalizing the “xed e�ects µi in (4.43) to interactive “xed e�ects

modeled by a factor structure � �
i f t , Li, Qian and Su (2016) extend Bai•s

(2009) model to the case of multiple breaks in slopes:

yit = x�
it � t + � �

i f t + � it , i = 1 , . . . , n; t = 1 , . . . , T, (4.45)

where{ � 1, . . . , � T } follow the same modeling setup (4.41) with break dates
Tm = { T1, . . . , Tm } , number of breaks m and � m = ( � �

1, . . . , � �
m +1 )� .
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Here, f t denote unobserved factors and� i are corresponding loading
vectors. To deal with the latent factor structure, a novel penalized prin-
cipal component (PPC) estimation procedure is introduced:

min
{ � t ,f t ,
 i }

1
nT

m +1�

j =1

Tj Š 1�

t = Tj Š 1

n�

i =1

(yit Š x�
it � t Š � �

i f t )2 +
�
T

T�

t =2

�wt 	 � t Š � t Š 1	 .

(4.46)

The latent factor structure in (4.46) brings rich empirical features, e.g.,
cross-sectional dependence, at a cost of additional unknown parameters
{ f t , � i } to estimate, besides{ � t } in (4.42) in a time-series setup and in
(4.44) in a panel data model. Thus, an iteration procedure similar to Bai•s
(2009) IPC approach is applied to the “rst term of estimate { � t , f t , � i } .
Then, the rest procedure falls into the framework of (4.44).

Okui and Wang (2018) consider a group pattern of heterogeneity and
structural breaks in slopes in a panel data model:

yit = x�
it � i,t + � it , i = 1 , . . . , n; t = 1 , . . . , T,

where � i,t are group speci“c and time-varying within the group
gi , { � g,1, . . . , � g,T } , i.e.,

yit = x�
it � gi ,t + � it .

In this model, slopes� gi ,t vary across groups and over time. The AGFL
approach proposed by Qian and Su (2016) is applied to estimate the group
structure and slopes.

In these Lasso-type papers discussed above, structural breaks in slopes
are modeled by time-varying parameters. Compared with the traditional
modeling of structural breaks by allowing one or very a few jumps in slopes
in time-series literature, this modeling approach is more like a top-down
strategy by allowing changes in any time periods with a sparsity restric-
tion. The model ”exibility of this top-down strategy could accommodate
more empirical features in the data than existing methods, and the phe-
nomenon of structural breaks in slopes is considered asa model among a
set of models dependent on values of model parameters. In this way, iden-
tifying structural breaks and parameters is equivalent to a model selection
procedure, and shrinkage or Lasso approaches are thus applied to estimate
slope parameters, break dates, and number of breaks all together.

Compared with the traditional structural break literature, the Lasso-
type approaches have been proved to be more ”exible in modeling, but,
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at a cost of being less straightforward to implement the proposed estimation
procedures. In addition, the consistency of Lasso estimators of breaks and
slope parameters depends on a proper choice of tuning parameters, which
requires certain conditions. In empirical studies, it seems unclear whether
the required conditions are guaranteed.

4.9. Technical Details

This section provides technical details required to prove the main “ndings
above. Since the panel data model (4.6) considered here includes the time-
series model in Bai (1997a) as a special case ofn = 1, it can be shown
similarly that �k Š k0 = Op(1). In the proofs that follow, we assume�k Š k0

is stochastically bounded. With more information along the cross-sectional
dimension under the common break assumption, we further show that�k Š
k0

p
� 0 as (n, T ) � � .
For i = 1 , . . . , n, let SSRi be the sum of squared residuals of regressing

Yi on X i in case there is no break, i.e.,Z2i (k) = 0 T × q. Using the identity

SSRi Š SSRi (k) = [ Yi Š X i
�� i (k) Š Z2i (k) �� i (k)]� [Yi Š X i

�� i (k) Š Z2i (k) �� i (k)]

Š [Yi Š X i
�� i (k)]� [Yi Š X i

�� i (k)]

= �� i (k)� [Z2i (k)�M i Z2i (k)] �� i (k)

with M i = I Š X i (X �
i X i )Š 1X �

i ,

�k = arg min
1� k � T Š 1

n�

i =1

SSRi (k) = arg max
1� k � T Š 1

n�

i =1

SVi (k)

= arg max
1� k � T Š 1

n�

i =1

[SVi (k) Š SVi (k0)],

where SVi (k) = �� i (k)� [Z2i (k)�M i Z2i (k)] �� i (k). Note that SVi (k0) =
�� i (k0)� [Z �

0i M i Z0i ] �� i (k0) is not a function of k.
To prove Theorem 4.1,

� n
i =1 [SVi (k) Š SVi (k0)] can be decomposed into

a deterministic part and a stochastic one. Partitioned regression gives

�� i (k) = [ Z2i (k)�M i Z2i (k)]Š 1 Z2i (k)�M i Yi , i = 1 , . . . , n.
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Substituting Yi = X i � i + Z0i � i + � i into the equation above, we obtain

�� i (k) = [ Z2i (k)�M i Z2i (k)]Š 1 Z2i (k)�M i Z0i � i

+ [ Z2i (k)�M i Z2i (k)]Š 1 Z2i (k)�M i � i

and �� i (k0) = � i + ( Z �
0i M i Z0i )

Š 1 Z0i
�M i � i .

To simplify notation, k is suppressed in�� i (k) and Z2i (k) when no con-
fusion arises. Since

SVi (k) = �� �
i (Z

�
2i M i Z2i ) �� i

= � �
i (Z

�
0i M i Z2i )(Z �

2i M i Z2i )Š 1(Z �
2i M i Z0i )� i

+ 2 � �
i (Z

�
0i M i Z2i )(Z �

2i M i Z2i )Š 1Z �
2i M i � i

+ � �
i M i Z2i (Z �

2i M i Z2i )Š 1Z �
2i M i � i ,

it follows that

SVi (k) Š SVi (k0)

= Š� �
i [(Z

�
0i M i Z0i ) Š (Z �

0i M i Z2i )(Z �
2i M i Z2i )Š 1(Z �

2i M i Z0i )]� i (4.47)

+ 2 � �
i (Z

�
0i M i Z2i )(Z �

2i M i Z2i )Š 1Z �
2i M i � i Š 2� �

i Z
�
0i M i � i (4.48)

+ � �
i M i Z2i (Z �

2i M i Z2i )Š 1Z �
2i M i � i Š � �

i M i Z0i (Z �
0i M i Z0i )Š 1Z �

0i M i � i .

(4.49)

The deterministic part is denoted by

J1i (k) = � �
i [(Z

�
0i M i Z0i ) Š (Z �

0i M i Z2i )(Z �
2i M i Z2i )Š 1(Z �

2i M i Z0i )]� i , (4.50)

and the stochastic part is denoted by

J2i (k) = 2 � �
i (Z

�
0i M i Z2i )(Z �

2i M i Z2i )Š 1Z �
2i M i � i

Š 2� �
i Z

�
0i M i � i + � �

i M i Z2i (Z �
2i M i Z2i )Š 1Z �

2i M i � i

Š � �
i M i Z0i (Z �

0i M i Z0i )Š 1Z �
0i M i � i .

Thus SVi (k) Š SVi (k0) = ŠJ1i (k) + J2i (k) and

�k = arg max
1� k � T Š 1

n�

i =1

[SVi (k) Š SVi (k0)]

= arg max
1� k � T Š 1

!

Š
n�

i =1

J1i (k) +
n�

i =1

J2i (k)

"

.
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De“ne

X � i =

�
X 2i Š X 0i = (0 , . . . , 0, xi,k +1 , . . . , xi,k 0 , 0, . . . , 0)� for k < k 0,

Š(X 2i Š X 0i ) = (0 , . . . , 0, xi,k 0 +1 , . . . , xi,k , 0, . . . , 0)� for k � k0,

and Z� i can be de“ned similarly.
For a “nite large number Ck and arbitrarily small positive number

a < � 0, de“ne the set K (Ck ) = { k : 1 � | k Š k0| < C k , aT < k < (1 Š a)T} .
Since�k Š k0 is stochastically bounded, we only consider the values ofk that
belong to setK (Ck ).

Let � 1(k) be the minimum eigenvalue of 1
n

� n
i =1 R�(X �

� i X � i )R. De“ne
� 1 = min k� K (Ck ) � 1(k). Under Assumption 4.5, � 1(k) > 0 and � 1 > 0.

Lemma 4.1. Under Assumptions4.1–4.7, for all large n and T, with prob-
ability tending to 1,

inf
K (Ck )

n�

i =1

J1i (k) � � 1� N .

This lemma is similar to Lemma A.2 in Bai (1997a).

Lemma 4.2. Under Assumptions 4.1–4.7, uniformly on K (Ck ),

(i)
� n

i =1 � �
i Z

�
� i � i = Op(



� N );

(ii) 1�
T

� n
i =1 � �

i Z
�
� i X i (

X �
i X i

T )Š 1 X �
i � i�
T

= Op(
#

� N
T );

(iii) 1�
T

� n
i =1 � �

i (Z
�
� i M i Z2i )(

Z �
2 i M i Z 2i

T )Š 1 Z �
2 i M i � i�

T
= Op(

#
� N
T );

(iv) 1
T

� n
i =1 � �

i M i Z� i (
Z �

2 i M i Z 2i

T )Š 1Z �
� i M i � i = Op( n

T );

(v) 1
T

� n
i =1 � �

i M i Z0i (
Z �

2 i M i Z 2i

T )Š 1Z �
� i M i � i = Op( n

T ) + Op(
	 n

T );

(vi)
� n

i =1
� �

i M i Z 0i�
T

$
( Z �

2 i M i Z 2i

T )Š 1 Š ( Z �
0 i M i Z 0i

T )Š 1
%

Z �
0i M i � i�

T
= Op( n

T ).

Proof of Lemma 4.2. (i) Under Assumption 4.3, for large n,

Var



n�

i =1

� �
i Z

�
� i � i

�

=
n�

i =1

� �
i Z

�
� i � �,i Z� i � i .

It can be shown equal to O(� N ) under Assumptions 4.4…4.7, implying� n
i =1 � �

i Z
�
� i � i = Op(



� N ) on K (Ck ).

The proofs of Lemma 4.2(ii)…(vi) are similar.
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With these lemmas, we are ready to prove Theorem 4.1.

Proof of Theorem 4.1. To prove lim(N,T ) �� P (�k = k0) = 1, it is
equivalent to show that, for any given � > 0, for both large T and n,
P(|�k Š k0| � 1) < � . It is su�cient to show that P(supK (Ck )

� n
i =1 [SVi (k) Š

SVi (k0)] � 0) < �, or

P




sup
K (Ck )

&
&
&
&
&

n�

i =1

J2i (k)

&
&
&
&
&

� inf
K (Ck )

n�

i =1

J1i (k)

�

< �.

By Lemma 4.1, it su�ces to show P(supK (Ck )
1

� N
|
� n

i =1 J2i (k)| � � 1) < �.
For any k � K (Ck ),

&
&
&
&
&

n�

i =1

J2i (k)

&
&
&
&
&

�

&
&
&
&
&

n�

i =1

�
2� �

i (Z
�
0i M i Z2i )(Z �

2i M i Z2i )Š 1Z �
2i M i � i Š 2� �

i Z
�
0i M i � i

�
&
&
&
&
&

+

&
&
&
&
&

n�

i =1

�
� �

i M i Z2i (Z �
2i M i Z2i )Š 1Z �

2i M i � i

Š � �
i M i Z0i (Z �

0i M i Z0i )Š 1Z �
0i M i � i

�
&
&
&
&
&
.

Consider the “rst term, Z2i = Z0i + Z� i for k < k 0,
&
&
&
&
&

n�

i =1

�
2� �

i (Z
�
0i M i Z2i )(Z �

2i M i Z2i )Š 1Z �
2i M i � i Š 2� �

i Z
�
0i M i � i

�
&
&
&
&
&

=

&
&
&
&
&

n�

i =1

�
2� �

i Z
�
� i M i � i Š 2� �

i (Z
�
� i M i Z2i )(Z �

2i M i Z2i )Š 1Z �
2i M i � i

�
&
&
&
&
&

� 2

&
&
&
&
&

n�

i =1

� �
i Z

�
� i � i

&
&
&
&
&
+

2



T

&
&
&
&
&

n�

i =1

� �
i Z

�
� i X i

�
X �

i X i

T

� Š 1 X �
i � i

T

&
&
&
&
&

+
2



T

&
&
&
&
&

n�

i =1

� �
i

!

(Z �
� i M i Z2i )

�
Z �

2i M i Z2i

T

� Š 1 Z �
2i M i � i


T

" &
&
&
&
&
.

By (i), (ii) and (iii) of Lemma 4.2, the “rst term
&
&
&
&
&

n�

i =1

�
2� �

i (Z
�
0i M i Z2i )(Z �

2i M i Z2i )Š 1Z �
2i M i � i Š 2� �

i Z
�
0i M i � i

�
&
&
&
&
&

= Op(
	

� N ).

(4.51)
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Now consider the second term
&
&
&
&
&

n�

i =1

�
� �

i M i Z2i (Z �
2i M i Z2i )Š 1Z �

2i M i � i Š � �
i M i Z0i (Z �

0i M i Z0i )Š 1Z �
0i M i � i

�
&
&
&
&
&

�
1
T

&
&
&
&
&

n�

i =1

� �
i M i Z� i

�
Z �

2i M i Z2i

T

� Š 1

Z �
� i M i � i

&
&
&
&
&

+ 2
1



T

&
&
&
&
&

n�

i =1

� �
i M i Z0i


T

�
Z �

2i M i Z2i

T

� Š 1

Z �
� i M i � i

&
&
&
&
&

+

&
&
&
&
&

n�

i =1

� �
i M i Z0i


T

! �
Z �

2i M i Z2i

T

� Š 1

Š
�

Z �
0i M i Z0i

T

� Š 1
"

Z �
0i M i � i


T

&
&
&
&
&
.

Similarly, by (iv), (v) and (vi) of Lemma 4.2, the second term

&
&
&
&
&

N�

i =1

�
� �

i M i Z2i (Z �
2i M i Z2i )Š 1Z �

2i M i � i Š � �
i M i Z0i (Z �

0i M i Z0i )Š 1Z �
0i M i � i

�
&
&
&
&
&

= Op

� n
T

�
+ Op

� '
n
T

�
. (4.52)

Combining (4.51) and (4.52), we obtain

1
� N

&
&
&
&
&

n�

i =1

J2i (k)

&
&
&
&
&

=
1

� N

�
Op(

	
� N ) + Op

� n
T

�
+ Op

� '
n
T

��

= Op

�
1



� N

�
+

1
� N

�
Op

� n
T

�
+ Op

� '
n
T

��
.

Under Assumption 4.2, 1
� N

|
� n

i =1 J2i (k)| vanishes for anyk � K (Ck ), so
does its maximum.

Proof of Theorem 4.2. Compared with (4.8) of Model 1, equation (4.21)
of Model 2 has the same form using transformed data{ �Yi , �X i , i = 1 , . . . , n} ,
except for the additional term M w F � i . The focus of the proof of The-
orem 4.2 is on showing that M w F � i can be ignored asymptotically as
(n, T ) � � .
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For i = 1 , . . . , n, let �SSRi be the sum of squared residuals of
regressing �Yi on �X i alone. Using the identity �SSRi Š �SSRi (k) =
�� i (k)� [ �Z2i (k)� �M i �Z2i (k)] �� i (k) with �M i = I Š �X i ( �X �

i
�X i )Š 1 �X �

i , we obtain

�k = arg min
1� k � T Š 1

n�

i =1

�SSRi (k) = arg max
1� k � T Š 1

n�

i =1

�SVi (k)

= arg max
1� k � T Š 1

n�

i =1

[�SVi (k) Š �SVi (k0)],

where �SVi (k) = �� i (k)� [ �Z2i (k)� �M i �Z2i (k)] �� i (k).
Partitioned regression gives

�� i (k) =
� �Z2i (k)� �M i �Z2i (k)

� Š 1 �Z2i (k)� �M i �Yi .

Substituting �Yi = �X i � i + �Z0i � i + �� 0
i into the equation above, we obtain

�� i (k) =
� �Z2i (k)� �M i �Z2i (k)

� Š 1 �Z2i (k)� �M i �Z0i � i

+
� �Z2i (k)� �M i �Z2i (k)

� Š 1 �Z2i (k)� �M i �� 0
i

and �� i (k0) = � i +
� �Z �

0i
�M i �Z0i

� Š 1 �Z0i
� �M i �� 0

i .
The rest of proof can proceed in the same way as that of Theorem 4.1

using the new notations with •�Ž. Note that there is an additional term
M w F � i in �� 0

i = M w F � i + �� i in Model 2. In what follows, we show that each
element ofM w F � i is of order Op( 1�

n ), which implies that �� 0
i behaves as� i

as in Model 1 asymptotically asn � � .

To examine the e�ect of this extra term on the estimated �k and �bi , we
introduce some new matrix notation. Sincexit = � �

i f t + vit in (4.3), we
write

X i
T × p

= F
T × m

� i
m × p

+ Vi
T × p

,

where Vi = ( vi 1, . . . , viT )� . Denote F0 = (0 , . . . , 0, f k0 +1 , . . . , f T )� and V0i =
(0, . . . , 0, vi,k 0 +1 , . . . , vi,T )� . Thus,

X 0i = (0 , . . . , 0, xi,k 0 +1 , . . . , xi,T )�

= (0 , . . . , 0, � �
i f k0 +1 + vi,k 0 +1 , . . . , � �

i f T + vi,T )�

= F0� i + V0i .
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For the error term (4.18), denote

ūt =

�

�
�

�̄ t +
n�

i =1

� i v�
it � i

v̄t

�

�
� and

�¯ ut (k0) =

�






�







�

�
0
0

�
, t = 1 , . . . , k0,

�

�
�

n�

i =1

� i v�
it R� i

0

�

�
� , t = k0 + 1 , . . . , T.

Thus, ūt (k0) =
� n

i =1 � i uit (k0) = ūt + �¯ ut (k0). Denote Ū = ( ū1, . . . , ūT )�

and

� Ū(k0) =

�

�
�

�
0
0

�
, . . . ,

�
0
0

�
,

�

�
�

n�

i =1

� i v�
i,k 0 +1 R� i

0

�

�
� , . . . ,

�

�
�

n�

i =1

� i v�
i,T R� i

0

�

�
�

�

�
�

�

.

Thus, stacking cross-sectional averages ¯wt = C̄(k0)� f t + ūt (k0), we obtain

W̄
T × (p+1)

= ( w̄1, . . . , w̄k0 , w̄k0 +1 , . . . , w̄T )�

= ( C̄�
1f 1 + ū1, . . . , C̄�

1f k0 + ūk0 , C̄�
2f k0 +1 + ūk0 +1 , . . . , C̄�

2f T + ūT )�

= F C̄1 + F0(C̄2 Š C̄1) + Ū + � Ū(k0).

Denote

F
T × 2m

= ( F, F0), C
2m × (p+1)

= ( C̄�
1, (C̄2 Š C̄1)� )� and Ū

T × (p+1)
= Ū + � Ū(k0).

Therefore,

W̄ = FC + Ū. (4.53)

With this notation, we obtain lemmas, which can be proved similarly to
Lemmas 1…3 in Pesaran (2006).
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Lemma 4.3. Under Assumptions 4.1, 4.2, 4.8–4.15, uniformly on K (Ck ),

(i) ūt = Op( 1�
n ), �¯ ut (k0) = Op( 1�

n );

(ii) 1
T Ū� Ū = Op( 1

n ); 1
T F�Ū = Op( 1�

nT
), 1

T V �
i F = Op( 1�

T
);

(iii) 1
T V �

i Ū = Op( 1
n ) + Op( 1�

nT
), 1

T � �
i Ū = Op( 1

n ) + Op( 1�
nT

), 1
T V �

0i Ū =

Op( 1
n ) + Op( 1�

nT
);

(iv) 1
T X �

i Ū = Op( 1
n ) + Op( 1�

nT
); 1

T X �
0i Ū = Op( 1

n ) + Op( 1�
nT

).

Lemma 4.4. Under Assumptions 4.1, 4.2, 4.8–4.15, uniformly on K (Ck ),

(i) 1
T F�F = Op(1); 1

T F�F = Op(1);

(ii) 1
T X �

i F = Op(1); 1
T Xi (k)�F = Op(1).

Proof. Item (i) is obvious by Assumption 4.8.
(ii) Since X i = F � i + Vi = ( F, F0)(� �

i , 0)� + Vi , 1
T X �

i F can be written as
(� �

i , 0)( 1
T F�F)+ 1

T V �
i F. By (i) and Lemma 4.3(iv), 1

T X �
i F = Op(1). Similarly,

1
T Xi (k)�F = Op(1).

With Lemmas 4.3 and 4.4, we are ready to establish the property of
the T × m matrix M w F � i , which will be frequently used in the derivations
below. Denote

E
(p+1) × (p+1)

=
1
T

C
�
F�Ū +

1
T

Ū�FC +
1
T

Ū�Ū;

f (E )
(p+1) × (p+1)

=
��

k=1

(Š1)k+1

! �
1
T

C
�
F�FC

� Š 1

E

" k �
1
T

C
�
F�FC

� Š 1

.

By Lemma 4.4(v), E = Op( 1
n ) + Op( 1�

nT
), thus f (E ) = Op( 1

n ) + Op( 1�
nT

).
In addition, denote

D1
2m × m

= ŠCf (E)C
� F�F

T
+ C

! �
C

� F�F
T

C
� Š 1

+ f (E )

"
Ū�F
T

(4.54)

and

D2
(p+1) × m

= Š

! �
C

� F�F
T

C
� Š 1

+ f (E )

" �
C

� F�F
T

+
Ū�F
T

�
. (4.55)
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Since C = O(1), F� F
T and F� F

T are Op(1), f (E ) = Op( 1
n ) + Op( 1�

nT
), and

Ū� F
T = Op( 1�

nT
),

D1 = Op(1)
�
Op

�
1
n

�
+ Op

�
1



nT

��
Op(1)

+ Op(1)
�
Op(1) + Op

�
1
n

�
+ Op

�
1



nT

��
Op

�
1



nT

�

= Op

�
1
n

�
+ Op

�
1



nT

�
.

Similarly,

D2 =
�
Op(1) + Op

�
1
n

�
+ Op

�
1



nT

�� �
Op(1) + Op

�
1



nT

��

= Op(1).

Lemma 4.5. Under Assumptions 4.1, 4.2, 4.8–4.15, uniformly on K (Ck ),

M w F � i = FD1� i + ŪD2� i .

By Lemma 4.3(i) where each element ofŪ is Op( 1�
n ), each element of

M w F � i is of order Op( 1�
n ).

Proof. Plugging in (4.53), we obtain

1
T

W̄ �W̄ =
1
T

C
�
F�FC +

1
T

C
�
F�Ū +

1
T

Ū�FC +
1
T

Ū�Ū

=
1
T

C
�
F�FC + E.

By Lemma 4.4(i), 1
T C

�
F�FC is Op(1). SinceE = Op( 1

n )+ Op( 1�
nT

), it could
be very small when bothn and T are large. By Horn and Johnson (1985,
p. 335)

�
1
T

C
�
F�FC

� Š 1

Š
�

1
T

W̄ �W̄
� Š 1

=
�

1
T

C
�
F�FC

� Š 1

Š
�

1
T

C
�
F�FC + E

� Š 1
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=
�

1
T

C
�
F�FC

� Š 1

Š

!

I +
�

1
T

C
�
F�FC

� Š 1

E

" Š 1 �
1
T

C
�
F�FC

� Š 1

=
��

k=1

(Š1)k+1

! �
1
T

C
�
F�FC

� Š 1

E

" k �
1
T

C
�
F�FC

� Š 1

= f (E ).

This yields

�
1
T

W̄ �W̄
� Š 1

=
�

1
T

C
�
F�FC

� Š 1

+ f (E ).

It follows that

M w F =

!

I T Š W̄
�

1
T

W̄ �W̄
� Š 1 1

T
W̄ �

"

F

=

!

I T Š
�
FC + Ū

�
! �

1
T

C
�
F�FC

� Š 1

+ f (E )

"
1
T

(FC + Ū)�

"

F

= [ I T Š (FC)(C
�
F�FC)

Š 1
(FC)� ]F Š (FC)

�

f (E )
�

1
T

FC
� �

+

! �
1
T

C
�
F�FC

� Š 1

+ f (E )

"
1
T

Ū�

(

F

Š Ū

! �
1
T

C
�
F�FC

� Š 1

+ f (E )

" �
1
T

FC +
1
T

Ū
� �

F.

As discussed in Pesaran (2006),M FC = I T Š (FC)(C
�
F�FC)

Š 1
(FC)� = I T Š

F(F�F)Š 1F under the rank assumption. This implies that the “rst term is
0. Therefore, plugging in (4.54) and (4.55), we obtain

M w F � i = FD1� i + ŪD2� i . (4.56)

4.10. Exercises

(1) (Westerlund, 2019) Consider a panel model

yit = � 1i 1 (t � k0) + � 2i 1 (t > k 0) + � i f t + � it ,
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where 1 (A) is the indicator function, k0 is the breakpoint, f t is a the
common factor and� i is the loading. We can use the common correlated
e�ects (CCE) of Pesaran (2006) to approximatef t by yt

yt = � 11 (t � k) + � 21 (t > k ) + �f t + � i ,

and

f t = �
Š 1

[yt Š � 11 (t � k) Š � 21 (t > k ) Š � i ].

Then

yit = � 1i 1 (t � k) + � 2i 1 (t > k ) + � i �
Š 1

yt + � it

with

� 1i = � 1i Š � i �
Š 1

� 1,

� 2i = � 2i Š � i �
Š 1

� 2,

and

� it = � it Š � i �
Š 1

� t .

De“ne

�k = arg min
1� k<T Š 1

RRSn (k)

with

RRSn (k) =
n�

i =1

�
yi Š D(k)�� i

� �
M y

�
yi Š D(k)�� i

�
,

where

yi = � 1i D1(k) + � 2i D2(k) + � i �
Š 1

� t ;

yi = [ yi 1, . . . , yiT ]� , yi = [ y1, . . . , yT ]� , and � i = [ � i 1, . . . , � iT ]� . Also
� i = [ � 1i , � 2i ] , D (k) = [ D1(k), D2(k)] , D1(k) =

�
1�

k , 0�
T Š k

� �
, D2(k) =

�
0�

k , 1�
T Š k

� �
, M A = I T Š A(A�A)Š 1A� . Show that

P
� �k = k

�
� 1

as n � � for any “xed T.
(2) (Pestova and Pesta, 2017) Consider

yit = � i 1 (t > k ) + 
 i � it ,
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where 
 i > 0. De“ne

�k = arg min
k

n�

i =1

�
1

w (t)

k�

t =1

(yit Š yik )2 +
1

w (T Š k)

T�

t = k+1

(yit Š �yik )2

(

,

where w (t) is a weight, yik is the average of the “rst k and �yik is
the average of the last T Š k observations for eachi . Show that if
1
n

� n
i =1 � 2

i � �

P
� �k = k

�
� 1

as n � � for a “xed T.
(3) (Bhattacharjee, Banerjee and Michailidis, 2017) Consider

xit =

�
µi 1 + � it , t = 1 , 2, . . . , [T � ],

µi 2 + � it , t = [ T � ] + 1 , 2, . . . , T.

De“ne

�� = arg min
k

n�

i =1

)

*
[T � ]�

t =1

(xit Š �µi 1 (� )) 2 +
T�

t =[ T � ]+1

(xit Š �µi 2 (� )) 2

+

,

with

�µi 1 (� ) =
1

[T � ]

[T � ]�

t =1

xit

and

�µi 2 (� ) =
1

T Š [T � ]

T�

t =[ T � ]+1

xit .

Let

µ1 = ( µ11, . . . , µn 1)

and

µ2 = ( µ12, . . . , µn 2).

Show that

T 	 µ1 Š µ2	 2
2 (�� Š � ) = Op (1).
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(4) (Aue, Hormann, Horvath and Reimherr, 2009) Let { yt } T
t =1 be a time

series of dimensionn with E(yt ) = 0 and � = E(yt y�
t ). De“ne

Sk =
1



T



k�

t =1

vech[yt y�
t ] Š

k
T

k�

t =1

vech[yt y�
t ]

�

,

� T = max
k

S�
k

�� Š 1
T Sk ,

and

� n =
1
T

T�

k=1

S�
k

�� Š 1
T Sk

with
&
&�� T Š �

&
&
E

= op (1)

k = 1 , . . . , T, where, for an n × n matrix M , |M |E = supx 	=0
|Mx |

|x |
denotes the matrix norm induced by the Euclidean norm onRn . Show
that under the null as T � �

H0 : Cov(y1) = · · · = Cov( yT )

� T
d� �( d) = sup

r

d�

l =1

B 2
l (r )

and

� T
d� � ( d) =

d�

l =1

B 2
l (r ) dr,

where d = n (n +1)
2 , Bl (r ) , 1 � l � d, are independent standard Brown-

ian bridges.
(5) (Kao, Trapani and Urga, 2018) Let

wt = vec(yt , y�
t ),

wt = vec(yt , y�
t Š �) ,

�� � =
1

[T � ]

[T � ]�

t =1

yt y�
t ,

and

�� 1Š � =
1

[T (1 Š � )]

T�

t =[ T � ]+1

yt y�
t .
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De“ne

�V� ,� =
1
T

T�

t =1

wt w�
t Š

�
�
�
vec

� �� �
���

vec
� �� �

�� �

+
�
1 Š �

��
vec

� �� 1Š �
���

vec
� �� 1Š �

�� �

(

,

�V� ,� =
� �	 0,� + �	 0,1Š �

�
+

m�

l =1

�
1 Š

l
m

�
�� �	 l,� + �	 �

l,�

�� �	 l, 1Š � + �	 l, 1Š �
��

with

�	 l,� =
1
T

[T � ]�

t = l +1

�
wt Š vec

� �� �
���

wt Š l Š vec
� �� �

��

and

�	 l, 1Š � =
1

T
�
1 Š �

�
T�

t =
�

T �
�

+1

�
wt Š vec

� �� 1Š �
���

wt Š l Š vec
� �� 1Š �

��
.

Let

� T (� ) = R × D
r .

Show that

sup
[T r ]

	 V 	 .

(6) (Yao and Davis, 1986) Consider x1, . . . , xk
i .i .d.� N

�
µ, 
 2

�
and

xk+1 , . . . , xn
i .i .d.� N

�
µ + �, 
 2

�
. We want to test H0 : k = n versus

Ha : k < n. De“ne

Tn = max
k

&
&
&Sk�

n Š k
n

Sn�
n

&
&
&

# �
k
n

� �
1 Š k

n

�

with

Sk = x1 + · · · + xk .

Show that under the null

lim
n ��

P
�

1
an

(Tn Š bn ) � c
�

= exp( Š2� Š 1/ 2eŠ c)
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with

an =
1



2 ln2 n

,

bn =
1

an
+

1
2

an ln3 n

and lnk is the kth iterated logarithm, where Š� < c < � .
(7) (Bai, Han and Shi, 2019) Consider

yit =

�
� �

i 1f t + � it , t = 1 , . . . , k0,

� �
i 2f t + � it , t = k0 + 1 , . . . , T,

where k0 = [ T � 0] , f t is a r × 1 vector of unobserved factors,k0 is the
unknown break date, � i 1 and � i 2 are the pre- and post-break factor
loadings, and� it is the idiosyncratic error. Let

yt =

�
� 1f t + � t , t = 1 , . . . , k0,

� 2f t + � t , t = k0 + 1 , . . . , T

with

yt = ( y1t , . . . , ynt )� ,

� 1 = ( � 11, . . . , � n 1)� ,

and

� 2 = ( � 12, . . . , � n 2)� .

Let �F (1)
k denote



k times the “rst r eigenvalues ofY (1)

k Y (1) �

k and �F (2)
k

denote



T Š k times the “rst r eigenvalues ofY (2)
k Y (2) �

k , where

Y (1)
k = ( x1, . . . , xk )�

and

Y (2)
k = ( xk+1 , . . . , xT )� .

Let �f t denote the transpose of thetth row of �F =
$

�F (1)
k , �F (2)

k

%
. De“ne

�k = arg min
k

SSR(k, �F )
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with

SSR(k, �F ) =
n�

i =1

k�

t =1

�
yit Š �f �

t
�� i 1

� 2
+

n�

i =1

T�

t = k+1

�
yit Š �f �

t
�� i 2

� 2
,

�� i 1 =
�F (1) �

k Y (1)
k,i

k
,

�� i 2 =
�F (2) �

k Y (2)
k,i

T Š k
,

Y (1)
k,i = ( yi 1, . . . , yik )� ,

Y (1)
k,i = ( yi 1, . . . , yiT )� .

Show that

(a) if

n1Š � log logT
T

� 0,

log logT
n

� 0,

and

log logn
T

� 0,

then

lim
(n,T ) ��

P (�k = k0) = 1 ,

where 0< � � 1.
(b) if � = 0 , n log log T

T � 0 and log log T
n � 0, then

�k Š k0 = Op (1).

(8) (Chen, 2015) Consider

yt =

�
� 1f t + � t , t = 1 , . . . , k0,

� 2f t + � t , t = k0 + 1 , . . . , T.
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De“ne the least squares (LS) estimator of the break point as

�k = arg min
k

�
min

� 1 ,� 2 ,F
Snt (k, F, � 1, � 2)

�

with

Snt (k, F, � 1, � 2) =
k�

t =1

	 yt Š � 1f t 	
2 +

T�

t = k+1

	 yt Š � 2f t 	
2 .

Let �� =
�k
T . Show that �� Š � = Op

�
1

� nt

�
where � nt = min {



n,



T} .
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Chapter 5

Latent-Grouped Structure in Panel
Data Models

5.1. Panel Latent Group Structure Models

In this chapter, we study the issues of homogeneity pursuit in panel mod-
els. How to control for unobserved heterogeneity is critical to economists.
This chapter considers panel models where individuals may be grouped at
di�erent levels. Panel data models with grouped heterogeneity have gained
popularity to model the unobserved heterogeneity recently, e.g., Bonhomme
and Magresa (2015), Su, Shi and Phillips (2016), Vogt and Linton (2017).
Suppose we observe panel data (yit , xit ), i = 1 , . . . , n, t = 1 , . . . , T, where
yit is the scalar-dependent variable andxit is a covariate vector

yit = x�
it � + � it + � it ,

where � it are unit-speci“c e�ects such as, e.g.,

� it = � i + � t .

We assume that the individual units are grouped into K groups so that

� it = � gi t ,

where gi � { 1, . . . , K } denotes group membership and (� g1, . . . , � gT ) are
K group-speci“c sequences of time e�ects.

Bonhomme and Manresa (2015) consider a panel model with grouped
“xed e�ects (GFE)

yit = x�
it � 0 + � 0

g0
i t + � it . (5.1)

115
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Model (5.1) contains three types of parameters: the common parameter� ;
the group-speci“c time e�ects � gt for all gi � { 1, . . . , K } ; and the group
membership variablegi for all i . We denote � as the set of all� gt •s, and�
as the set of allgi •s.

The grouped “xed e�ect estimator in model (5.1) is de“ned as

� ��, ��, ��
�

= arg min
(�,�,� )

n�

i =1

T�

t =1

�
yit Š x�

it � Š � gi t
� 2

,

where the minimum is taken over all possible groupings� = { g1, . . . , gn } of
the n units into K groups, common parameters�, and group-speci“c time
e�ects �.

5.2. K -means Clustering

K -means clustering is a method of vector quantization, originally from sig-
nal processing, that is popular for cluster analysis in data mining.K -means
is one of the most popular clustering algorithms.K -means storesk cen-
troids that it uses to de“ne clusters. K -means “nds the best centroids by
alternating between (1) assigning data points to clusters based on the cur-
rent centroids and (2) choosing centroids (points which are the center of a
cluster) based on the current assignment of data points to clusters. Let us
consider the K -means clustering method where there are no covariates in
the model, i.e., � = 0 . Denote

yi = ( yi 1, . . . , yiT )� .

Let

� g = ( � g1, � g2, . . . , � gT )�

and

� =
�
� �

1, � �
1, . . . , � �

K

� �

be aKT × 1 vector that stacks all � gt •s. TheK -means grouping procedure
prescribes a criterion for partitioning a set of points into K groups: to
divide points y1, . . . , yn in RT according to this criterion, “rst choose cluster
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centers � 1, . . . , � G in RT to minimize

Qn =
n�

i =1

min
g�{ 1,...,K }

� yi Š � g� 2

=
n�

i =1

min
g�{ 1,...,K }

T�

t =1

(yit Š � gt )
2,

i.e.,

�� = arg min
�

Qn , (5.2)

where � · � denotes the usual Euclidean norm, then assign eachyi to its
nearest group center. Note that the global minimization is NP-hard and
requires integer programmingdue to the discrete feature ofg � { 1, . . . , K } .
There are almostK n ways to partition n observations into K groups. That
is, in practice, “nding � at which Qn attains its global minimum involves
a prohibitive amount of calculation, except in the one-dimensional case. It
is also well known that, in general, theK -means algorithm terminates in a
local optimum and does not necessarily “nd the global optimum. The mean
of the points must equal to � gt , otherwise Qn could be decreased by the
“rst replacing � gt by that cluster mean then, if necessary, reassigning some
of the y•s to new groups. The criterion is,therefore, equivalent to that of
minimizing the within group sum of squares.

min
�g

1
T

T�

t =1

�
�� �gt Š � 0

gt

� 2
= op (1).

Now we assumeyi are i.i.d. across individuals and have “nite second
moments. De“ne

� = arg min
�

E

�
T�

t =1

�
yit Š � �gi ( � ) t

� 2

�

.

Next we show

��
p

� �

as n � � with T “xed. For the purpose of illustration consider K = 2
and T = 1. Now the problem is to choose optimal centers �� 1 and �� 2
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to minimize

Qn (� 1, � 2) =
1
n

n�

i =1

min
�

|yi Š � 1|2 , |yi Š � 2|2
�

(5.3)

then allocate eachyi to its nearest center. The optimal centers must lie at
the mean of those observations drawn into their clusters. Next we show that
�� = ( �� 1, �� 2)� converges in probability to � = ( � 1, � 2)� as n � � , where �
minimizes

Q (� 1, � 2) = E
�

min
�

|y Š � 1|2 , |y Š � 2|2
�	

.

Clearly, we can use the uniform law of large numbers to show that
Qn (� 1, � 2) converges in probability uniformly to Q (� 1, � 2) as n � � .
This suggests that �� which minimizes Qn (� 1, � 2) converges in probability
to � that minimizes Q (� 1, � 2). Assume there exists a unique� minimiz-
ing Q (� 1, � 2) . What happens when this uniqueness condition is violated?
We may relax the assumption that Q (� 1, � 2) has a unique minimum, by
assumingQ (� 1, � 2) achieves its minimum for each (� 1, � 2) in a region D
and argue the distance from the optimal (�� 1, �� 2) to D converges to zero in

probably (or almost surely).1 Supposeyi
i .i .d.� U [0, 1] , then

E
�

min
�

|y Š � 1|2 , |y Š � 2|2
�	

=

 1

0
min

�
|y Š � 1|2 , |y Š � 2|2

�
dy.

By symmetry we may assume� 1 � � 2. We can show that

Q (� 1, � 2) =

 ��

0 � y �
1
2

(� 1 + � 2)



|y Š � 1|2

+
�

1
2

(� 1 + � 2) � y � 1



|y Š � 2|2
�

dy

=
� 3

1

3
+

(1 Š � 2)3

3
+

(� 2 Š � 1)3

12
.

It is easy to show that Q (� 1, � 2) takes a minimum value of 1
48 at � 1 = 1

4
and � 2 = 3

4 . The values of �� are found by minimizing Qn (� 1, � 2). Clearly,

Qn (� 1, � 2)
p

� Q (� 1, � 2) =
1
48

.

1This example is taken from Pollard (1981).
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Thus,

lim sup Qn ( �� 1, �� 2) �
1
48

becauseQn ( �� 1, �� 2) � Qn
�

1
4 , 3

4

�
. Then we can show��

p
� � easily.

Next we show that
�

n ( �� Š � ) d� N (0, �) , (5.4)

where the matrix � involves the integrals of the population density over
the faces of the optimal clusters. The proof of (5.4) depends on a quadratic
approximation

Qn ( �� ) = Q (� ) Š
1

�
n

Z �
n ( �� Š � ) +

1
2

( �� Š � )� � ( �� Š � )

+ op

�
1

�
n

rn

�
+ op

�
r 2

n

�
, (5.5)

where rn = � �� Š � � , � is a positive de“nite matrix and Zn has an asymp-
totic N (0, V) . The optimal �� that minimizes Qn (� ) lies close to the vector
� + 1�

n � Š 1Zn that minimizes (5.5) in the sense that
�

n ( �� Š � ) Š � Š 1Zn

converges to zero in probability.
Again considerK = 2 and T = 1 .2

m (� 1, � 2, y) = min
�

|y Š � 1|2 , |y Š � 2|2
�
.

Note
�

n (Qn (� 1, � 2) Š Q (� 1, � 2))

=
1

�
n

n�

i =1

(m (� 1, � 2, yi ) Š E (m (� 1, � 2, yi )))

= An (� 1, � 2).

Note that near optimal centers, � 1 = 1
4 and � 2 = 3

4 ,

Q (� 1, � 2) =
1
48

+
3
8

�
� 1 Š

1
4

� 2

Š
1
4

�
� 1 Š

1
4

� �
� 2 Š

3
4

�

+
3
8

�
� 2 Š

3
4

�
+ cubic terms.

2This example is taken from Pollard (1982a, 1984).
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Note that Q (� 1, � 2) has partial derivatives with respect to � 1 and � 2 except
at y = 1

2 (� 1 + � 2) . This suggests

�Q (� 1, � 2)
�� 1

= Š2
�

y Š
1
4

� �
0 � y �

1
2




and

�Q (� 1, � 2)
�� 1

= Š2
�

y Š
3
4

� �
1
2

� y � 1



.

Then concentrate on values of (� 1, � 2) close to the population optimal
values

�
1
4 , 3

4

�

� 1 =
1
4

+
1

�
n

s

and

� 2 =
3
4

+
1

�
n

t.

Now we take a Taylor expansion ofm about
�

1
4 , 3

4

�

An

�
1
4

+
1

�
n

s,
3
4

+
1

�
n

t
�

= An

�
1
4

,
3
4

�
+ 2

1
�

n
sBn + 2

1
�

n
tCn ,

where

Bn =
1

�
n

n�

i =1

�
y Š

1
4

� �
0 � y �

1
2




and

Cn =
1

�
n

n�

i =1

�
y Š

3
4

� �
1
2

� y � 1



.

Then we get an approximation for Qn (� 1, � 2) near the optimal centers

Qn

�
1
4

+
1

�
n

s,
3
4

+
1

�
n

t
�

= Q
�

1
4

+
1

�
n

s,
3
4

+
1

�
n

t
�

+
1

�
n

An

�
1
4

,
3
4

�
+ 2

1
n

(sBn + tCn )

+ higher order terms
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=
1
48

+
1
n

�
3s2

8
Š

st
4

+
3t2

8

�

+
1

�
n

An

�
1
4

,
3
4

�
+ 2

1
n

(sBn + tCn ) + higher order terms

=
1
48

+
1

�
n

An

�
1
4

,
3
4

�
+

1
n

(quadratic in s and t) + higher order terms.

To accuracy of the order 1�
n , the location of the minimum of Qn can

be found by minimizing the quadratic term such that

�� 1 =
1
4

+
1

�
n

(linear function of Bn and Cn ) + higher order terms

and

�� 2 =
3
4

+
1

�
n

(linear function of Bn and Cn ) + higher order terms.

The linear functions of Bn and Cn have an asymptotic joint normal distri-
butions, becauseBn and Cn have to form a normalized sum of independent
random variables. Then optima centers follow a central limit theorem

�
�

n
�

�� 1 Š
1
4

�
,
�

n
�

�� 1 Š
3
4

��
d� N (0, �) ,

where

� = � Š 1V � Š 1,

� =

�
3
4 Š 1

4

Š 1
4 Š 1

4

�

and

V =

�
1
24 0

0 1
24

�

.

Next we consider the case with largen and largeT. Assume� = 0 . Let
� 0 =

�
g0

1, . . . , g0
n

�
denote the population grouping. Let � = { g1, . . . , gn }

denote any grouping of cross-sectional units intoK groups. Note that the
dimension of � diverges asT tends to in“nity and hence the standard
techniques (e.g., Newey and McFadden, 1994) cannot be used to show the
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asymptotics. Clearly, the grouped “xed model is related to interactive “xed
e�ects (Bai, 2009) with

� gi t = ( � 1t , � 2t , . . . , � Kt ) × (0, 0, . . . , 1, . . . , 0)

=
G�

g=1

1{ gi = g} � gt .

Bonhomme and Manresa took the advantage of this connection to establish
the consistency ofK -means estimator when the dimension� is large. De“ne

�Q (�, � ) =
1

nT

n�

i =1

T�

t =1

(yit Š � gi t )
2.

Note

�Q (�, � ) =
1

nT

n�

i =1

T�

t =1

(yit Š � gi t )
2

=
1

nT

n�

i =1

T�

t =1

�
� it + � 0

g0
i t Š � gi t

� 2

=
1

nT

n�

i =1

T�

t =1

� 2
it + 2

1
nT

n�

i =1

T�

t =1

� it
�
� 0

g0
i t Š � gi t

�

+
1

nT

n�

i =1

T�

t =1

�
� 0

g0
i t Š � gi t

� 2
.

We also de“ne

�Q (�, � ) =
1

nT

n�

i =1

T�

t =1

�
yit Š � g0

i t

� 2

such that

�Q (�, � ) =
1

nT

n�

i =1

T�

t =1

�
� g0

i t Š � gi t
� 2

+
1

nT

n�

i =1

T�

t =1

� 2
it .

Following Bonhomme and Manresa (2015) we can show

sup
�,�

�
� �Q (�, � ) Š �Q (�, � )

�
� = op (1) (5.6)

as (n, T ) � � .
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Next we establish that �� is consistent for � 0. We consider the following
Hausdor� distance dH :

dH
�
� a, � b�

= max

�

max
g

�

min
�g

1
T

T�

t =1

�
� a

�g,t Š � b
g,t

� 2

�

,

max
�g

�

min
g

1
T

T�

t =1

�
� a

�g,t Š � b
g,t

� 2

��

.

We can show

dH
�
��, � 0�

= op (1) .

We note that there exists a permutation 	 such that

1
T

T�

t =1

�
� 0

� (g) ,t Š �� g,t
� 2

= op (1).

We obtain 	 (g) = g by relabeling. De“ne

N� =

�

� :
1
T

T�

t =1

�
� 0

g,t Š � g,t
� 2

< �, 	 g

�

.

Let

�gi = arg min
g

T�

t =1

(yit Š � g,t )
2.

We can show that for � > 0 small enough, we have, for� > 0,

sup
�

1
n

n�

i =1

1
�

�gi (� ) 
= g0
i

�
= op(T Š � ).

Let

( ��, �� ) = arg min
�,�

n�

i =1

T�

t =1

(yit Š � gi ,t )
2

and

�� = arg min
�

n�

i =1

T�

t =1

�
yit Š � g0

i ,t

� 2
.



August 6, 2020 13:0 Large-Dimensional Panel Data Econometrics 9in x 6in b3901-ch05 page 124

124 Large-Dimensional Panel Data Econometrics

Note that �� is the estimator of � when the group membership� 0 is known.
Let

ng =
n�

i =1

1
�

g0
i = g

�

for all g. We also can show that for allg and t as (n, T ) � �

�� g,t Š � 0
g,t = Op

�
1

�
n

�
(5.7)

if n g

n � 
 and for any � > 0

�� g,t Š � 0
g,t = op

�
T Š � �

. (5.8)

Then we can show

�� g,t Š � 0
g,t = Op

�
1

�
n

�
(5.9)

and

�
n

�
�� g,t Š � 0

g,t

� d� N
�

0,
� gt


 2
g

�
, (5.10)

where

� gt = lim
n ��

1
n

n�

i =1

n�

j =1

E
�
1

�
g0

i = g0
j = g

�
� it � jt

�
.

We can also show

1
nT

n�

i =1

T�

t =1

�
�� �gi ,t Š � 0

g0
i ,t

� 2
= op (1). (5.11)

Bonhomme, Lamadon and Manresa (2017) study panel data estima-
tors based on a discretization of unobserved heterogeneity when individual
heterogeneity is not necessarily discrete in the population. They focus on a
two-step grouped “xed e�ect estimator, where the individual units are clas-
si“ed into groups in a “rst step using K -means method and the model is
estimated in a second step allowing for group-speci“c heterogeneity. Again
we assume� = 0 . Let f (yi |� i 0) be the conditional density of yi conditioning
on � 0

i .
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In the classi“cation step, one relies on a set of individual-speci“c
moments

hi =
1
T

T�

t =1

h (yit )

to learn about the unobserved heterogeneity� i . Classi“cation consists in
partitioning individual units into G groups based on the moments. The
partition units �gi is obtained by

� �h, �g1, . . . , �gn
�

= arg min
�h,g 1 ,...,g n

n�

i =1

�
� hi Š �h (gi )

�
� 2

,

where { gi } are partitions of { 1, . . . , n} into at most K groups and �h =� �h (1) , . . . , �h (G)
� �

. In the estimation step, one maximizes the log-likelihood
function with respect to group-speci“c e�ects, where the groups are given
by �gi from the “rst step. Let

l i (� i ) =
1
T

logf (yi |� i )

and

�� = arg max
�

n�

i =1

l i (� i (�gi ))

with

� =
�
� (1)� , . . . , � (K )� � �

.

Assume there is a Lipschitz continuous function� such that as (n, T ) � �

1
n

n�

i =1

�
� hi Š �

�
� 0

i

� �
� 2

= Op

�
1
T

�
.

Let B� (K ) be the approximation bias of � 0
i

B� (K ) = min
�, { gi }

1
n

n�

i =1

�
� � 0

i Š � (gi )
�
� 2

.

Bonhommeet al. (2017) provide an upper bound on the rate of convergence
of �h (�gi ) of �

�
� 0

i

�

1
n

n�

i =1

�
� �h (�gi ) Š �

�
� 0

i

� �
� 2

= Op

�
1
T

�
+ Op (B� (K )) . (5.12)
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5.3. Conclusion

This chapter reviews the recent developments in homogeneity pursuit in
panel models. It focuses on the asymptotics, e.g., consistency and limiting
distribution, of K -means-based methods. Other related issues on homo-
geneity pursuit are taken from the literature and put in exercises. A major
challenge in homogeneity pursuit is estimation of the appropriate of groups
or clusters. Many existing methods focus on the within-group dispersion,
e.g., BIC in Bonhomme and Manresa (2015), resulting from a grouping of
the data into K groups.

5.4. Exercises

Please spell out all the conditions and assumptions you need for the proofs.

(1) (Steinley and Brusco, 2011) Show that the minimum ratio of the
within-cluster sum of squares to the corrected total sum of squares
for a uniform and a standard normal partitioned into two groups is 1

4
and 1Š 2

� , respectively.
(2) (Mahajan, Nimbhorkar and Varadarajan, 2012) In the K -means clus-

tering problem, we are given a “nite set of pointsS in Rd, an integer
k � 1, and the goal is to “nd k centers to minimize the sum of the
squared Euclidean distance of each point inS to its closest center.
Show that K -means clustering is NP-hard even ind = 2 dimensions.

(3) Pollard (1981, 1982a,b) has found regularity conditions which assure
consistency and asymptotic normality, with a convergence rate of

�
n,

of the K -means estimators. One of the regularity conditions is that
the Hessian between group sum of squares is nonsingular. Serinko and
Babu (1992) considerK = 2 and T = 1 as in (5.3) and yi has a double
exponential distribution 3

m (� 1, � 2, y) = min
�

|y Š � 1|2 , |y Š � 2|2
�
.

3The pdf is

f (x) =
1

2
� � 1 exp [� � |x |]

with � > 0.
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Show that

n1/ 4 ( �� j Š � j ) d� aj sign(Z )
�

|Z |

j = 1 , 2, whereZ � N (0, 1) and aj are constants.
(4) Qu and Gao (2018) consider a time-invariant group “xed e�ect model

yit = xit � + � gi + vit ,

xit = 
z it + �� gi + � it ,

i = 1 , . . . , n; t = 1 , . . . , T ; gi � { 1, . . . , K } , where E (vit xjs ) = 0 for
i 
= j , t 
= s. The grouped “xed e�ect (GFE) estimator of ( �, �, � ) is

�
��, ��, ��

�
= arg min

(�,�,� )

n�

i =1

T�

t =1

(yit Š xit � Š � gi )
2 .

Now let P (gi = 1) = P (gi = 2) = 1
2 , K = 2 and T = 1. Show that

��
p

� �

with

� = � +
a
b

a = �
1
2

�
� 2

1 + � 2
1

�
Š

1
2

�A 2 Š
1
2

� [(� 1 + � 2) Š A]2 +
2	

�
2


eŠ ( � 1 Š � 2 ) 2

8 � 2 �

and

b = 
 2	 2
z + � 2 1

2

�
� 2

1 + � 2
2

�
+ 	 2

	 Š
� 2

2
A2 Š

� 2

2
[(� 1 + � 2) Š A]2

as n � � .
(5) (Bonhomme and Manresa, 2015). We assume that the group-speci“c

e�ects are time-invariant, � = 0 , and K = 2:

yit = � gi t + � it ,

where� it
i .i .d.
� N

�
0, 	 2

�
and gi = { 1, 2} . Without loss of generality, we

assume� 1 < � 2. Show that

P (�gi (� ) = 2 |gi = 1) = 1 Š �
� �

T
� 2 Š � 1

2	

�
,

where � ( ·) is the cdf of a standard normal. This implies that the group
misclassi“cation probability tends to zero at an exponential rate.
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(6) Bonhomme and Manresa (2015) consider the following model:

yit = x�
it � 0 + � 0

g0
i

+ vit

with vit
i .i .d.� N

�
0, 	 2

�
, where the true number of groups isK 0 = 1 ,

and where� 0 = � 0
1 denotes the true value of�. Let ( ��, �� ) be the GFE

estimator of
�
� 0, � 0

�
with K = 2 groups. Show that asT is “xed and

n � �

��
p

� � 0

and

�� g
p

� � 0 ± 	

�
2


T

for g = 1 , 2.
(7) One of the most pressing questions, in practice is how to determine

the number of groups. A popular method for determining the number
of groups is the information criteria, such as the Bayesian information
criterion (BIC) as in Bonhomme and Manresa (2015)

I (K ) =
1

nT

n�

i =1

T�

t =1

�
yit Š � K

it

� 2
+ Kh nT

and

�K = arg min
K �{ 1,...,K max }

I (K ),

where K max is an upper bound. Show that the estimated number
of groups �K is consistent for K if, as (n, T ) � � , hnT � 0 with
min (n, T ) hnT � � .

(8) Prove (5.6).
(9) Prove (5.7)…(5.11).

(10) Prove (5.12).
(11) Let K denote the number of groups andG = { g1, . . . , gn } denote the

grouped membership such thatgi = { 1, . . . , K } . Ando and Bai (2016)
consider a panel grouped factor model

yit = x�
it � + f gi ,t � gi ,i + � it ,
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i = 1 , . . . , n, t = 1 , . . . , T, where xit is a p × 1 vector and f gi ,t is
an r × 1 vector of unobservable group-speci“c factors that a�ect the
units only in group gi . Here � gi ,i are the factor loadings and� it is the
unit-speci“c error. Let

yi = ( yi 1, . . . , yiT )� ,

xi =
�
x�

i 1, . . . , x�
iT

� �
,

f j =
�
f �

j, 1, . . . , f �
j,T

� �
,

and

� i = ( � i 1, . . . , � iT )�

where, for gi = j, f gi = f j . Let

� j = ( � j, 1, . . . , � j,n )

be an r × n factor loading matrix. De“ne
� ��, �G, �f 1, . . . , �f S , �� 1, . . . , �� S

�

= arg min
S�

j =1

�

i :gi = j

� yi Š xi � Š f gi � gi ,i �
2 + nT · pk,� (|� |),

where pk,� (|� |) is the penalty function. Show that
�
� �� Š � 0

�
� = op (1)

and for all � > 0

P

�

sup
i �{ 1,...,n }

�
� �gi

� ��, �F , ��
�

Š g0
i

�
� > 0

�

= op (1) + o
� n

T 


�

as (n, T ) � � .
(12) Su, Shi and Phillips (2016) propose a classi“er Lasso (C-Lasso)

approach to achieve classi“cation and estimation for panel models
in which the penalty takes an additive-multiplicative form that forces
the parameters to form into di�erent groups. De“ne

QnT (� ) =
1

nT

n�

i =1

T�

t =1

� (wit ; � i , �µi (� ))
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with

�µi (� ) = arg min
µ i

1
T

T�

t =1

� (wit ; � i , µi ),

where � (wit ; � i , µi ) denotes the logarithm of the pseudo-true condi-
tional density function of yit given xit , µi are individual e�ects and � i

is a p × 1 parameter of interest. Assume the true values of� i , � 0
i , to

follow a group pattern

� 0
i =

K 0�

k=1

� 0
k 1

�
i � G0

k

�
, (5.13)

where � 0
j 
= � 0

k for any j 
= k,
� K 0

k=1 G0
k = { 1, . . . , n} and G0

k � G0
j = �

for any j 
= k. Shi et al. propose a classi“er Lasso (C-Lasso) esti-
mates, �� and �� to estimate � = ( � 1, . . . , � n ) and � = ( � 1, . . . , � k ) by
minimizing the following penalized pro“le likelihood function:

QnT,� (�, � ) = QnT (� ) +
�
n

n�

i =1

K 0�

k=1

� � i Š � i � ,

where � is a tuning parameter. Show that

�� i Š � 0
i = Op

�
1

�
T

+ �
�

and

1
n

n�

i =1

�
�
� �� i Š � 0

i

�
�
�

2
= Op

�
1
T

�
.

(13) Huang, Jin and Su (2018) consider a panel cointegrated model with
latent group structure

yit = µi + � �
1,i x1,it + � �

2,i x2,it + uit

and

x1,it = x1,it Š 1 + � 1,it ,

where µi is the unobserved individual “xed e�ects, x1,it are I (1) and
x2,it are I (0) for all i . We allow the true value of � 1,i , � 0

1,i , to follow a
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grouped pattern

� 0
1,i =

 
!!"

!!#

� 0
1 if i � G0

1

...
...

� 0
K if i � G0

K ,

where� 0
j 
= � 0

k for any j 
= k,
� K

k=1 G0
k = { 1, 2, . . . , n} , and G0

k

$
G0

j =
� for any j 
= k. Let � = ( � 1, . . . , � K ) , � 1 = ( � 1,1, . . . , � 1,n ) and
� 2 = ( � 2,1, . . . , � 2,n ). Here, we assumeµi = 0 and � 2,i = 0 for all i .
Let � i = � 1,i and � = � 1, and

QnT (� ) =
1

nT 2

n�

i =1

� yi Š x1,i � i �
2 .

Huang et al. propose to estimate� and � by minimizing the following
C-Lasso-based penalized least squares

� ��, ��
�

= arg min
�,�

QK
nT,� (�, � ), (5.14)

where

QK
nT,� (�, � ) = QnT (� ) +

�
n

n�

i =1

K�

k=1

� � i Š � k �

and � = � (n, T ) is a tuning parameter. Show that

�
� �� i Š � 0

i

�
� = Op

�
1
T

+ �
�

and

1
n

n�

i =1

�
� �� i Š � 0

i

�
� 2

= Op

�
bT

T 2

�
,

where bT = log log T.
(14) Lu and Su (2017) propose a testing procedure to determine the num-

ber of groups in panel latent group models. Lu and Su consider the
following linear panel regression model:

yit = x�
it � 0

i + µi + � it .

Assume n individuals belong to K groups and all individuals in
the same group share the same slope coe�cients. That is,� 0

i s are
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homogeneous within each of theK groups but heterogeneous across
the K groups as in (5.13). Let �� i be the C-Lasso estimator similar to
(5.14). Let �yit = yit Š yi , where yi = 1

T

% T
t =1 yit and �xit is de“ned

similarly. Let

QnT (� ) =
1

nT

n�

i =1

( �yit Š �xit � i )
2,

QK
nT,� (�, � ) = QnT (� ) +

�
n

n�

i =1

K 0�

k=1

� � i Š � k � ,

and
� ��, ��

�
= arg min

�,�
QK

nT,� (�, � ),

where� is a tuning parameter, �� = ( �� 1, . . . , �� n ) and �� = ( �� 1, . . . , �� K 0 )
be the C-Lasso estimators. De“ne

�� it = yit Š x�
it

�� i Š �µi

with

�µi =
1
T

T�

t =1

�
yit Š x�

it
�� i

�

and

�� it = ( yit Š yi. ) Š (xit Š xi. )� �� i .

Let �� i = ( �� i 1, . . . , �� iT )� , xi = ( xi 1, . . . , xiT )� , M 0 = I T Š 1
T i T i �

T and
i T is a T × 1 vector of 1s. Lu and Su propose to use a residual-based
Lagrange multiplier (LM) statistic

LM( K 0) =
n�

i =1

�� �
i M 0xi

�
x�

i M 0xi
� Š 1

x�
i M 0�� i

to test the hypothesis

H0 : K = K 0

versus

H1 : K 0 < K � K max ,

where K 0 and K max are prespeci“ed by researchers. De“ne

JnT (K 0) =
1�
n LM( K 0) Š BnT

�
VnT
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with

BnT =
1

�
n

n�

i =1

T�

t =1

� it hi,tt

and

VnT =
4

nT 2

n�

i =1

T�

t =1

E [� it ],

where � i = E( �� i ) and �� i = 1
T x�

i M 0xi . Show that JnT (K 0) d� N (0, 1)
as (n, T ) � � .

(15) Let Qi,
 be the conditional � -quantile function of yit given xit with
the form

Qi,
 (yit |xit , � i (� )) = x�
it � (� ) + � i (� ),

where� � (0, 1) is the quantile index, and individual “xed e�ects � i (� )
taking only K di�erent values, � 1 (� ) , . . . , � K (� ). Gu and Volgushev
(2019) consider a penalized estimator

� ��, �� 1, . . . , �� n
�

= arg min
�,� 1 ,...,� n

� ( �, � 1, . . . , � n )

with

� ( �, � 1, . . . , � n ) =
n�

i =1

T�

t =1

� 

�
yit Š x�

it � Š � i
�

+
�

i �= j

� ij |� i Š � j |,

where � 
 (u) = { � Š I (u � 0)} . Here u is the check function and � ij

are the penalty parameters. Show that

�� Š � 0 + op
� �
� �� Š � 0

�
� �

= � Š 1
n

�
1

nT

n�

i =1

T�

t =1

{ � Š I (uit � 0)}

�

(16) Saggio (2012) considers a nonlinear group “xed e�ects (NLGFE)
estimator

yit = 1
�

x�
it � 0 + � g0

i
+ vit > 0

�
,

where� is the common parameter and� g is the group-speci“c param-
eter. Superscript denotes the true parameter values such asg0

i denotes
the true group membership indicators and� g0

i
the true group e�ect

associated with units that belongs to groupg0. The group membership
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variables gi assign each individuali � { 1, . . . , n} into the K groups.
Let � = ( � g1 , . . . , � gn ) and � = { g1, . . . , gn } � � K , where � K is the set
of all possible groupings of all{ 1, . . . , n} into K groups. The NLGFE
is given by

� ��, ��, �
�

= arg max
�,�,�

n�

i =1

T�

t =1

yit log �
�
x�

it � + � gi

�

+
�
1 Š yit

�
log

�
1 Š �

�
x�

it � + � gi

�	
.

De“ne

�gi
�
�, �

�
= arg max

g�{ 1,2,...,G }

n�

i =1

T�

t =1

yit log �
�
x�

it � + � gi

�

+
�
1 Š yit

�
log

�
1 Š �

�
x�

it � + � gi

�	
,

which corresponding to the optimal assignment for eachi . Then

�� =
� ��, ��

�
= arg max

�,�

n�

i =1

T�

t =1

yit log �
�
x�

it � + � �gi ( �,� )
�

+
�
1 Š yit

�
log

�
1 Š �

�
x�

it � + � �gi ( �,� )
�	

.

Let �� be the infeasible NLGFE

�� =
� ��, ��

�
= arg max

�,�

n�

i =1

T�

t =1

yit log �
�
x�

it � + � g0
i

�

+
�
1 Š yit

�
log

�
1 Š �

�
x�

it � + � g0
i

�	
.

Show that

�
nT

� �� Š �
� d� N

�
0, 	

�

and

�
nT

� �� Š �
� d� N

�
0, 	

�

as
�
n, T

�
� � and n = exp( �

�
T) with � > 0, where 	 is a positive

de“nite matrix. Spell out the conditions you need.
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(17) Denoted observed data as{ wit } , where i = 1 , . . . , n, t = 1 , . . . , T.
De“ne

QnT (�, � 1, . . . , � n ) =
1

nT

n�

i =1

T�

t =1

� (wit , �, � i ).

Let � be the common parameter,{ � i } be individual speci“c parame-
ters, and f (wit , �, � i ) be the density function of wit . Let

I g = { i : individual i belongs to groupg}

g = 1 , . . . , K. Bester and Hansen (2016) consider a grouped “xed e�ect
estimator

� ��, { �� g}
�

= arg max
(�, { � g } K

g =1 )

K�

g=1

QgT (�, � ),

where

QgT (�, � ) =
1
ng

�

i � I g

1
T

T�

t =1

log f (wit , �, � )

with � i = � g for all i � I g, where ng is the number of individuals in
group g. Show that

� ��, { �� g}
� p

�
�
� 0,

�
� 0

i

��

and
�

nT
� �� Š � 0� d� N

�
0, J Š � J Š 1�

.

Let

�� F E = arg max
�

1
n

n�

i =1

QiT (�, �� i (� ))

and

�� i (� ) = arg max
�

QiT (�, � ).

Show that
�

nT
� �� F E Š � 0� d� N

�
cB, J Š � J Š 1�

as n
T � c, where B is a bias term.
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(18) Vogt and Linton (2017) consider a nonparametric panel regression

yit = mi (xit ) + uit

and

uit = � i + � t + � it ,

where mi are unknown nonparametric functions anduit denotes the
error term. Let G1, . . . , GK be a “xed number of disjoint sets which
partition the index set { 1, . . . , n} , i.e., G 
 · · · 
 GK = { 1, . . . , n} .
Suppose for eachk � { 1, . . . , K }

mi = mj

for all i, j � Gk . Let gk be the group-speci“c regression. Vogt and
Linton propose a thresholding procedure to estimate the groups
G1, . . . , GK . Let S � { 1, . . . , n} be some index set and pick an index
i � S. Let G � { G1, . . . , GK } be the class to which i belongs and
suppose thatG � S. We would like to infer which indices in S belong
to the group G. De“ne


 ij =



{ mi (x) Š mj (x)} 2 
 (x) dx,

�
 ij =



{ �mi (x) Š �mj (x)} 2 
 (x) dx,

�mi (x) =

% T
t =1 Wh (xit Š x) �yit

% T
t =1 Wh (xit Š x)

,

and

�yit = yit Š yi Š y(i )
t + y( i ) (5.15)

with

yi =
1
T

T�

t =1

yit ,

y( i )
t =

1
n Š 1

n�

j =1 ,j �= i

yit ,

and

y( i ) =
1

(n Š 1) T

n�

j =1 ,j �= i

T�

t =1

yit ,
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where 
 is some weight function, Wh (x) = 1
h W

�
x
h

�
, W is a kernel

function, and h is the bandwidth. De“ne the ordered distances as


 i (1) � 
 i (2) � · · · � 
 i ( n S )

and

�
 i [1] � �
 i [2] � · · · � �
 i [n S ] ,

where nS = |S| , the cardinality of S. Note that ( · ) and [ · ] are used
to distinguish between the orderings of true and estimated distances.
Note that


 i ( j )

�
= 0 for j � p,

� c for j > p,

max
i,j

�
� �
 ij Š 
 ij

�
� = op (1),

and

�
 i [j ]

�
= 0 for j � p,

� c + op (1) for j > p

with some constant c > 0. This implies that we can estimate G =
{ (1) , . . . , (p)} by �G = { [1] , . . . , [p]} if p were known. Let

�p = max
�

j : { 1, . . . , nS} : �
 i [j ] � � n,T
�

,

where � n,T is the threshold parameter such that

max
j � G

�
 ij � � n,T .

Then de“ne �G = { [1] , . . . , [�p]} . De“ne

�gk (x) =
1

| �Gk |

�

i � �Gk

�mi (x),

where | �Gk | denotes the cardinality of the set �Gk . Show that

�gk (x) Š gk (x) = Op

�
1

�
nk T h

+ h2
�

and
�

�nk T h (�gk (x) Š gk (x))
d

� N (Bk , Vk (x))
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asn � � , h
( �n k T )Š 1/ 5

p
� ck , for some constantck > 0, where�nk = | �Gk |,

nk = |Gk |,

Bk (x) =
c5/ 2

k

2



W (� ) � 2d� lim

n ��

�
1

nk

�

i � Gk

g��
k f i (x) + 2 g�

k (x) f �
i (x)

f i (x)

�

,

and

Vk (x) =



W 2 (� ) d� lim
n ��

�
1

nk

�

i � Gk

	 2
i (x)

f i (x)

�

.

(19) Vogt and Linton (2019) propose multiscale estimators of the unknown
groups and their unknown number which are free of bandwidth or
smoothing parameters. Consider

yit = mi (xit ) + uit

and

uit = � i + � t + � it .

Assume there areK groups, G1, . . . , GK , with
� K

k=1 Gk = { 1, . . . , n}
such that

mi = mj

for all i, j � Gk . That is, for each 1 � k � K 0,

mi = gk

for all i � Gk where gk is the group-speci“c regression function asso-
ciated with the class Gk . De“ne a local linear kernel estimator of mi

�mi,h (x) =
% T

t =1 Wit (x, h) �y�
it% T

t =1 Wit (x, h)
,

with the weights Wit (x, h) and �y�
it is de“ned in (5.15). De“ne a mul-

tiscale statistic as

�dij = max
(x,h )

� �� ij (x, h) Š � (2h)
�

such that hmin � h � hmax and x � [0, 1], where

�� ij (x, h) =
�

T h
�mi,h (x) Š �mj,h (x)

�
�� ij (x, h)

,
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and �� ij (x, h) is a scaling factor. Let S � { 1, . . . , n} and S� �
{ 1, . . . , n} be two sets of time series. Let

�

�
S, S� � = max

i � S,j � S�
�dij . (5.16)

To partition the set of { 1, . . . , n} into groups, Vogt and Linton suggest
to combine the multiscale dissimilarity measure in (5.16) with a hier-
archical agglomerative clustering algorithm. Let �G[0]

i = { i } denote the
i th singleton cluster for 1 � i � n and de“ne

� �G[0]
1 , . . . , �G[0]

n
�

to be the

initial partition of { 1, . . . , n} into clusters. Let �G[r Š 1]
1 , . . . , �G[r Š 1]

n Š (r Š 1) be
the n Š (r Š 1) clusters from the previous step. Determine the pair of
clusters �G[r Š 1]

k and �G[r Š 1]
k � for which

�

� �G[r Š 1]

k , �G[r Š 1]
k �

�
= min

1	 l<l � 	 n Š (r Š 1)
�


� �G[r Š 1]
l , �G[r Š 1]

l �

�

and merge them into a new cluster. Iterating this procedure for
r = 1 , . . . , n Š 1 yields a tree of nested partitions �G[r ]

1 , . . . , �G[r ]
n Š r . That

is, the hierarchical agglomerative clustering algorithm merges then
singleton clusters �G[0]

i = { i } step by step until we end up with the
cluster { 1, . . . , n} . In each step of the algorithm, the closest two clus-
ters are merged, the distance between clusters is measured by�
 . Let

�K = min
�

K = 1 , 2, . . . , max
1	 k 	 K

�

� �G[n Š K ]

k

�
� 
 n,T

�
,

where 
 n,T is a threshold sequence. Show that

P
�� �G[n Š K ]

1 , . . . , �G[n Š K ]
K

�
= { G1, . . . , GK }

�
� 1

and

P
� �K = K

�
� 1.

(20) Okui and Wang (2019) consider the following panel group structure
model:

yit = x�
it � gi ,t + � it .

Let G = { 1, . . . , K } be the set of groups wheregi � G indicates
the group membership of unit i . Units in the same group share the
same time-varying � g,t where g � G. For each group, there aremg

breaks and
�

Tg,1, . . . , Tg,m g

�
denotes a set of break dates. Let� g,j ,
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j = 1 , . . . , mg, be the values of coe�cients until the j th break date
and � g,m g +1 be the value of coe�cients in the last period

� g,t = � g,j

if Tg,j Š 1 � t � Tg,j , where Tg,0 = 1 and Tg,m g +1 = T + 1 . Let
� =

�
� �

1,1, . . . , � �
1,T , � �

2,1, . . . , � �
K,T

�
, � = { g1, . . . , gn } . De“ne

� ��, ��
�

= arg min
�,�

1
nT

n�

i =1

T�

t =1

�
yit Š x�

it � gi ,t
� 2

+ �
�

g� G

T�

t =2

�wg,t � � g,t Š � g,t Š 1�

where � is a tuning parameter and �wg,t is a data-driven weight
de“ned by

�wg,t =
�
� �� g,t Š �� g,t Š 1

�
� Š 


with � being a user speci“c constant and�� being a preliminary esti-
mate of �. De“ne

�� = arg min
�

1
nT

n�

i =1

T�

t =1

�
yit Š x�

it � g0
i ,t

� 2
+ �

�

g� G

T�

t =2

�wg,t � � g,t Š � g,t Š 1�

where �� is the estimator of � when the group memberships� are
known. Denote ng as the number of units in groupg,

ng =
n�

i =1

1
�

g0
i = g

�

for g � G. Show that for all g and t

�� g,t Š �� g,t = op

�
1

T Š �

�

and

�� g,t Š � 0
g,t = Op

�
1

�
n

�

for � > 0 if n b
n � 
 g and (n, T ) � � for 0 < 
 g < 1.

(21) Let x1, . . . , xn be a random sample from the mixture of exponentials,
(1 Š � ) Ex (1)+ �Ex (� ) , whereEx (� ) denotes the exponential distri-
bution with mean �. Show that under the homogeneous model where



August 6, 2020 13:0 Large-Dimensional Panel Data Econometrics 9in x 6in b3901-ch05 page 141

Latent-Grouped Structure in Panel Data Models 141

� = 0 , the only way to ensure a “nite Fisher information is to require
0 < � < 2.

(22) Consider a sample normal mixture model given by (1Š � ) N (0, 1) +
�N (µ, 1) . Consider the likelihood ratio test for the hypothesis H0 :
µ = 0 . Show that the likelihood ratio test statistic goes to in“nity in
probability as n � � .

(23) Let xi , . . . , xn be a random sample of sizen from a mixture population
with the probability density function (pdf)

f (x; �, � 1, � 2) = (1 Š � ) N (0, 1) + �N (�, 1),

where 0� � � 1 and |� | � M. Let Rn be the log-likelihood ratio test
statistic for testing H0 : �� = 0 versus Ha : �� 
= 0 . Chen and Chen
(2001) show that asn � �

Rn
d�

�

sup
|t |	 M

� (t)

� 2

,

where � (t) is a Gaussian process withzero mean and the covariances

Cov(� (s), � (t)) = sgn( st)
est Š 1

�
(es2 Š 1)(et 2 Š 1)

.

(24) (Bickel and Cherno�, 1993) Suppose thatx1, . . . , xn are i.i.d. standard
normal random variables. Denote

Sn (t) =
1

�
n

�
etx i Š t 2

2 Š 1
�
eŠ t 2

2

and

M n = sup
t

Sn (t) .

Show that

lim
n ��

P
�

(log logn)1/ 2 �
M n Š (log logn)1/ 2 	

+ log
� �

2

�

� x
�

= exp
�
ŠeŠ x �

.

(25) (von Luxburg, 2010) Stability is a useful tool for selecting the num-
ber of clusters, K . The general rule is to chooseK which leads to
the most stable clustering results. The clusteringCK of a data set
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S = { x1, . . . , xn } is a function that assigns labels to all points ofS,
that is

CK : S � { 1, . . . , K } ,

where K is the number of clusters. De“ne the instability of a clus-
tering algorithm as the expected distance between two clusterings
CK (Sn ) , CK

�
S�

n

�
on di�erent data sets Sn , S�

n of sizen:

Instab(K, n ) = E
�
d
�
CK

�
Sn

�
, CK

�
S�

n

���
,

where d
�
C, C�

�
is a distance between clusteringC and C�. De“ne

�Instab(K, n ) =
1

b2
max

bmax�

b,b� =1

d (Cb, Cb� )

and

�K = arg min
k

�Instab(K, n ).

Let

Qn (c1, . . . , cK ) =
1
n

n�

i =1

min
k

� xi Š ck � 2

and

Q = E
&

min
k

� x Š ck � 2
'

=



min
k

� x Š ck � 2 dP,

whereP is the underlying probability distribution of x. Show that if Q
has a unique global minimum, then theK -means algorithm is stable
as n � � ,

lim
n ��

Instab(K, n ) = 0

and if Q has several global minima, then theK -means algorithm is
unstable asn � � ,

lim
n ��

Instab(K, n ) > 0.
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(26) (Continued) Assume that the underlying distribution P is a mixture
of two well-separated Gaussian. Denote the means of the Gaussian by
µ1 and µ2.

(a) Assume that we run the K -means algorithm with K = 2 and we
use an initialization scheme that places on initial center in each
of the true clusters. Show that the K -means algorithm is stable.
That is, it terminates in a solution with one center close to µ1 and
one center close toµ2.

(b) Assume that we run the K -means algorithm with K = 3 and
we use an initialization scheme that places at least one of the
initial centers in each of the true clusters. Show that theK -means
algorithm is unstable in the sense that with probability close to
0.5 it terminates in a solution that considers the “rst Gaussian as
cluster, but splits the second Gaussian into two clusters; and with
probability close to 0.5, it does it the other way round.
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Horv áth, L., and Hu�sková, M. (2012), Change-Point Detection in Panel Data,

Journal of Time Series Analysis , 33, 631…648.
Hsiao, C. (2018), Panel Models with Interactive E�ects, Journal of Econometrics ,

206, 645…673.
Hsiao, C., Pesaran, M. H., and Pick, A. (2012), Diagnostic Tests of Cross-section

Independence for Limited Dependent Variable Panel Data Models, Oxford
Bulletin of Economics and Statistics , 74, 253…277.

Hsu, C.-C., and Lin, C.-C. (2012), Change-Point Estimation for Nonstationary
Panel Data, Working Paper, National Central University.

Huang, W., Jin, S., and Su, L. (2018), Identifying Latent Grouped Patterns in
Cointegrated Panels, Working paper.

Huang, Y. (2009), The Political Economy of Financial Reform: Are Abiad and
Mody Right? Journal of Applied Econometrics , 24, 1207…1213.

Im, K. S., Ahn, S. C., Schmidt, P., and Wooldridge, J. M. (1999), E�cient Estima-
tion of Panel Data Models with Strictly Exogenous Explanatory Variables,
Journal of Econometrics , 93, 177…201.

Jiang, T. (2004), The Asymptotic Distributions of the Largest Entries of Sample
Correlation Matrices, Annals of Applied Probability , 14, 865…880.

Jiang, T., and Yang, F. (2013), Central Limit Theorems for Classical Likelihood
Ratio Tests for High-Dimensional Normal Distributions, Annals of Statis-
tics, 41, 2029…2074.

John, S. (1971), Some Optimal Multivariate Test, Biometrika , 58, 123…127.
John, S. (1972), The Distri bution of a Statistic Used f or Testing Sphericity of

Normal Distributions, Biometrika , 59, 169…173.
Johnstone, I. (2001), On the Distribution of the Largest Principal Component,

Annals of Statistics , 29, 295…327.
Juhl, T. (2011), A Direct Test for Cross-Sectional Correlation in Panel Data

Models, Working Paper, University of Kansas.
Kao, C. (1999), Spurious Regression and Residual-Based Tests for Cointegration

in Panel Data, Journal of Econometrics , 90, 1…44.
Kao, C., and Oh, J. (2017), On the Over-Detection Probability of the Number of

Factors, Working Paper.
Kao, C., Trapani, L., and Urga, U. (2018), Testing for Instability in Covariance

Structures, Bernoulli , 24, 740…771.
Kapetanios, G. (2004), On Testing for Diagonality of Large Dimensional Covari-

ance Matrices, Working Paper, Queen Mary, University of London.
Kapetanios, G., Pesaran, M. H., and Yamagata, T. (2011), Panels with Non-

stationary Multifactor Error Structures, Journal of Econometrics , 160,
326…348.

Kapoor, M., Kelejian, H., and Prucha, I. (2007), Panel Data Models with Spatially
Correlated Error Components, Journal of Econometrics , 140, 97…130.



August 6, 2020 13:0 Large-Dimensional Panel Data Econometrics 9in x 6in b3901-bib page 151

Bibliography 151

Kelejian, H., and Prucha, I. (1999), A Generalized Moments Estimator for
the Autoregressive Parameter in a Spatial Model, International Economic
Review, 40, 509…533.

Kelejian, H., and Prucha, I. (2007), HAC Estimation in a Spatial Framework,
Journal of Econometrics , 140, 131…154.

Kim, D. (2011), Estimating a Common Deterministic Time Trend Break in Large
Panels with Cross Sectional Dependence,Journal of Econometrics , 164,
310…330.

Kim, D. (2014), Common Local Breaks in Time Trends for Large Panels, Econo-
metrics Journal , 17, 301…337.

Kim, D., and T. Oka (2014), Divorce Law Reforms and Divorce Rates in the U.S.:
An Interactive Fixed E�ects Approach, Journal of Applied Econometrics ,
29(2), 231…245.

Kiviet, J. F. (1995), On Bias, Inconsistency, and E�ciency of Various Estimators
in Dynamic Panel Models, Journal of Econometrics , 68, 53…78.

Ledoit, O., and Wolf, M. (2002), Some Hypothesis Tests for the Covariance Matrix
When the Dimension is Large Compared to the Sample Size, Annals of
Statistics, 30, 1081…1102.

Ledoit, O., and Wolf, M. (2004), A Well-conditioned Estimator for Large-
Dimensional Covariance Matrices, Journal of Multivariate Analysis , 88,
365…411.

Lee, L. (2002), Consistency and E�ciency of Least Squares Estimation for
Mixed Regressive, Spatial Autoregressive Models,Econometric Theory , 18,
252…277.

Lee, L. (2007), GMM and 2SLS Estimation of Mixed Regressive, Spatial Autore-
gressive Models,Journal of Econometrics , 137, 489…514.

Lee, L., and Yu, J. (2010), Estimation of Spatial Autoregressive Panel Data Mod-
els with Fixed E�ects, Journal of Econometrics , 154, 165…185.

Li, D., Chen, J., and Gao, J. (2011), Nonparametric Time-Varying Coe�-
cient Panel Data Models with Fixed E�ects, Econometrics Journal 14,
387…408.

Li, D., Qian, J., and Su, L. (2016), Panel Data Models with Interactive Fixed
E�ects and Multiple Structural Breaks, Journal of the American Statistical
Association, 111, 1804…1819.

Li, P., Cui, G., and Lu, L. (2019), E�cient Estimation of Heterogeneous Coe�-
cients in Panel Data Models with Common Shocks, Journal of Economet-
rics, forthcoming.

Liao, W., and Wang, P. (2012), Structural Breaks in Panel Data Models: a Com-
mon Distribution Method, HKUST Working Paper.

Long, J. S., and Ervin, H. (2000), Using Heteroskedasticity Consistent Stan-
dard Errors in the Linear Regression Model, The American Statistician ,
54, 217…224.

Lu, X., and Su, L. (2017), Determining the Number of Groups in Latent
Panel Structures with an Application to Income Democracy, Quantitative
Economics, 8, 729…760.



August 6, 2020 13:0 Large-Dimensional Panel Data Econometrics 9in x 6in b3901-bib page 152

152 Large-Dimensional Panel Data Econometrics

MacKinnon, J. G., and White, H. (1985), Some Heteroskedasticity Consistent
Covariance Matrix Estimators with Improved Finite Sample Properties,
Journal of Econometrics , 29, 53…57.

Mahajan, M., Nimbhorkar, P., and Varadarajan, K. (2012), The Planar k-means
Problem is NP-hard, Theoretical Computer Science, 442, 13…21.

Mao, G. (2016), Testing for Error Cross-Sectional Independence Using Pairwise
Augmented Regressions,Econometrics Journal , 19, 237…260.

Massacci, D. (2017), Least Squares Estimation of Large Dimensional Threshold
Factor Models, Journal of Econometrics , 197, 101…129.

Moon H. R., and Weidner M. (2017), Dynamic Linear Regression Models with
Interactive Fixed E�ects, Econometric Theory , 33, 158…195.

Moscone, F., and Tosetti, E. (2009), A Review and Comparison of Tests of Cross-
Section Independence in Panels,Journal of Economic Surveys, 23, 528…561.

Newey, W., and McFadden, D. (1994), Large Sample Estimation and Hypothesis
Testing. In: Engle III, R. F., and McFadden, D. L. (Eds.), Handbook of
Econometrics, Vol. 4. North-Holland, Amsterdam.

Newey, W., and West, K. (1987), A Simple, Positive Semi-de“nite, Heteroskedas-
ticity and Autocorrelation Consistent Covariance Matrix, Econometrica, 55,
703…708.

Ng, S. (2006), Testing Cross-Section Correlation in Panel Data Using Spacings,
Journal of Business and Economic Statistics, 24, 12…23.

Nickell, S. (1981), Biases in Dynamic Models with Fixed E�ects, Econometrica,
49, 1417…1425.

Oka, T., and Perron, P. (2018), Testing for Common Breaks in a Multiple Equa-
tions System, Journal of Econometrics , 204, 66…85.

Okui, R., and Wang, W. (2019), Heterogeneous Structural Breaks in Panel Data
Models, Working paper.

Pauwels, L., Chan, F., and Mancini-Gri�oli, T. (2012), Testing for Struc-
tural Change in Heterogeneous Panels with an Application to the Euro•s
Trade E�ect, Journal of Time Series Econometrics , 4, doi:10.1515/1941-
1928.1141.

Pesaran, M. H. (2004), General Diagnostic Test for Cross Section Dependence in
Panels, Working Paper, University of Cambridge.

Pesaran, M. H. (2006), Estimation and Inference in Large Heterogeneous Panels
with Multifactor Error Structure, Econometrica, 74, 967…1012.

Pesaran, M. H. (2015), Testing Weak Cross-Sectional Dependence in Large Panels,
Econometric Reviews, 34, 1089…117.

Pesaran, M. H., and Smith, R. (1995), Estimating Long-run Relationships from
Dynamic Heterogeneous Panels,Journal of Econometrics , 68, 79…113.

Pesaran, M. H., and Timmermann, A. (2002), Market Timing and Return
Prediction Under Model Instability, Journal of Empirical Finance , 9,
495…510.

Pesaran, M. H., and Tosetti, E. (2011), Large Panels with Common Factors and
Spatial Correlation, Journal of Econometrics , 161, 182…202.

Pesaran, M. H., Ullah, A., and Yamagata, T. (2008), A Bias-Adjusted LM Test
of Error Cross Section Independence,Econometrics Journal , 11, 105…127.



August 6, 2020 13:0 Large-Dimensional Panel Data Econometrics 9in x 6in b3901-bib page 153

Bibliography 153

Pesaran, M. H., and Yamagata, T. (2008), Testing Slope Homogeneity in Large
Panels, Journal of Econometrics , 142, 50…93.

Perron, P., and Yamamoto, Y. (2015), Using OLS to Estimate and Test for Mul-
tiple Structural Changes in Models with Endogenous Regressors, Journal
of Applied Econometrics, 30, 119…144.

Pestova, B., and Pesta, M. (2017), Change Point Estimation in Panel Data with-
out Boundary, Risk, 5, 7.

Phillips, P. C. B., and Moon, H. R. (1999), Linear Regression Limit Theory for
Nonstationary Panel Data, Econometrica, 67, 1057…1111.

Phillips, P. C. B., and Sul, D. (2007), Bias in Dynamic Panel Estimation with
Fixed E�ects, Incidental Trends and Cross Section Dependence, Journal of
Econometrics, 137, 162…188.

Pollard, D. (1981), Strong Consistency of k-Means Clustering, Annals of Statis-
tics, 9, 135…140.

Pollard, D. (1982a), A Central Limit Theorem for k-Means Clustering, Annals of
Probability , 10, 919…926.

Pollard, D. (1982b), Quantization and the Method of k-Means, IEEE Transac-
tions on Information Theory , IT-28, 199…205.

Pollard, D. (1984), Convergence of Stochastic Processes, Springer-Verlag,
New York.

Qian, J., and L. Su (2016), Shrinkage Estimation of Common Breaks in Panel
Data Models via Adaptive Group Fused Lasso, Journal of Econometrics ,
191, 86…109.

Qu, H., and Gao, W. (2019), A Two-Stage Estimation for Panel Data Models
with Grouped Fixed E�ects, Communication in Statistics — Simulation
and Computation, 48, 2539…2551.

Qu, Z., and Perron, P. (2007), Estimating and Testing Structural Changes in
Multivariate Regressions, Econometrica, 75, 459…503.

Robertson, D., and Sara“dis, V. (2015), IV Estimation of Panels with Factor
Residuals, Journal of Econometrics , 185, 526…541.

Roy, N. (2002), Is Adaptive Estimation Useful for Panel Models with Het-
eroskedasticity in the Individual Speci“c Error Component? Some Monte
Carlo Evidence, Econometric Reviews, 21, 189…203.

Saggio, R. (2012), Discrete Unobserved Heterogeneity in Discrete Choice Panel
Data Models, Working paper.

Sara“dis, V., Yamagata, T., and Robertson, D. (2009), A Test of Cross Section
Dependence for a Linear Dynamic Panel Model with Regressors, Journal
of Econometrics, 148, 149…161.

Schott, J. (2005), Testing for Complete Independence in High Dimensions,
Biometrika , 92, 951…956.

Serinko, R., and Basu, G. J. (1992), Weak Limit Theorems for Univarite k-Mean
Clustering under a Nonregular Condition, Journal of Multivariate Analysis ,
41, 273…296.

Song, M. (2012), Asymptotic Theory for Dynamic Heterogeneous Panels with
Cross-Sectional Dependence and Its Application, Working Paper, Columbia
University.



August 6, 2020 13:0 Large-Dimensional Panel Data Econometrics 9in x 6in b3901-bib page 154

154 Large-Dimensional Panel Data Econometrics

Srivastava, M. S. (2005), Some Test Concerning the Covariance Matrix in High
Dimensional Data, Journal of Japanese Statistical Society, 35, 251…272.

Steinley, D., and Brusco, M. (2011), Choosing the Number of Clusters in k-Means
Clustering, Psychological Methods, 16, 285…297.

Stock J., and Watson, M. W. (2002), Forecasting Using Principal Components
from a Large Number of Predictors, Journal of the American Statistical
Association, 97, 1167…1179.

Stock, J. H., and Watson, M. W. (2008), Heteroskedasticity-Robust Standard
Errors for Fixed E�ects Panel Data Regression, Econometrica, 76, 155…174.

Stock J., and Watson, M. W. (2009), Forecasting in Dynamic Factor Models
Subject to Structural Instability, In: Shephard, N. and Castle, J. (Eds.),
The Methodology and Practice of Econometrics: A Festschrift in Honor of
D.F. Hendry . Oxford University Press, pp. 1…57.

Su, L., Shi, Z., and Phillips, P. C. B. (2016), Identifying Latent Structures in
Panel Data, Econometrica, 84, 2215…2264.

Su, L., and Zhang, Y. (2011), Testing Cross-Sectional Independence in Nonpara-
metric Panel Data Models, Working Paper, Singapore Management Uni-
versity.

Temple, J., and Van de Sijpe, N. (2017), Foreign Aid and Domestic Absorption,
Journal of International Economics , 108, 431…443.

Totty, E. (2017), The E�ect of Minimum Wages on Employment: A Factor Model
Approach, Economic Inquiry , 55, 1712…1737.

Vogt, M., and Linton, O. (2017), Classi“cation of Non-Parametric Regression
Functions in Longitudinal Data Models, Journal of Royal Statistical Society,
Series B, 79, 5…27.

Vogt, M., and Linton, O. (2019), Multiscale Clustering on Nonparametric Regres-
sion Curves, Working paper.

von Luxburg, U. (2010), Clustering Stability: An Overview, Foundations and
Trends in Machine Learning , 2, 235…274.

Westerlund, J. (2019), Common Breaks in Means for Cross-correlated Fixed-T
Panel Data, Journal of Time Series Analysis , 40, 248…255.

Westerlund, J., and Urbain , J. (2013), On the Estimation and Inference in Factor-
augmented Panel Regressions with Correlated Loadings,Economics Letters,
119, 247…250.



August 6, 2020 13:1 Large-Dimensional Panel Data Econometrics 9in x 6in b3901-index page 155

Index

C
CD test, 2, 16, 17
change point, 59, 62, 69, 77
common break, 4, 60, 66, 75
common correlated e�ects (CCE),

3, 35, 37, 39, 45, 57, 64, 69,
74

cross-sectional averages, 38, 65
cross-sectional dependence, 1�2, 7, 9,

13, 72

E
endogenous regressors, 72, 85

F
factor loadings, 85
factor models, 3
factor structure, 37, 40, 43, 58,

96�97
�nite sample approximation,

10

G
group

�xed e�ect, 115, 127
latent group, 115, 130

membership, 115
structure, 115, 130

grouped heterogeneity, 115

I
iterated principal component (IPC),

3, 35, 40, 45

K
K-means, 116

L
Lasso, 58, 94
likelihood, 3, 35, 42, 44
LM test, 2�3, 7�8, 11�12

bias-corrected, 3, 8, 12, 14, 17
Breusch�Pagan, 9
PUY, 7, 10, 17

M
MLE, 43

P
panel data, 1

dynamic, 11, 14
factor-augmented, 35, 40

155



August 6, 2020 13:1 Large-Dimensional Panel Data Econometrics 9in x 6in b3901-index page 156

156 Large-Dimensional Panel Data Econometrics

�xed e�ects, 3, 8
grouping, 4
heterogeneity, 4
heterogeneous, 3�4, 8�9, 35,

57�58
Pesaran, 59, 65

R
rank condition, 69

S
shrinkage, 96
structural break, 58, 62
structural changes, 1, 3, 57, 73


	Contents
	Preface
	About the Authors
	1. Introduction
	2. Tests for Cross-Sectional Dependence in Fixed Effects Panel Data Models
	2.1. LM Tests for Cross-Sectional Dependence

	3. Factor-Augmented Panel Data Regression Models
	3.1. Motivation

	4. Structural Changes in Panel Data Models
	4.1. Heterogeneous Panels with a Common Structural Break
	4.2. Model 1: No Common Correlated Effects

	5. Latent-Grouped Structure in Panel Data Models
	5.1. Panel Latent Group Structure Models
	5.2. K-means Clustering
	5.3. Conclusion
	5.4. Exercises

	Bibliography
	Index


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness false
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
    /URWChanceryL-MediItal
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages false
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 600
  /ColorImageDepth 8
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /FlateEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages false
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 600
  /GrayImageDepth 8
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /FlateEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages false
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /ENU ([Based on 'Press'] [Based on '[Press Quality]'] Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks true
      /AddPageInfo true
      /AddRegMarks true
      /BleedOffset [
        30
        30
        30
        30
      ]
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure true
      /IncludeBookmarks false
      /IncludeHyperlinks true
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MarksOffset 14.177000
      /MarksWeight 0.250000
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PageMarksFile /RomanDefault
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
    <<
      /AllowImageBreaks true
      /AllowTableBreaks true
      /ExpandPage false
      /HonorBaseURL true
      /HonorRolloverEffect false
      /IgnoreHTMLPageBreaks false
      /IncludeHeaderFooter false
      /MarginOffset [
        0
        0
        0
        0
      ]
      /MetadataAuthor ()
      /MetadataKeywords ()
      /MetadataSubject ()
      /MetadataTitle ()
      /MetricPageSize [
        0
        0
      ]
      /MetricUnit /inch
      /MobileCompatible 0
      /Namespace [
        (Adobe)
        (GoLive)
        (8.0)
      ]
      /OpenZoomToHTMLFontSize false
      /PageOrientation /Portrait
      /RemoveBackground false
      /ShrinkContent true
      /TreatColorsAs /MainMonitorColors
      /UseEmbeddedProfiles false
      /UseHTMLTitleAsMetadata true
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness false
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
    /URWChanceryL-MediItal
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages false
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 600
  /ColorImageDepth 8
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /FlateEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages false
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 600
  /GrayImageDepth 8
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /FlateEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages false
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /ENU ([Based on 'Press'] [Based on '[Press Quality]'] Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks true
      /AddPageInfo true
      /AddRegMarks true
      /BleedOffset [
        30
        30
        30
        30
      ]
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure true
      /IncludeBookmarks false
      /IncludeHyperlinks true
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MarksOffset 14.177000
      /MarksWeight 0.250000
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PageMarksFile /RomanDefault
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
    <<
      /AllowImageBreaks true
      /AllowTableBreaks true
      /ExpandPage false
      /HonorBaseURL true
      /HonorRolloverEffect false
      /IgnoreHTMLPageBreaks false
      /IncludeHeaderFooter false
      /MarginOffset [
        0
        0
        0
        0
      ]
      /MetadataAuthor ()
      /MetadataKeywords ()
      /MetadataSubject ()
      /MetadataTitle ()
      /MetricPageSize [
        0
        0
      ]
      /MetricUnit /inch
      /MobileCompatible 0
      /Namespace [
        (Adobe)
        (GoLive)
        (8.0)
      ]
      /OpenZoomToHTMLFontSize false
      /PageOrientation /Portrait
      /RemoveBackground false
      /ShrinkContent true
      /TreatColorsAs /MainMonitorColors
      /UseEmbeddedProfiles false
      /UseHTMLTitleAsMetadata true
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness false
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
    /URWChanceryL-MediItal
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages false
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 600
  /ColorImageDepth 8
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /FlateEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages false
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 600
  /GrayImageDepth 8
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /FlateEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages false
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /ENU ([Based on 'Press'] [Based on '[Press Quality]'] Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks true
      /AddPageInfo true
      /AddRegMarks true
      /BleedOffset [
        30
        30
        30
        30
      ]
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure true
      /IncludeBookmarks false
      /IncludeHyperlinks true
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MarksOffset 14.177000
      /MarksWeight 0.250000
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PageMarksFile /RomanDefault
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
    <<
      /AllowImageBreaks true
      /AllowTableBreaks true
      /ExpandPage false
      /HonorBaseURL true
      /HonorRolloverEffect false
      /IgnoreHTMLPageBreaks false
      /IncludeHeaderFooter false
      /MarginOffset [
        0
        0
        0
        0
      ]
      /MetadataAuthor ()
      /MetadataKeywords ()
      /MetadataSubject ()
      /MetadataTitle ()
      /MetricPageSize [
        0
        0
      ]
      /MetricUnit /inch
      /MobileCompatible 0
      /Namespace [
        (Adobe)
        (GoLive)
        (8.0)
      ]
      /OpenZoomToHTMLFontSize false
      /PageOrientation /Portrait
      /RemoveBackground false
      /ShrinkContent true
      /TreatColorsAs /MainMonitorColors
      /UseEmbeddedProfiles false
      /UseHTMLTitleAsMetadata true
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness false
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
    /URWChanceryL-MediItal
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages false
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 600
  /ColorImageDepth 8
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /FlateEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages false
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 600
  /GrayImageDepth 8
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /FlateEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages false
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /ENU ([Based on 'Press'] [Based on '[Press Quality]'] Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks true
      /AddPageInfo true
      /AddRegMarks true
      /BleedOffset [
        30
        30
        30
        30
      ]
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure true
      /IncludeBookmarks false
      /IncludeHyperlinks true
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MarksOffset 14.177000
      /MarksWeight 0.250000
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PageMarksFile /RomanDefault
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
    <<
      /AllowImageBreaks true
      /AllowTableBreaks true
      /ExpandPage false
      /HonorBaseURL true
      /HonorRolloverEffect false
      /IgnoreHTMLPageBreaks false
      /IncludeHeaderFooter false
      /MarginOffset [
        0
        0
        0
        0
      ]
      /MetadataAuthor ()
      /MetadataKeywords ()
      /MetadataSubject ()
      /MetadataTitle ()
      /MetricPageSize [
        0
        0
      ]
      /MetricUnit /inch
      /MobileCompatible 0
      /Namespace [
        (Adobe)
        (GoLive)
        (8.0)
      ]
      /OpenZoomToHTMLFontSize false
      /PageOrientation /Portrait
      /RemoveBackground false
      /ShrinkContent true
      /TreatColorsAs /MainMonitorColors
      /UseEmbeddedProfiles false
      /UseHTMLTitleAsMetadata true
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness false
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
    /URWChanceryL-MediItal
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages false
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 600
  /ColorImageDepth 8
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /FlateEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages false
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 600
  /GrayImageDepth 8
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /FlateEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages false
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /ENU ([Based on 'Press'] [Based on '[Press Quality]'] Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks true
      /AddPageInfo true
      /AddRegMarks true
      /BleedOffset [
        30
        30
        30
        30
      ]
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure true
      /IncludeBookmarks false
      /IncludeHyperlinks true
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MarksOffset 14.177000
      /MarksWeight 0.250000
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PageMarksFile /RomanDefault
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
    <<
      /AllowImageBreaks true
      /AllowTableBreaks true
      /ExpandPage false
      /HonorBaseURL true
      /HonorRolloverEffect false
      /IgnoreHTMLPageBreaks false
      /IncludeHeaderFooter false
      /MarginOffset [
        0
        0
        0
        0
      ]
      /MetadataAuthor ()
      /MetadataKeywords ()
      /MetadataSubject ()
      /MetadataTitle ()
      /MetricPageSize [
        0
        0
      ]
      /MetricUnit /inch
      /MobileCompatible 0
      /Namespace [
        (Adobe)
        (GoLive)
        (8.0)
      ]
      /OpenZoomToHTMLFontSize false
      /PageOrientation /Portrait
      /RemoveBackground false
      /ShrinkContent true
      /TreatColorsAs /MainMonitorColors
      /UseEmbeddedProfiles false
      /UseHTMLTitleAsMetadata true
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness false
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
    /URWChanceryL-MediItal
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages false
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 600
  /ColorImageDepth 8
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /FlateEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages false
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 600
  /GrayImageDepth 8
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /FlateEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages false
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /ENU ([Based on 'Press'] [Based on '[Press Quality]'] Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks true
      /AddPageInfo true
      /AddRegMarks true
      /BleedOffset [
        30
        30
        30
        30
      ]
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure true
      /IncludeBookmarks false
      /IncludeHyperlinks true
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MarksOffset 14.177000
      /MarksWeight 0.250000
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PageMarksFile /RomanDefault
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
    <<
      /AllowImageBreaks true
      /AllowTableBreaks true
      /ExpandPage false
      /HonorBaseURL true
      /HonorRolloverEffect false
      /IgnoreHTMLPageBreaks false
      /IncludeHeaderFooter false
      /MarginOffset [
        0
        0
        0
        0
      ]
      /MetadataAuthor ()
      /MetadataKeywords ()
      /MetadataSubject ()
      /MetadataTitle ()
      /MetricPageSize [
        0
        0
      ]
      /MetricUnit /inch
      /MobileCompatible 0
      /Namespace [
        (Adobe)
        (GoLive)
        (8.0)
      ]
      /OpenZoomToHTMLFontSize false
      /PageOrientation /Portrait
      /RemoveBackground false
      /ShrinkContent true
      /TreatColorsAs /MainMonitorColors
      /UseEmbeddedProfiles false
      /UseHTMLTitleAsMetadata true
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness false
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
    /URWChanceryL-MediItal
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages false
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 600
  /ColorImageDepth 8
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /FlateEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages false
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 600
  /GrayImageDepth 8
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /FlateEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages false
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /ENU ([Based on 'Press'] [Based on '[Press Quality]'] Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks true
      /AddPageInfo true
      /AddRegMarks true
      /BleedOffset [
        30
        30
        30
        30
      ]
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure true
      /IncludeBookmarks false
      /IncludeHyperlinks true
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MarksOffset 14.177000
      /MarksWeight 0.250000
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PageMarksFile /RomanDefault
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
    <<
      /AllowImageBreaks true
      /AllowTableBreaks true
      /ExpandPage false
      /HonorBaseURL true
      /HonorRolloverEffect false
      /IgnoreHTMLPageBreaks false
      /IncludeHeaderFooter false
      /MarginOffset [
        0
        0
        0
        0
      ]
      /MetadataAuthor ()
      /MetadataKeywords ()
      /MetadataSubject ()
      /MetadataTitle ()
      /MetricPageSize [
        0
        0
      ]
      /MetricUnit /inch
      /MobileCompatible 0
      /Namespace [
        (Adobe)
        (GoLive)
        (8.0)
      ]
      /OpenZoomToHTMLFontSize false
      /PageOrientation /Portrait
      /RemoveBackground false
      /ShrinkContent true
      /TreatColorsAs /MainMonitorColors
      /UseEmbeddedProfiles false
      /UseHTMLTitleAsMetadata true
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness false
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
    /URWChanceryL-MediItal
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages false
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 600
  /ColorImageDepth 8
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /FlateEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages false
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 600
  /GrayImageDepth 8
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /FlateEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages false
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /ENU ([Based on 'Press'] [Based on '[Press Quality]'] Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks true
      /AddPageInfo true
      /AddRegMarks true
      /BleedOffset [
        30
        30
        30
        30
      ]
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure true
      /IncludeBookmarks false
      /IncludeHyperlinks true
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MarksOffset 14.177000
      /MarksWeight 0.250000
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PageMarksFile /RomanDefault
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
    <<
      /AllowImageBreaks true
      /AllowTableBreaks true
      /ExpandPage false
      /HonorBaseURL true
      /HonorRolloverEffect false
      /IgnoreHTMLPageBreaks false
      /IncludeHeaderFooter false
      /MarginOffset [
        0
        0
        0
        0
      ]
      /MetadataAuthor ()
      /MetadataKeywords ()
      /MetadataSubject ()
      /MetadataTitle ()
      /MetricPageSize [
        0
        0
      ]
      /MetricUnit /inch
      /MobileCompatible 0
      /Namespace [
        (Adobe)
        (GoLive)
        (8.0)
      ]
      /OpenZoomToHTMLFontSize false
      /PageOrientation /Portrait
      /RemoveBackground false
      /ShrinkContent true
      /TreatColorsAs /MainMonitorColors
      /UseEmbeddedProfiles false
      /UseHTMLTitleAsMetadata true
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


