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Preface

With the availability of Big Data, one may have more information to iden-
tify the underlying causality of economic relationship or forecast impor-
tant macroeconomic variables or indicators. However, when large volume
of data is involved, large dimension could be an issue in the statistical infer-
ence of traditional regression models. This book is motivated by the recent
development in panel data models with large individuals/countries (n) and
large amount of observations over time (7). It introduces testing for cross-
sectional dependence and structural breaks in large panels. This book also
summarizes important advancement in estimating factor-augmented panel
data models and group patterns in panels in recent literature.

This book can be considered complementary to popular panel data
econometrics textbooks such as Baltagi (2013), Hsiao (2014) and Pesaran
(2015). Tt is designed for high-level graduate courses in econometrics and
statistics. It can be used as a reference for researchers. In specific, Chap-
ters 2 and 4 drew heavily from our published works with Badi H. Baltagi.
Chapters 3 and 5 summarize important methods from the recent literature.

We would like to thank Badi H. Baltagi for his collaborative work that
stimulated our interest in writing this book. We would also like to thank
Kunpeng Li for sharing his code, which is used to produce empirical results
in Chapter 3. Wei Wang and Mengying Yuan are also acknowledged for
helping read the drafts and research assistance. We also wish to thank
World Scientific Publishing for giving us the opportunity to undertake this
work.
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As a personal note, the authors would like to thank their family mem-
bers. Chihwa thanks his wife Ivy Liu who convinced him of the need for
writing this book. Qu wishes to thank his loving wife and parents. The com-
pletion of this book would not have been possible without their support.
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Chapter 1

Introduction

This book is motivated by the recent development in high-dimensional panel
data models with large amount of individuals/countries (n) and observa-
tions over time (7T7). Specifically, it introduces four important research topics
in large panels, including testing for cross-sectional dependence, estima-
tion of factor-augmented panel data models, structural changes and group
patterns in panels in the following four chapters. To address these issues,
we examine the properties of traditional tests and estimators in large-
dimensional setup. In addition, we also take advantage of some techniques
in Random Matriz Theory and Machine Learning.

Chapter 2 covers testing for cross-sectional dependence in panel data
regression models with large n and large T. Cross-sectional dependence,
described as the interaction between cross-sectional units (e.g., households,
firms and states, etc.), has been well discussed in the spatial economet-
rics literature. Intuitively, dependence across “space” can be regarded as
the counterpart of serial correlation in time series. It could arise from
the behavioral interaction between individuals, e.g., imitation and learn-
ing among consumers in a community, or firms in the same industry. This
has been widely studied in game theory and industrial organization. It could
also be due to unobservable common factors or common shocks popular in
macroeconomics.

In recent literature, cross-sectional dependence among individuals is a
concern when n is large. As serial correlation in time-series analysis, the
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cross-sectional of dependence/correlation leads to efficiency loss for least
squares and invalidates conventional ¢-tests and F-tests which use standard
variance—covariance estimators. In some cases, it could potentially result
in inconsistent estimators (Lee, 2002; Andrews, 2005). Several estimators
have been proposed to deal with cross-sectional dependence, including the
popular spatial methods (Anselin, 1988; Anselin and Bera, 1998; Kelejian
and Prucha, 1999; Kapoor, Kelejian and Prucha, 2007; Lee, 2007; Lee and
Yu, 2010), and factor models in panel data (Pesaran, 2006, Kapetanios,
Pesaran and Yamagata, 2011; Bai, 2009). However, before imposing any
structure on the disturbances of our model, it may be wise to test the
existence of cross-sectional dependence.

There has been a lot of work on testing for cross-sectional dependence in
the spatial econometrics literature, see Anselin and Bera (1998) for cross-
sectional data and Baltagi, Song and Koh (2003) for panel data, to men-
tion a few. The latter derives a joint Lagrange multiplier (LM) test for
the existence of spatial error correlation as well as random region effects
in a panel data regression model. Panel data provide richer information
on the covariance matrix of the errors than cross-sectional data. This is
especially relevant for the off-diagonal elements which are of particular
importance in determining cross-sectional dependence. With panel data
one can test for cross-sectional dependence without imposing ad hoc spec-
ifications on the error structure generating the covariance matrix, e.g., the
spatial autoregressive model in the spatial literature, or the single or mul-
tiple factor structures imposed on the errors in the macro literature. Ng
(2006) and Pesaran (2004) propose two test procedures based on the sam-
ple covariance matrix in panel data. Ng (2006) develops a test tool using
spacing method in a panel model. Pesaran (2004) proposes a cross-sectional
dependence (CD) test using the pairwise average of the off-diagonal sam-
ple correlation coefficients in a seemingly unrelated regressions model. The
CD test is closely related to the Rayg test statistic advanced by Frees
(1995). Unlike the traditional Breusch-Pagan (1980) LM test, the CD test
is applicable for a large number of cross—sectional units (n) observed over
T time periods. In Pesaran (2015), the CD test is interpreted as a test
for weak cross-sectional dependence. Sarafidis, Yamagata and Robertson
(2009) develop a test for cross-sectional dependence based on Sargan’s
difference test in a linear dynamic panel data model, in which the error
cross-sectional dependence is modeled by a multifactor structure. Hsiao,
Pesaran and Pick (2012) propose a LM-type test for nonlinear panel data
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models. For a recent survey of some cross-sectional dependence tests in
panels, see Moscone and Tosetti (2009). Baltagi, Feng and Kao (2011)
propose a test for sphericity following John (1972) and Ledoit and Wolf
(2002) in the statistics literature. Sphericity means that the variance—
covariance matrix is proportional to the identity matrix. The rejection of
the null could be due to cross-sectional dependence or heteroskedasticity
or both.

Based on Baltagi, Feng and Kao (2012), Chapter 2 discusses testing pro-
cedures in the fixed effects panel data models, including static and dynamic
cases. It is well known that the standard Breusch and Pagan (1980) LM
test for cross-equation correlation in a SUR model is not appropriate for
testing cross-sectional dependence in panel data models when n is large and
T is small. We derive the asymptotic bias of this scaled version of the LM
test in the context of a fixed effects panel data model. This asymptotic bias
is found to be a constant related to n and T, which suggests a simple bias
corrected LM test for the null hypothesis.

There are two ways of modeling cross-sectional dependence: spatial mod-
els and factor models. In Chapter 3, we introduce three leading approaches
of estimating large panel data regression models with an error factor struc-
ture: the common correlated effects (CCE) approach proposed by Pesaran
(2006), Bai’s (2009) iterated principal components (IPC) approach and the
maximum likelihood estimation (MLE) method proposed by Bai and Li
(2014). The use of these approaches is illustrated by an empirical example
in the context of the productivity of infrastructure investment in China.

Chapter 4 examines the issue of structural changes in large panel
data regression models. In the literature on panel data models with large
time dimension, e.g., Kao (1999), Phillips and Moon (1999), Hahn and
Kuersteiner (2002), Alvarez and Arellano (2003), Phillips and Sul (2007),
Pesaran and Yamagata (2008), Hayakawa (2009), to name a few, the
implicit assumption is that the slope coeflicients are constant over time.
However, due to policy implementation or technological shocks, structural
breaks are possible especially for panels with a long time span. Conse-
quently, ignoring structural breaks may lead to inconsistent estimation and
invalid inference.

Based on Baltagi, Feng and Kao (2016, 2019), Chapter 4 extends
Pesaran’s (2006) work on CCE estimators for large heterogeneous panels
with a general multifactor error structure by allowing for unknown common
structural breaks in slopes and unobserved factor structure. We propose
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a general framework that includes heterogeneous panel data models and
structural break models as special cases. The least squares method proposed
by Bai (1997a, 2010) is applied to estimate the common change points, and
the consistency of the estimated change points is established. We find that
the CCE estimators have the same asymptotic distribution as if the true
change points were known. Additionally, Monte Carlo simulations are used
to verify the main findings.

By considering both cross-sectional dependence and structural breaks
in a general panel data model, this chapter also contributes to the change
point literature in several ways. First, it extends Bai’s (1997a) time-series
regression model to heterogeneous panels, showing that the consistency of
estimated change points can be achieved with the information along the
cross-sectional dimension. This result confirms the findings of Bai (2010)
and Kim (2011). Second, it also enriches the analysis of common breaks
of Bai (2010) and Kim (2011) in a panel mean-shift model and a panel
deterministic time trend model by extending them to a regression model
using panel data. This makes it possible to allow for structural breaks and
cross-sectional dependence in empirical work using panel regressions. In
particular, our methods can be applied to regression models using large
stationary panel data, such as country-level panels and state/provincial-
level panels.

Regarding estimating common breaks in panels, Feng, Kao and Lazarova
(2009) and Baltagi, Kao and Liu (2012) also show the consistency of the esti-
mated change point in a simple panel regression model. Hsu and Lin (2012)
examine the consistency properties of the change point estimators for non-
stationary panels. More recently, Qian and Su (2016) and Li, Qian and Su
(2016) study the estimation and inference of common breaks in panel data
models with and without interactive fixed effects using Lasso-type methods.
Westerlund (2019) establishes the consistency of least squares estimator of
break point in a mean-shift model with fixed T, using the CCE approach to
deal with unobserved error factors. In terms of detecting structural breaks
in panels, some recent literature includes Horvath and Huskova (2012) in
a panel mean-shift model with and without cross-sectional dependence, De
Wachter and Tzavalis (2012) in dynamic panels, and Pauwels, Chan and
Mancini-Griffoli (2012) in heterogeneous panels, Oka and Perron (2018) in
multiple equation systems, to name a few.

Chapter 5 studies heterogeneity and grouping issues in large dimen-
sional panel data models. When a large number of individuals/countries
are involved in the regression, it is costly to allow for individual unobserved
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heterogeneity, for example, fixed effects, which may lead to incidental
parameter problem in the regression. One way to balance between model-
ing heterogeneity and incidental parameters is grouping. With within-group
homogeneity and cross-group difference, we can still allow for a certain
degree of heterogeneity and avoid incidental parameter problem.
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Chapter 2

Tests for Cross-Sectional
Dependence in Fixed Effects
Panel Data Models

In recent literature, cross-sectional dependence among individuals is a con-
cern when n is large. As serial correlation in time-series analysis, the cross-
sectional of dependence/correlation could invalidate inference. In some
cases, it could even render inconsistent estimation. This chapter discusses
testing procedures in the fixed effects panel data models, including static
and dynamic cases.

In the fixed n case and as T — oo, the Breusch and Pagan’s (1980)
LM test can be applied to test for the cross-sectional dependence in panels.
Under the null hypothesis of cross-sectional independence in errors, the test
statistic is asymptotically Chi-square distributed with n(n — 1)/2 degrees
of freedom. However, this test is not applicable when n — oo. Therefore,
Pesaran (2004) proposes a scaled version of this LM test, denoted by CDyyy,
which has a N(0, 1) distribution as T" — oo first, followed by n — co. As
pointed out by Pesaran (2004), the CDy,, test is not correctly centered at
zero for finite T" and is likely to exhibit large size distortions as n increases.
To solve this problem, Pesaran (2004) proposes a diagnostic test based on
the average of the sample correlations, which he denotes by the CD test,
and this is valid for large n. Additionally, Pesaran, Ullah and Yamagata
(2008) develop a bias-adjusted LM test using finite sample approximations
in the context of a heterogeneous panel model.

Based on Baltagi, Feng and Kao (2012), this chapter introduces tests
for cross-sectional dependence in panel data models. In specific, we derive
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the asymptotic bias of this scaled version of the LM test in the context of
a fixed effects homogeneous panel data model. Because it is based on the
fixed effects residuals, we denote it by LMp to distinguish it from CDyy,. The
asymptotic bias of LMp is found to be a constant related to n and T, sug-
gesting a simple bias corrected LM test for the null hypothesis. This chap-
ter differs from the bias-adjusted LM test of Pesaran, Ullah and Yamagata
(2008) in that the latter assumes a heterogeneous panel data model, whereas
this chapter assumes a fixed effects homogeneous panel data model. Also,
the bias correction derived in this chapter is based on asymptotic results
as (n,T) — oo, while the bias adjustment in Pesaran, Ullah and Yamagata
(2008) is obtained using finite sample approximation. Phillips and Moon
(1999) provide regression limit theory for panels with (n,T') — co. Here, we
adopt the asymptotics used in the statistics literature for high-dimensional
inference, see Ledoit and Wolf (2002) and Schott (2005), to mention a few.
This literature usually deals with multivariate normal distributed variables
where the number of variables (in our case n) is comparably as large as the
sample size (T'). We find that under this joint asymptotics framework with
(n,T) — oo simultaneously, the limiting distribution of the LMp statis-
tic is not standard normal under the assumption of a fixed effects model.
Consequently, it can suffer from large size distortions.

The organization of this chapter is as follows. Section 2.1 reviews several
LM tests for cross-sectional dependence in the literature. Section 2.2 derives
the limiting distribution of the LMp test in the raw data case. Section 2.3
derives a bias-corrected LM test in the context of a fixed effects model.
In Section 2.4, we show that the proposed bias-corrected LM test can be
extended to the dynamic panel data model. Section 2.5 reports the size
and power of the tests for cross-sectional dependence using Monte Carlo
experiments. Section 2.6 reviews the recent development in this topic. The
technical details are included in Section 2.7.

2.1. LM Tests for Cross-Sectional Dependence

Consider the heterogeneous panel data model:
Yit = T fi +ug, fori=1,....n;t=1,...,T, (2.1)

where 7 indexes the cross-sectional units and ¢ the time-series observations.
y;¢ is the dependent variable and z;; denotes the exogenous regressors of
dimension k x 1 with slope parameters f3; that are allowed to vary across
i. u; is allowed to be cross-sectionally dependent but is uncorrelated with
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2. Let Uy = (ure, ..., unt)’. The n x 1 vectors Uy, Us, ..., Ur are assumed
iid. N(0,%,) over time. Let 0;; be the (7, j)th element of the n x n matrix
Y- The errors u; are cross-sectionally dependent if ¥, is nondiagonal, i.e.,
0;j # 0 for ¢ # j. The null hypothesis of cross-sectional independence can
be written as

Hoiaijzo fOI‘i;'éj,

or equivalently as

HO L Piy = 0 fori 75 j, (22)
where p;; is the correlation coefficient of the errors with p;; = ':2102.
i%j

Under the alternative hypothesis, there is at least one nonzero correlation
coefficient p;j, i.e., Hy : pi; # 0 for some 7 # j.

The OLS estimator of y;; on x;; for each ¢, denoted by Bl-, is consistent.
The corresponding OLS residuals u;; defined by @ = vy — x;tﬁl are used
to compute the sample correlation p;; as follows:

-1/2 , 1 -1/2 ¢
(Z uzt> (Z a§t> > . (2.3)
t=1 t=1

In the fixed n case and as T' — oo, the Breusch and Pagan’s (1980) LM test
can be applied to test for the cross-sectional dependence in heterogeneous
panels. In this case, it is given by

LMgp = TZ Z 7

=1 j=i+1

This is asymptotically distributed under the null as a x? with n(n —1)/2
degrees of freedom. However, this Breusch-Pagan LM test statistic is not
applicable when n — oco. In this case, Pesaran (2004) proposes a scaled
version of the LMpp test given by

CDypy = D Z Z (153 —1). (2.4)
1=1 g=i+1

Pesaran (2004) shows that CDyy, is asymptotically distributed as N(0,1),
under the null, with 7" — oo first, and then n — oo. However, as pointed
out by Pesaran (2004), for finite T', E[T5;; — 1] is not correctly centered
at zero, and with large n, the incorrect centering of the CDy,, statistic is
likely to be accentuated. Thus, the standard normal distribution may be a
bad approximation of the null distribution of the CDy,, statistic in finite
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samples, and using the critical values of a standard normal may lead to
big size distortion. Using finite sample approximation, Pesaran, Ullah and
Yamagata (2008) rescale and recenter the CDyy,, test. The new LM test,
denoted as PUY’s LM test, is given by

, "\ (T = k)p3; — b
PUY's LM = [ Z > , (25)

o
1=1 g=i+1 Tij

where
iy = 7 (M)
is the exact mean of (T — k)p7; and
oy = {tr[B(M;M;)| Y arr + 2 tr{ E[(M; M;)*] }agr

is its exact variance. Here

1
(T - k)
(T—k—8)(T—k+2)+24
(T—k+2)(T—k—=2)(T—-k—4)] "~

and M; = I — X;(X[X;)"' X!, where X; = (w1, ..., z;7)" contains T obser-
vations on the k regressors for the ith individual regression. PUY’s LM is
asymptotically distributed as N(0,1), under the null, with 7" — oo first,
and then n — oo.

a7 = a2t —

2

a2T:3

This chapter considers the fixed effects homogeneous panel data model
yit =+ xS+ pi+vg, fori=1,....n;t=1,...,T, (2.6)

where p; denotes the time-invariant individual effect. The k x 1 regressors
x;+ could be correlated with pu;, but are uncorrelated with the idiosyncratic
error v;;. This is a standard model in the applied panel data literature
and differs from (2.1) in that the 5}’s are the same, and heterogeneity is
introduced through the p/’s. The intercept v appears explicitly so that the
regressor vector x;; includes only time-variant variables. Throughout our
derivations for the fixed effects model, we require the following assumptions.

Assumption 2.1. 7 — c € (0,00) as (n,T) — o0

¢ is a nonzero bounded constant. This assumption approximates the
case where the dimension n is comparably as large as 7.
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For a static panel data model, we assume the following.

Assumption 2.2. (i) The n x 1 vectors of idiosyncratic distur-
bances Vi = (vit,...,vn7), t = 1,...,T, are i.i.d. N(0,X,) over time;
(ii) Elvit|lxia,...,x) = 0 and E[vzt|x]1,.. sryp] = 0,4 = 1,...,n,
t = 1,...,T; (iii) For the demeaned regressors I;z = x;+ — %Zstl Tis,
%ZtTZI Tit %Zthl T342%;, are stochastic bounded for all i = 1,...,n
and j = 1,....n, and Lm(, m) oo o5 Doiey ZtT:1 Tydl, exists and is
nonsingular.

The normality assumption (Assumption 2.2(i)) may be strict but it is
a standard assumption in the statistical literature and is also assumed by
Pesaran, Ullah and Yamagata (2008). Other distributions will be examined
for robustness checks in the Monte Carlo experiments. Assumption 2.2(ii)
is standard. Assumption 2.2(iii) excludes nonstationary or trending regres-
sors. Under these assumptions, the within estimator B is v/nT-consistent.
This estimator is obtained by regressing y;: = yit — T Z _1 Yis on Zy. The
corresponding within residuals given by vy = i1 — 2, B are used to compute
the sample correlation p;; as follows:

T -1/2 , 7 ~1/2
pij = (Z @%) (Z Aft> > viivse. (2.7)
t=1 t=1 t=1

For a dynamic panel data model with the lagged-dependent variable
as a regressor, more assumptions are needed. We will discuss this case in
Section 2.4.

The scaled version of the LMpp test suggested by Pesaran (2004) but
now applied to the fixed effects model is given by

LMp = Z Z (T3 —1). (2.8)

i=1 j=i+1

This replaces j;; with p;; and it now tests the null given in (2.2) only applied
to the remainder disturbance v;¢. In order to see this, let u;s = p;+v;+ denote
the disturbances in (2.6). The fixed effects estimator wipes out the individ-
ual effects, and that is why it does not matter whether the y/’s are correlated
with the regressors or not. The test for no cross-sectional dependence of
the disturbances given in (2.2) becomes a test for no cross-sectional depen-
dence of the v;. This LMp test, for the fixed effects model (2.8), suffers
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from the same problems discussed by Pesaran (2004) for the corresponding
CDyy, statistic (2.4) for the heterogeneous panel model. We show that it
will exhibit substantial size distortions due to incorrect centering when n is
large. Unlike the finite sample adjustment in Pesaran, Ullah and Yamagata
(2008), this chapter derives the asymptotic distribution of the LMp statistic
under the null as (n,T') — oo, and proposes a bias corrected LM test. The
asymptotics are done using the high-dimensional inference in the statistics
literature, see Ledoit and Wolf (2002) and Schott (2005), to mention a few.
Our derivation begins with the raw data case and then extends it to a fixed
effects regression model. We find that in a fixed effects panel data model,
after subtracting a constant that is a function of n and T, the LMp test is
asymptotically distributed, under the null, as a standard normal. Therefore,
a bias-corrected LM test is proposed.

2.2. LMp Test in the Raw Data Case

In the raw data case, the n x 1 vectors Zy,Zs,...,Zp are a random
sample drawn from N(0,X.). The tth observation Z; has n components,
Zy = (214, - 2nt)’. The null hypothesis of independence among these n
components is the same as (2.2) but now pertaining to ¥, rather than
Yu. For fixed n, and as T — oo, the traditional LM test statistic is
T} >j—i+1 75, which converges in distribution to x7, ;) , under the
null of independence. The sample correlation r;; is defined as

. -1/2 , -1/2 5
i = (Z zft> (Z zft> Zzitzjt. (2.9)

t=1 t=1 t=1

However, as the dimension n becomes as comparably large as T, this tra-
ditional LM test becomes invalid. A scaled LM test statistic

1 n—1 n
LM, = | —— Tr? —1 2.10
n(n—l);jgil( riy —1) (2.10)

is thus considered. This LM, statistic (2.10) is closely related to the test
statistic proposed by Schott (2005)
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For high-dimensional data, as n/T" — ¢ € (0, c0), Schott (Theorem 1, 2005)
shows that under the null of independence,

n—1 n
DI nn—1) 4 . onn—-1)(T-1)

ij N {0 1 B 2.11
i=1 j—i+1r” T ( "(nD)soe  T2(T +2) (2.11)

or, equivalently, that

T | & 3 -t 4 v

Using Schott’s (2005) result and the fact that

n—1 n
T2(T + 2) n—l) T+2
Gt ) § ) Y SV
n(in — 1)(T 1131+1T T—-1

it is straightforward to infer that the limiting distribution of LM, is N (0, 1)
under the null. Srivastava (2005, Theorem 5.1) also derives the null limiting
distribution of the LM, statistic given in (2.10) using 7" — oo and focusing
on the case where T'= O(n%) where 0 < § < 1.

2.3. A Bias-Corrected LM Test in a Fixed Effects Panel
Data Model

This section derives the limiting distribution of the LMp test defined in
(2.8). This tests the null of no cross-sectional dependence in the fixed effects
regression model given in (2.6). The null hypothesis of no cross-sectional
dependence is the same as (2.2) but now pertaining to ¥, rather than ¥,,.

Theorem 2.1. Under Assumptions 2.1, 2.2 and the null hypothesis of no
cross-sectional dependence

n

m gN(O’l).

LMp —
The key step of proof of Theorem 2.1 is provided in Section 2.7. The

asymptotics are derived under the joint asymptotics of (n,T) — oo with
n/T — ¢ € (0,0).
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Based on this result, this chapter proposes a bias-corrected LM test
statistic given by

n
2(T—1)

- Z Z (T42 — ﬁ (2.12)

=1 j=i+1

LMgpc = LMp —

Theorem 2.1 shows that, under the null, the limiting distribution of the
bias-corrected LM test is standard normal.

Comparing LMp in the fixed effects model versus the corresponding
LM, in the raw data case, it is clear that LMp exhibits an asymptotic bias,
while LM, does not. The asymptotic bias in the fixed effect model results
from the incidental parameter problem. Due to the presence of unobserved
heterogeneity pu;, the idiosyncratic error v;; cannot be estimated accurately
by the within residuals v;; = 7;; — :i:;tB = vy — % 23:1 Vig — f;t(B - 0B).
The second term % Zil v;s, created by the within transformation to wipe
out the unobserved heterogeneity p;, is Op(%). Hence, the accuracy of the
within residuals depends on T'. For small T', the within residuals are inac-
curate, and so are the sample correlations p;;’s computed using the within
residuals. For large T', the terms involved with odd power of % Zle Vis
vanish due to the law of large numbers. However, the sum of a large num-
ber of squared terms of % Zle v;s cannot be ignored. The inaccuracy due
to the within transformation accumulates in the sum of squared terms of
the statistic with comparably large n and n/T — ¢ € (0, 00), consequently,
resulting in asymptotic bias.

2.4. Dynamic Panel Data Models

In a dynamic panel data model

Yit :Oé‘f'fyi,t—l +$;tﬂ+ui+vit7 for i = 13"'7’”’; t= 17"'7T7
(2.13)

where y; +—1 is the lagged-dependent variable. As documented by Nickell
(1981), the within estimator is inconsistent for finite T as n — co. Various
consistent estimators have been proposed in the literature, including Ander-
son and Hsiao (1981), Arellano and Bond (1991), Kiviet (1995), Bun and
Carree (2005), Phillips and Sul (2007) etc., to name a few. For a detailed
discussion, see Baltagi (2008). Recently, Hahn and Kuersteiner (2002) stud-
ied the asymptotic properties of the within estimator in a dynamic panel
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model with fixed effects when n and T' grow at the same rate. They show,
after a bias-correction, the within estimator is vnT-consistent.

For the dynamic panel data model in (2.13), let us denote 6 = (&, ')’
Based on the bias-corrected estimator 8 proposed by Hahn and KuersAteiner
(2002), we can compute the within residuals vy = ix — (i,1-1, #,)6 with
Yit—1 = Yit—1 — % 2?21 Yi,s—1, and the corresponding sample correlations
pi; and the bias-corrected LM test statistic (LMpc). Theorem 1 of Hahn and
Kuersteiner (2002) shows that the limiting distribution of v/nT(9—8), where
6 denotes the within estimator, is not centered at zero when both n and
T are large. Due to this noncentrality, we find in Monte Carlo experiments
that the proposed bias-corrected LM test using the within estimator is
oversized in micro panels Whe/I\l n is much larger than 7. This is why we use

the bias-corrected estimator 6 proposed by Hahn and Kuersteiner (2002).

We show that as long as fis v nT-consistent, the proposed LMp¢ test in the
dynamic panel data model still has standard normal limiting distribution
under the null. However, stronger assumptions are needed than the static
panel data model.

Assumption 2.3. (i) VT (0 — 0) = O,(1); (ii) |¢] < 1; (i) 30 y2y =
Op(1) and 2577 12 = 0,(1); (iv) A 30, 3021 € ooy = Op(1) and

T s—1 07— _
% Zs:l ZT:lf 1Ui75—7 = OP<T 1/2)'

Assumption 2.3(iii) is the same as condition 4(iv) in Hahn and Kuer-
steiner (2002). It implies y; 0 = Op(1) and p; = O,(1). Under Assumptions
2.3(iii) and (iv), the dependent variable y;; and its time average + ZtT:1 Yit
are stochastically bounded.

Theorem 2.2. Under Assumptions 2.1-2.3 and the null hypothesis of no
cross-section dependence

LMgc -5 N(0, 1).

Under Assumption 2.3(iii), the proof follows along the same lines as that
of Theorem 2.1.

2.5. Monte Carlo Simulations

This section employs Monte Carlo simulations to examine the empirical size
and power of our bias-corrected LM test defined in (2.12) in a static panel
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data model. We compare its performance with that of Pesaran’s (2004) CD
test given by

—1 n
2T
Pesaran’s CD = (| — E E Pijs
n(n —1) i=1 j=it1 ’

and PUY’s LM test given in (2.5). The sample correlations p;; are computed
using OLS residuals, see (2.3).

2.5.1. Experiment design

The experiments use the following data generating process:

Yir =+ By + i vy, i=1,....n; t=1,...,T, (2.14)
Tit = CTip—1 + [i + it (2.15)

Following Im, Ahn, Schmidt and Wooldridge (1999) x;; in (2.15) is corre-
lated with the p;, but not with v;;.

To calculate the power of the tests considered, two different models of
the cross-sectional dependence are used: a factor model and a spatial model.
In the former, it is assumed that

Vit = Vi ft + €its (2.16)

where f; (t =1,...,T) are the factors and v; (i = 1,...,n) are the loadings.
In a spatial model, we consider a first-order spatial autocorrelation (SAR(1)
in (2.17)) and a spatial moving average (SMA(1) in (2.18)) model as follows:

Vit = 5(0.5’01',1’15 + 0.5vi+1,t) + Eity (217)
Vit = 5(0.551;1,,5 + O.5€i+1,t) + €t (2.18)

Cross-sectional dependence can also be modeled by including a spatially
lagged-dependent variable, denoted as the mixed regressive, spatial autore-
gressive (MRSAR) model:

Yit = o+ 6(0.5y5-1,¢ + 0.5Yi41,¢) + Bir + pui + Vie, (2.19)

where, similar to the SAR(1) model in (2.17), the term 0(0.5y;—1 +
0.5y;41,+) represents the spatial interaction in the dependent variable.
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The null can be regarded as a special case of v; = 0 in the factor model
(2.16) and § = 0 in the spatial models (2.17)—(2.19).

vyt (under the null) and e;; (under the alternative) are from i.i.d.
N(0,02). To model the heteroskedasticity, we follow Baltagi, Song and
Kwon (2009) and Roy (2002) and assume that

o? = o*(1+0z;)?, (2.20)

where Z; is the individual mean of z;;. Here 6 is assigned values 0, 0.5
with # = 0 denoting the homoskedastic case. For nonzero 6, we fix the
average value of o2 across i as 0.5 in our experiments. We obtain the value
of 02 = 0.5/[1 3" | (14 67;)?] using (2.20) and subsequently the value of
o?. For the case of = 0, 02 = 02 is fixed at 0.5.

The parameters o and [ are set arbitrarily to 1 and 2, respectively.
pi is drawn from iid. N(¢,,05) with ¢, = 0 and o7, = 0.25 for i =
1,...,n. For the regressor in (2.15), ¢ = 0.7 and 7y ~ i.i.d. N(¢y, 0727) with
¢y = 0 and o7 = 1. For the factor model in (2.16), f; ~ iid. N(0,1)
and two sets of experiments are conducted for v; ~ i.i.d. U(—0.5,0.55) and
vi ~1.i.d. U(0.1,0.3). For the spatial model, § = 0.4 in (2.17)—(2.19).

The Monte Carlo experiments are conducted for n = 5,10, 20, 30, 50,
100,200 and T = 10, 20, 30, 50. For each replication, we compute the bias-
corrected LM test, Pesaran’s CD and PUY’s LM test. A total of 2000
replications are performed. To obtain the empirical size, the proposed bias-
corrected LM test and PUY’s LM test are conducted at the positive one-
sided 5% nominal significance level, while Pesaran’s CD test is implemented
at the two-sided 5% nominal significance level.

2.5.2. Results

Table 2.1 presents the empirical size of these tests under the null of cross-
sectional independence with heteroskedasticity (6 = 0.5). The size of the
bias-corrected LM test is close to 5%, even for micro panels with small T'
and large n. For example, the size of the bias-corrected LM test is 5.1%
for n = 200 and T" = 10. The simulation results are consistent with the
asymptotic theory given in Theorem 2.1 in Section 2.4. As discussed in
Pesaran, Ullah and Yamagata (2008), for large T there is no bias issue, so
PUY’s LM test has the correct size for large T'. For large n and small T,
it is slightly oversized. For example, the size of PUY’s LM test is 9.2% for
T =10, n = 200. Pesaran’s CD test has the correct size for all combinations
of n and T.
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Table 2.1.  Size of tests under heteroskedasticity (6 = 0.5).

Size T\n 5 10 20 30 50 100 200

Bias-corrected LM 10 54 55 58 54 6.2 5.9 5.1
20 56 6.3 50 48 6.2 5.5 5.4
30 65 55 50 6.1 6.0 6.1 5.3
50 58 6.0 54 59 51 57 43

PUY’s LM 10 6.7 69 59 61 65 73 92
20 64 63 56 60 72 52 6.7
30 70 6.0 48 6.0 55 58 5.7
50 6.7 65 58 55 47 53 45

Pesaran’s CD 10 49 59 50 49 59 53 54
20 49 55 53 58 45 47 49
30 55 51 50 6.2 51 53 48
50 50 53 51 48 44 42 54

Table 2.2 shows the size-adjusted power of these tests under the alter-
native specified by a factor model. The bias-corrected LM test has bigger
size-adjusted power than PUY’s LM test for small 7. However, both tests
have size-adjusted power that is almost 1 when n and 7" are larger than 20.
By contrast, the power of Pesaran’s CD test is much smaller than those of
the two LM tests. While the power of the LM tests becomes one for large n
and T, the power of the CD test reaches a maximum of 36.5% for n = 200
and T' = 50 when ~; is drawn from U (—0.5,0.55). This is expected under the
current design. As pointed out by Pesaran, Ullah and Yamagata (2008), in
the factor model above in (2.16), Cov(v,v;i) = E[v;|E[v,], implying that
the value of Pesaran’s CD test statistic is close to zero if the mean of ~; is
zero. This explains the low power of Pesaran’s CD test when ~; is drawn
from U(—0.5,0.55). However, this is not the case for the proposed LM and
PUY’s LM tests which involve the squared terms of sample correlation coef-
ficients. For the case of 7; drawn from U(0.1,0.3), the power of Pesaran’s
CD test increases to 1 with n or 7.

Tables 2.3 and 2.4 give the size-adjusted power of these tests under
the alternative specifications of SAR(1) and SMA(1), respectively. In these
cases, the size-adjusted power of Pesaran’s CD test performs much better
than in the case of a factor model, increasing to 1 with 7.

Table 2.5 provides the results of robustness check on the size of the
tests with some nonnormal or asymmetric distributions on the errors. We
ran experiments with uniform distribution U[1, 2], Chi-square distribution
with 1 degree of freedom, x?, and t-distribution with 5 degrees of freedom,
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Table 2.2. Size-adjusted power of tests: Factor model.

Size-adjusted power T\n 5 10 20 30 50 100 200

i ~iid. U(=0.5,0.55)

Bias-corrected LM 10 23.8 50.4 82.1 92.9 99.2 99.9  100.0
20 50.4  82.9 98.5 100.0 100.0 100.0 100.0
30 61.9 93.2 99.7 100.0 100.0 100.0 100.0
50 79.1 98.1 100.0 100.0 100.0 100.0  100.0

PUY’s LM 10 21.6 448 77.9 88.9 98.0 99.7  100.0
20 49.0 81.7 98.2 99.8 100.0 100.0  100.0
30 60.5 93.0 99.7 100.0 100.0 100.0 100.0
50 782 97.3 100.0 100.0 100.0 100.0  100.0

Pesaran’s CD 10 7.6 7.8 8.0 8.7 9.2 10.6 13.8
20 16.4 14.2 13.7 12.6 13.3 17.7 21.5
30 18.0 17.8 17.9 18.4 18.9 22.1 27.2
50 26.4 25.8 27.1 29.1 29.3 32.8 36.5

i ~iid. U(0.1,0.3)

Bias-corrected LM 10 15.3 35.5 64.8 83.3 95.0 99.2  100.0
20 33.6 68.8 95.6 98.9 100.0 100.0 100.0
30 46.5 834 98.9 100.0 100.0 100.0 100.0
50 66.7 93.2 99.9 100.0 100.0 100.0 100.0

PUY’s LM 10 14.7  29.2 59.6 76.2 91.9 98.0  100.0
20 33.5 68.7 94.1 98.8 99.9 100.0 100.0
30 46.3  83.6 98.7 100.0 100.0 100.0 100.0
50 65.3  92.8 99.9 100.0 100.0 100.0 100.0

Pesaran’s CD 10 20.8 51.4 86.5 96.6 99.7  100.0 100.0
20 42.6  83.3 99.1 99.9 100.0 100.0  100.0
30 52.8 93.2 100.0 100.0 100.0 100.0 100.0
50 72.3 98.6 100.0 100.0 100.0 100.0  100.0

t(5), and we compare these results with those of Gaussian case N(0,0.5).
For large T', these experiments show that the size of the bias-corrected LM,
PUY’s LM and Pesaran’s CD tests are not that sensitive to the normality
assumption on the errors. The same results obtain although the magnitude
are different. PUY’s LM test is still oversized around 8% for large n = 100,
small 7" = 10 no matter what distribution is used. The bias-corrected LM
test has size close to 5% for the uniform and ¢ distributions and is a little
oversized for T' > 10 when using the x? distribution.

Dynamic panel data models. To examine the finite sample properties
of the proposed bias-corrected LM test in a dynamic panel data model,
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Table 2.3. Size-adjusted power of tests: SAR (1) model.
Size-adjusted power T\n 5 10 20 30 50 100 200
Bias-corrected LM 10 62.4 66.0 65.8 68.3 68.2 69.9 73.6
20 96.0 98.1 99.4 99.9 99.8 99.9  100.0
30 99.5 100.0 100.0 100.0 100.0 100.0 100.0
50 100.0 100.0 100.0 100.0 100.0 100.0 100.0
PUY’s LM 10 57.5 54.9 55.8 53.4 54.3 54.6 45.6
20 95.4 97.5 98.8 99.4 99.1 99.7  100.0
30 99.3 100.0 100.0 100.0 100.0 100.0 100.0
50 100.0 100.0 100.0 100.0 100.0 100.0 100.0
Pesaran’s CD 10 70.5 59.4 55.6 53.7 52.6 53.9 52.9
20 94.5 88.6 84.2 83.7 84.2 86.0 83.4
30 98.5 97.0 95.9 94.4 95.6 95.5 96.1
50 100.0  100.0 99.8 99.6 99.8 99.7 99.8
Table 2.4. Size-adjusted power of tests: SMA (1) model.
Size-adjusted power T\n 5 10 20 30 50 100 200
Bias-corrected LM 10 50.3 52.3 53.0 53.0 50.8 52.3 57.4
20 92.3 95.2 97.7 97.8 97.7 99.0 99.0
30 99.2 99.9 100.0 100.0 100.0 100.0 100.0
50 100.0 100.0 100.0 100.0 100.0 100.0 100.0
PUY’s LM 10 45.1 40.1 45.4 41.8 40.9 40.6 33.6
20 90.0 93.2 96.0 95.9 95.8 97.0 95.9
30 98.4 99.8 100.0 100.0 100.0 100.0 100.0
50 100.0 100.0 100.0 100.0 100.0 100.0 100.0
Pesaran’s CD 10 46.8 40.7 38.2 37.3 35.6 36.9 37.3
20 80.5 70.9 66.7 63.1 65.9 69.1 66.4
30 90.8 87.6 84.2 81.8 80.9 78.4 80.2
50 99.5 98.1 97.3 97.0 96.1 97.3 96.8
Table 2.5. Size of tests: Robustness to nonnormal errors.
N(0,0.5) UL, 2] X3 t(5)
Size T\n 20 50 100 20 50 100 20 50 100 20 50 100
Bias-corrected LM 10 58 6.2 59 56 6.2 6.0 6.5 74 6.8 6.1 57 58
30 50 6.0 6.1 53 54 56 78 75 87 6.1 6.0 56
PUY’s LM 10 59 65 73 59 69 83 71 74 79 64 80 7.6
30 48 55 58 6.2 56 55 83 71 80 59 59 6.2
Pesaran’s CD 10 50 59 53 47 57 55 55 52 48 49 45 5.7
30 5.0 5.1 53 48 47 44 47 44 46 53 50 4.0
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we follow the same design as that of Hahn and Kuersteiner (2002):

Yit = 0+ EYii—1 + s + v, t=1,...,n;

t = —=50,-49,...,0,1,...,T, where v; is assumed N(0,1) indepen-
dent across ¢ and t, p; ~ N(0,1), yiolp: ~ N(l"jg, V‘fi‘gg“) and & =

{0.3,0.6,0.9}. For this model, Hahn and Kuersteiner (2002) propose a bias-
corrected estimator fA = %Z + %, where Z is the within estimator of &.

Hahn and Kuersteiner (2002) show that \/ﬁ(é\f §) 4 N(0,1—&%). In
our Monte Carlo experiments, heteroskedasticity of v;; is allowed. In fact,
vit ~ N(0,0%) where 0? ~ x?(2)/2 as in the dynamic setup of Pesaran,
Ullah and Yamagata (2008). The first 50 observations are discarded to
lessen the effects of the initial values of y;9 on the results.

Table 2.6 reports the size of the tests for the dynamic panel data model.
It shows that the proposed bias-corrected LM test has the correct size,
close to the 5% nominal significance level, e.g., 5.1% and 5.4% for n = 100,
T = 10 and n = 200, T' = 10 in the case of £ = 0.3. For the cases of
& = 0.3,0.6, it is slightly oversized for n = 200, 7" = 10. The PUY’s LM
test tends to over-reject in micro panels with large n and small T', and this
fact is also observed in Table 6 of Pesaran, Ullah and Yamagata (2008).
Pesaran’s CD has correct size as in Pesaran (2004) and Pesaran, Ullah and
Yamagata (2008).

2.6. Recent Development

Halunga, Orme and Yamagata (2017) propose a heteroskedasticity-
robust Breusch—Pagan test in heterogeneous dynamic panel data mod-
els. The key idea is to replace the sample correlation coefficient p;; =

(Z;‘ll ﬁft) -1/ ( Zthl ﬁ?t)_lm Z;‘ll @i+lj¢ in equation (2.3) with

T

T —1/2
~ A2 A2 PN
Yij = E Uge Ut E Uit Ut
t=1 t=1

in the statistics LMpgp and CD)y, in the fixed n and large n cases. Using
¥i; instead of p;; allows for heteroskedasticity across both the cross-section
and time dimension. Heteroskedasticity across time dimension emerges in
a one-break-in-volatility model or a trending volatility model.
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Table 2.6. Size of tests: A dynamic panel data model.

Size T\n 5 10 20 30 50 100 200

£=0.3

Bias-corrected LM 10 5.3 5.8 5.5 4.5 5.6 5.1 5.4
20 6.5 4.9 5.1 5.5 5.5 4.8 5.0
30 6.2 6.2 5.6 4.8 5.7 4.8 4.5
50 6.1 6.1 5.0 5.1 5.1 5.6 5.2

PUY’s LM 10 72 7.6 9.0 9.9 159 295 655
20 6.4 5.7 7.2 6.9 79 111 178
30 75 6.1 5.9 6.2 7.4 7.9 8.8
50 6.0 6.3 6.2 5.4 6.3 6.9 7.0

Pesaran’s CD 10 6.5 5.9 5.5 6.2 5.0 6.1 4.5
20 51 54 4.5 5.1 5.3 5.1 5.7
30 51 4.6 5.7 5.6 5.1 5.5 5.7
50 52 5.0 4.0 5.0 4.5 4.9 5.4

£=0.6

Bias-corrected LM 10 4.1 5.2 5.1 4.4 5.2 5.5 6.3
20 4.9 5.3 4.2 4.7 5.7 5.4 4.9
30 49 4.9 4.6 5.1 5.0 5.2 5.1
50 6.4 5.1 5.3 5.7 4.8 5.3 5.9

PUY’s LM 10 74 9.1 115 124 220 428 84.6
20 6.0 6.9 6.0 7.9 9.6 179 36.3
30 6.3 5.8 6.7 7.4 8.2 11.0 178
50 6.7 6.0 6.5 6.9 5.7 7.4 7.8

Pesaran’s CD 10 6.2 6.0 5.5 4.6 5.1 5.2 5.7
20 59 5.7 7.1 5.5 6.0 6.4 5.0
30 6.3 5.3 5.2 4.7 4.9 4.5 5.5
50 4.6 5.7 5.5 5.5 4.5 5.1 4.5

In their Theorem 1, Halunga, Orme and Yamagata (2017) show that
under some conditions, for all i # j, as T — oo

VT4, % N(0,1).

Based on this result, they proposed two robust versions of Breusch—Pagan
tests using 4;;. However, the proposed tests are only valid when n is fixed
or much smaller than T'. For the case of comparably large n and T', wild
bootstrap procedures based on these two robust tests are proposed and
illustrated to work well in finite samples.
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In Table 2.4 above, we find that under the alternative of an SMA(1)
model, the power of LMp¢ increases with T, but not substantially with n.
For example, when n increases from 100 to 200 with 7" = 10, the power of
LMgc increases from 52.3% to 57.4%. This means that the LMpc test is
likely to be not powerful enough to reject the null in some cases. Recently,
Fan, Liao and Yao (2015) find that in the high-dimensional setup, the
quadratic tests, like LMpc and PUY’s LM, lack power to detect the sparse
alternatives with only a few nonzero off-diagonal elements.

To deal with this issue, they propose a power enhanced version of LMpc
test by adding a power enhancement component Jy (> 0 almost surely),

J = LMgc + Jo,

where Jy converges in probability to zero under Hy, and diverges in prob-
ability under sparse alternatives. An example of Jy is a screening statistic,

Jo=+/nln=1)/2 Y b

(i.)e8
S ={(i,5): ﬁz‘j@;ﬂ > N7, < j <n},

where 0 = (1 — p3;)?/T is the estimated asymptotic variance of py,
and 0,17 = log(logT)+/log(n(n —1)/2). Using a threshold 6, r, the set
S screens out most of the estimation error and determines a few nonzero
off-diagonal entries with an overwhelming probability.

Recently, Mao (2016) extends Pesaran’s (2004) CD test and PUY’s
bias-adjusted LM test in a static heterogeneous panel data model based
on pairwise-augmented regressions. Demetrescu and Homm (2016) derive
tests for cross-sectional correlation in large panels based on White’s (1982)
information matrix equality test principle. This approach is considered as
a specification test. Instead of looking at the diagonality of error variance
matrix directly, the proposed tests examine the difference of variance esti-
mators of slope parameters in the cases with and without cross-sectional
correction.

2.7. Technical Details

The section provides some technical details needed to prove Theorem 2.1.
In the fixed effects model y;; = o+ 2}, 5+ i +vir, B is the within estimator
and the within residuals are given by v;; = §;x — 5,8, where 9ix = yit — Ui
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and T;; = x4 — Ty, with yZ T Zs 1 Yis, and Z;. similarly defined. Define
Vit = v — V3. wWith v = 5 25:1 v;s. The within residuals can be written
as ’IA}it = ’171‘,5 — i’;t(B — 6) Let V; = ('Uih . 7'UiT)/7 f/; = (6“’ .. 'UZT) V =
(?i‘v . ,’lji.)l, Xi = (xih . ,,’BiT)I, Xi = (Li'il, . ,,’iiT)I,Y;‘ = (yzla e 7sz) ,
Y: = (Gi1y .-, Gir) for i =1,...,n. In vector form,

Vo=V, = Vi— Xi(B - B). (2.21)

Using this notation, the sample correlation 7;; in the raw data case can be
written as
- VIV;
Tij = ARREVADEE

(2.22)

and its sample counterpart using within residuals in the fixed effects model
is given by

pij = (2.23)

Dividing v;; by o, we obtain
) v 1 & v i\
i _ Yt 2 Jis _ [ 2t 3 _
o T}jm (m)w B).

As shown below, the terms involving ( £)/(3 — B) have no effect on the
test statistic asymptotically. Without loss of generality, o; is assumed to
be 1 in the derivations below. Under Assumption 2.2, %f(l’f(l = 0,(1),
LX/X; = 0,(1) and (B — B) = O,((nT)~'/?). In addition, we need the
following lemma in the proofs below.

Lemma 2.1. Under Assumptions 2.1, 2.2 and the null,

(1) £V/V; =14 0,(T1/2);

(2) V'V = Op(TY2) for i # j;
(3) FV/Vi = 3V/Vi=0,(T");
(4) 70:.05. = Op(T~ )

(5) AX[V; = 0,(T1/?);

(6) % ~z/Vl =0 (T 1/2)7

(7) X[V = 0,(T~4/?);

(8) =X[Vi=0,(T~1/?).
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Lemma 2.2. Under Assumptions 2.1, 2.2 and the null,

(1) VIV = V)V — vv+Ez, where E; = —2(B—B) X[V;+2(8—B)' X[Vi+

B—B)X[Xi(B—B)=0p(n~1V?); ) ) o

(2) V/V; =V/V; = V/V; + F, where F = —( — B XiVi+ (B —B)XiVi—
(B—B) X[V + (B—BYX[V; + (B—B)X[X;(B— B) = Op(n~"/?).

N

<.

Lemma 2.3. Under Assumptions 2.1, 2.2 and the null,

(1) (V)2 = (V) (VI Vi) (VI V)2 (VI Vi) (V) V)] = G + H,
where

H = F? - 2(V/V))F — [(V/V})E; — (V/Vi)E; + (V/V})E;
—(VIV)E; + EiEjJ(V{ Vi) (V{Vi) (ViV})] = Op(n~1/2);

@) (S5 (G5) = (1 - L)2 + 0,(T712).

Lemma 2.4. Under Assumptions 2.1, 2.2 and the null,

& =T
- n(nlfn [n(z;”* (nT—ﬁ)w (\LF)]
(2) ”*111J1+1 171_/
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(3) ,HZZ S ADIAAIA

: {(—fﬂ

O ) ZZ (VI V) (V/V;)*/(V{Vi)

p i
B n(nl_ s [n(n— 1)(T22T4; 20T + 60) Lo, (;2_\\//?%)]
0 n_l ;];1

=

Now we are in good position to prove Theorem 2.1.

Proof of Theorem 2.1. It is equivalent to show that for large n and T,

LM(pit) — LM(riz) — ﬁ = 0,(1).
By (2.22), (2.23) and Lemma 2.3,
LM(piz) — LM(rit)
B Y D I

11] i+1 11] i+1

= (V)2 = (V) (VV) (VI V) 1V V) (V] V)]

n(n—1) ZZT (VIV)(VIV;)

=1 j=1i+1
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1
T i=1 j=i+1
n—1 n
1 1 H
+ N
(1—=£)* ) nn-1) ;j;l T
1 1
+ —— = -1
1-7)?\ n(n-1) ;J;1 (V/Vi/T)(V]V;/T) /(1 = £)>?
1
— H).
X T(G+ )

Using H = O,(n~1/2), the second term above can be written as follows:

(1— ) n,lzz—

By Lemma 2.3, (%V/‘Z)(%VJ’VJ) = (1 — )%+ O,(T~/?), it follows that
(%’%/T)(%’\%/T)/(l—%ﬁ — 1 = O,(T~1/?). Thus, it is straightforward to

calculate the order of magnitude of the third term,

1 1 G+H
(1= 7)?\ n(n—1) ;J;1 (V/Vi/T)(V{V3/T) /(1 = 1) T
1
_ O 1/2
(1- T) n(n—1) ;j;l

X

0,(1) + 0, (@) + 0, (n~1?)
o) o ()
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Now we consider the first term,

1
(1- ) nflzz_

i=1 j=i+1

- = 1 T ZZ VIV (V)

)2 per et
+(VIVH) VIV [(ViV;) + (ViVi)(VIV))? [ (ViV)
— (Vi) (VIVi) (V) V)2 (VI Vi) (V] Vi)l + 2(V/V;) F.
By Lemma 2.4,

1
(1—L)2 n—lzz_

=1 j=i+1

e [ () o (3)

T =52\ a1 2T
1D o, (127)

pon= DT o (#)

pon= DT (@)

n(n — 1)(T?% + 20T + 60) ny/n
B 27 O (TWT)

+0, (T)+O (ﬂ)] (2.24)

For large n and T, the expression above (2.24) can be approximated by

n n
Ly om )
(17%)2( 2T+2T+2T+2T 2772

+0, (;}2> +0, (g) +0, (%)

= 57— O (%) + 00 (‘f)+op<%>.
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Combining these three terms, we obtain

LM (ps¢) — LM(ri¢)
s rorm) o (7)o ()]
|

() [o (7)o (5
+

n

_R?jﬁ+0(;)+o<
(

Therefore, as (n,T) — oo with n/T — ¢ € (0, 0),

LM(piz) — LM(rit) —

2.8. Exercises

(1) Under Assumptions 2.1, 2.2 and the null, show:

(a) + T vivjr = O,(T~1/2) for i # j;

(b) TLZ Z] =it1 Zt 1 ztv_]t: n(n L + Oy ( \\/F%)v

(©) 22 X Xiir Toimt r vhvsavsr = Op(5);

() ot S5 S 2OV =\ faiks (M +

Op(%) + Op(\_ﬁT)]'

(2) (Baltagi, Feng, Kao, 2011, Proposition 4.1) In the fixed effects model,
fori=1,...,n;t=1,...,T

Vit = @+ 23,0+ Wi + vit,

let vi = (v1¢,...,vn7) . The nx 1 vectors vy, va, ..., vr are assumed to
be i.i.d. N(0,3,,). Denote the n x n sample covariance matrix by S =
%Zthl vy, For the within residuals v, the residual-based sample
covariance matrix can be obtained as § = T ZtT:1 040, where 0, =
(D14, ...,0n¢) for t = 1,...,T. Under the null hypothesis Hy : %, =
021, show

1 ~ 1 1
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(3) [Breusch and Pagan, 1980)

LMBP—TZ Z pz]_>Xnn 1)/2
=1 j=i+1

under the null of diagonality or cross-sectional uncorrelation.
(4) [Halunga, Orme and Yamagata (2017), Theorem 1] Under certain con-
ditions, for fixed n, as T'— oo, show

7 Yy uittie
(a) VT = — N(0,1).
\V % D1 uzztu?t

1 T
\/— Zt 1 Wirlje VT Zt 1 UitUjt
b = =0,(1).
( ’YU \/ Z aQ u2 \/ Z u u P( )
t=1 it t=1 "it Vgt

(5) [Pesaran (2015), Theorem 2] Under the null, as n and T go to infinity,

CD % N(0,1).

(6) Prove (2.11).
(7) [Ledoit and Wolf, 2002] Let x;, ¢ = 1,...,n + 1, be iid. as a
p-dimensional random vector such that

x; ~ N(p,X).

Let
1 n+1
S==> (x;—7) (; — 7

=1

with
1 n+1

Show that as £ — ¢

1 P

—tr(S) = a,

p

—tr (5?) 5 (14 ¢)a? + 6%,
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and
—tr(s) — «
n b n+p+1
— tr (5?) PT o2
P n
2 2
= 4(1+1)a?
d [0] c ¢
— N \ 1
0 4<1+—) a® 4(2+45+2c)a
c
with
12
o = — Z )\j
P
and
6 = li()\» —a)?
= J
P =
where Aj,..., A, are the eigenvalues of .

(8) [Jiang (2004)] Let x,, = (z;) be n x p, where the n rows are observa-
tions from a multivariate normal distribution and each of p columns
has n observations. Let

D ohet (Tri = Ti) (k) — T)

Pij =
n —\2 n — \2
Vi, (@ — )P Ty (e — )

)

where

1 n
T; = - Z T
k=1
Then R = (p;j) is a p x p sample correlation matrix. Define
L, = il
n= gr?éajxgp |pij

Show that if * — v € (0,00)

lim L, =2
n—oo \[ logn

almost surely and

P (anL —4logn +log (logn) < y) _y p—kev/?
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with
_ 1
2/87
(9) (Jiang and Yang, 2013) Let p x 1 vector z; =" N (1, %), i = 1,...
Consider the spherical test
Hy: ¥ =M\,
Versus
H,: ¥ # )\,

for a A. Define

and

Let

Vi, = || (“(S))_p.

(a) Show that under the null
d 2
—(n—1)plogV, = x7}
as n — oo with p fixed where

2p2 +p+2
p=1———
6(n—1)p
and
1
f=50-1p+2).
(b) Show that
IOgVn_Nn

On

4 N(0,1)
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as & — y € (0, 1] where

= p—(n-p-2)10g(1- L
fin = —P P35 |log p—]

2 p p
=2 |——+1 1-—1].
A= |y s (1o 12

(10) (Chen and Jiang, 2018) Define

and

(n—1)p

An:< ¢ ) T g
n—1

Show that as (n,p) — oo

log A,, —
log s 4,0, 1y
noy
with
1 P 1
n=—(n—-1)(2n—2p—-3)log (1 - L)+ =.
=~ = 1) @20~ 2p - 3)1og (1= L) 4 5
(11) Let
— (il
2= (")
for p € (—=1,1). Show that
2 (,2p _
p° (p* —1)
tr(n?) = 2 = O(p),
( ) 17p2 (1_p2)2 ()
p—1
w(2) =23 (p— k) (k +1)%
k=1
1+ p?+7p* = pf
Uro 277 27 | o,

and

33
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ii.d

en et al., et x; ~ w,2),1i=1,...,n, where z; is px 1.
12) (Ch t al., 2010) L N (X)), i=1 h i 1
Let
1 n
Yin = — > ajw,
nia
1 , 2
von = 53 > (wi2)",
B i#£]
_ 1 /
Y3n = P_ﬁ foixj»
i#]
1
3 3) ST
nog ik
and
1
Yon =BT DD DD Tk
nogi ko
with
n!
P =
" (n—r)!
Define
Tin = Yin — Y3n,
T2n = Yon — 2y4n + Ysn,
and

In

Show that as tr(X?) — oo and % =0

i [(557) () =] # o

(i ) |

o [(tfm - tr?m ° (trA222> - tr?&ﬂ’

5 CoB= (Cijbij).

with

9 8
Uln:n—ﬁ-gtr

where for two matrices C' = (¢;;) and B = (b;;



Chapter 3

Factor-Augmented Panel Data
Regression Models

3.1. Motivation

In the past decades, factor-augmented panel data regression models have
received tremendous attention in econometrics literature and empirical
studies. Adding an interactive form of unobserved factors could include
the traditional linear panel data regression models as special cases. In addi-
tion, the factor structure could be used to model heterogeneous impacts of
unobserved common shocks and cross-sectional dependence. Recently, Hsiao
(2018) provides a very detailed and insightful review on the main modeling
and estimation approaches in the literature. In this chapter, three main
approaches are introduced, including Pesaran’s (2006) common correlated
effect (CCE) approach and Bai’s (2009) iterated principal component (IPC)
approach and the likelihood approach proposed by Bai and Li (2014) and
advocated by Hsiao (2018).

Pesaran (2006) develops CCE estimators for large heterogeneous pan-
els with a general multifactor error structure. The idea of CCE approach
is to use cross-sectional averages of dependent and independent variables
to proxy for the unobserved factors, thus the slope parameters can be esti-
mated by least squares using augmented data when the cross-section dimen-
sion is large. Kapetanios, Pesaran and Yamagata (2011) show that the CCE
estimator can be extended to the case of nonstationary unobserved com-
mon factors. Additionally, the CCE approach is also shown to be applicable
to situations of spatial and other forms of weak cross-sectional dependent
errors (Pesaran and Tosetti, 2011; Chudik, Pesaran and Tosetti, 2011), and

35



36 Large-Dimensional Panel Data Econometrics

heterogeneous dynamic panel data models with weakly exogenous regressors
(Chudik and Pesaran, 2015). Baltagi, Feng and Kao (2016, 2019) general-
ize Pesaran’s (2006) heterogeneous panels by allowing for unknown common
structural breaks in slopes and factor loadings due to global technological
or financial shocks in the cases of exogenous and endogenous regressors.

Bai (2009) takes a different perspective and treats the unobservable
factor structure as interactive fixed effects in a homogeneous panel data
model. In this model, factors and loadings are treated as parameters to be
estimated, so the correlations between regressors and factors and loadings
are allowed. An IPC estimator is developed to consistently estimate slopes
and factor structure.

Since the advancement of Pesaran’s (2006) CCE approach and Bai’s
(2009) IPC method, a multifactor error structure has been widely employed
in empirical studies to model cross-sectional dependence and heterogeneous
effects of unobserved macro shocks. For example, in the applications of the
CCE approach, common factors are used to account for spillover in a study
of private returns to R&D (Eberhardt, Helmers and Strauss, 2013), and
to control for unobserved heterogeneity when examining the relationship
between public debt and long-run growth (Eberhardt and Presbitero, 2015).
In Boneva and Linton’s (2017) research on the issuing of a corporate bond,
unobserved common shocks such as the global financial crisis are modeled by
interactive fixed effects in a discrete-choice model in heterogeneous panels.
In addition, heterogeneous responses to aggregate shocks are allowed for by
common factors in examining the effect of financial aid on macro outcomes
by Temple and Van de Sijpe (2017), also, the reaction in a given US state
to capital tax changes in other states by Chirinko and Wilson (2017).

In the applications of the IPC approach, Kim and Oka (2014) exam-
ine the effects of unilateral divorce laws on divorce rates in the US. They
control for endogeneity due to the correlation between the unobserved het-
erogeneity and regressors to deal with bias in the resulting estimates of the
treatment effects. Similarly, Gobillon and Magnac (2016) use Bai’s (2009)
IPC approach to evaluate the effect of an enterprise zone program. Totty
(2017), on the other hand, estimates the effect of minimal wage increase on
employment in the US with a factor structure to address concerns related
to unobserved heterogeneity.

In this chapter, we introduce these three main approaches in the
factor-augmented panel data regression models. In particular, in Sec-
tion 3.2, Pesaran’s (2006) CCE approach is discussed in detail. Section 3.3
presents Bai’s (2009) IPC approach. A likelihood approach is introduced in
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Section 3.4, and other studies are briefly discussed in Section 3.5. Finally,
an empirical example is used to illustrate these approaches.

3.2. CCE Approach

Pesaran’s (2006) CCE approach is originally developed in a static hetero-
geneous panel data model with large n and large T'. It can be applied to
the cases of homogeneous panels, dynamic and fixed T, etc. Here, we start
with a simplified version and then extend to the general model considered
by Pesaran (2006). In a heterogeneous panel data model:

yr =T Bitew, i=1,...,n;t=1,....T, (3.1)

it 18 a p X 1 vector of explanatory variables, and the errors are cross-
sectionally correlated, modeled by a multifactor structure

eit = Vi ft + €it, (3.2)

where f; is an m x 1 vector of unobserved factors and ~; is the correspond-
ing loading vector. Here g;; is the idiosyncratic error independent of x;.
However, z;; could be affected by the unobservable common effects f;. Pro-
jecting x;; on f;, we obtain

xit:Fg,ft"'vita i:l,...,n;t:l,...,T, (33)

where I'; is an m X p factor loading matrix, and v; is a p X 1 vector of
disturbances. Due to the correlation between x;; and e;;, the ordinary least
squares (OLS) for each individual regression could be inconsistent.

To deal with the endogeneity due to the unobserved factors, Pesaran
(2006) proposes an innovative idea of using the cross-sectional averages of
yit and x;; as proxies for fi. Plugging (3.2) and (3.3) into (3.1) gives

Yir = 2B +ife +eu
= (Dife +vie) Bi +vife +cun
= (BiLs + 7)) fe + (Bivit + €it). (3.4)
Combining (3.4) and (3.3) yields
Yit (BiLi + i) fr + (Bivie + €it)
Wit = = ,
(p+1)x1 Tyt I fe + v

= Cz/ ft + up o, (35)
(p+1)xmmx1 (p+1)x1
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where
o (4. 1 0
i = Vi, Li )
mx (p+1) Bi Ip

/
([ Bivit + et
Uit = .
Vit

Let w; = Z?:l 0;w;; be the cross-sectional averages of w;; using weights
0;, i = 1,...,n. They satisfy conditions: §; = O(L), 3" 6, = 1 and
i1 10i] < co. A simple example is the equal weights, i.e., §; = 1/n. In
particular,

wy = C' fy + Uy, (3.6)
where C' = """ | 6,C; and

Et 4 Y i i
! (3.7)

Up = Z Oiuwie = (
i=1 Ut
with & = Z?:l O, and v = Z?:l 0;vit .
When C is of full rank, CC” is invertible. From (3.6), f; can be written
as follows:

~A=1 A~
fe=[CC"] " Clwy — ).
Intuitively, in the case of equal weights 6, = 1/n, i = 1,...,n, @ is the
combination of averaged errors. By the Law of Large Numbers and the

assumption of independence between f; and x;; (or v;), @ — 0 as n — oo,
yielding

fi—[cc) ™ Cw B o. (3.8)

This implies that it is asymptotically valid to consider f; as a linear function
of w;. Pesaran (2006) suggests augmenting the original regression (3.1)
by adding w;, the cross-sectional averages of dependent and independent
variables, as additional regressors to control for the effects of f;. That is,
the regression becomes

Vit = x4, Bi + @iy + €.

From this perspective, this CCE approach is regarded as a way to predict
the unobserved f; using observables. It is also similar to IV estimation in the
sense that the CCE approach uses predicted value to solve the endogeneity
issue.
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The matrix form of (3.4) is

Yi=XBi+ Fv + & (3.9)
If F were treated as observable regressors, then the OLS estimator of 3; can
be estimated by partitioned regression. However, equation (3.8) suggests
that f; can be proxied by w;. Or F' can be wiped out asymptotically by
a projection matrix based on w;. Let W = (wy,ws,...,wr) denote the
T x (p+1) matrix of cross-sectional averages of dependent and independent
variables. Denote the T' x T matrix M,, by M, = Ir — W(W'W)~1W".
Premultiplying both sides of (3.9) by M,,, we obtain

It is expected that the terms involving M, F' are ignorable asymptoti-
cally as n — oo, and that there is no endogeneity due to unobserved factors
in equation (3.10). Thus, the CCE estimator of §; is defined as the least
squares of transformed data

Bicom = (X{MyXi) ™ X{M,Yi.
When a common slope [, instead of individual slope ;, is the parameter

of interest in empirical studies, under the random coefficient assumption,
it can be obtained by the CCE mean group (CCEMG) estimator

. 1< A
Peceme = ; BiccE,
or CCE-pooled (CCEP) estimator

n -1 5
Bocep = (Z éiX;Min> > 6:X[M,Yi,

i=1 i=1
where 0; is a different set of weights. Under some conditions,
5 d
vn(Beceme — 8) = N(0,Xma),
where Y\1¢ can be consistently estimated by

1
n—1

> (Bi.cor — Bocema) (Bicce — Bocema)'-
i=1

The general case considered by Pesaran (2006) includes observed factors,
e.g., season dummies denoted by d;:

Yir = hdy + 25, B +ew, i=1,...,n;t=1,...,T.
Thus, equation (3.9) becomes

Y; = Da; + XiBi + Fyi + €3,
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where D = (dy,ds,...,dr)". Different from unobserved factors F, the
observed factors D can be partialled out directly. In this case, the projection
matrix M, (3.10) can be replaced by M), = Ir — H(H'H)"'H', where
H = (D,W).

3.3. IPC Approach

Another popular approach of estimating factor-augmented panel regression
model is IPC proposed by Bai (2009) in a homogeneous panel data model:

Yir = T+ uip =2, B+ Nife e, i=1,....n; t=1,...,T. (3.11)

In this model, the factor structure X, f; is considered as a generalized version
of fixed effects with an interaction form, instead of an additive form \; + f;
in a two-way error component panel data model. Different from the model
above using CCE approach, here «y; could be correlated with regressors x;;,
as in the traditional fixed effects model. Thus, there is an additional source
of endogeneity. Therefore, the CCEMG or CCEP could be inconsistent in
the model (3.11) under this assumption.

To obtain a consistent estimator of 8 in equation (3.11), Bai (2009)
proposes an iteration method based on the principal components method.
Different from Pesaran’s (2006) approach, in which the unobserved factors
are partialled out, the IPC approach treats factors and loadings as param-
eters and estimates them directly. The matrix form of (3.11) is

Yi =X+ F\; +¢;. (312)

Define n x r matrix A = (A1,...,A,)". The parameters of interest here
include B, F' and A. The least squares estimator is defined as the solution
to minimizing the sum of squared residuals
min SSR(B, F,A) = > (Vi = X;B— FA;)'(Y; = X;B — FXA).  (3.13)
i=1
Stacking observations through all n individuals, we write equation (3.12)
as

Y =XB+FA +¢,

where Y = (Y1,...,Y,), X = (X1,...,X,,) and € = (e1,...,&,). Since F
and A are not identifiable, additional restrictions are imposed on the factor
structure: F'F/T = I, and A'A = diagonal.
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With these additional restrictions, an iterated estimation procedure is
proposed. First, for each given F'; OLS of 3 is obtained in (3.13)

n -1 5
B(F) = (Z X;MFXz) > XIMpY;,

i=1 i=1
where Mp = Iy — F(F'F)"'F' = Iy — FF'/T. Second, for a given j,
Y; — X8 = F\;+¢; has a pure factor structure. The least squares estimator
of F is equal to the first r eigenvectors (multiplied by v/T') associated with
the r largest eigenvalues of the matrix ) . (V; — X;8)(Y; — X;8)". Once
the estimated factor F' is obtained in the second step, the slope estimator
B (F) in the first step can be updated. Thus, the final least squares estimator
(B Na ), referred to as the IPC estimator, is the solution of following iteration:

n -1 n
B= (Z X;Mﬁxi> > XIMY;, (3.14)
=1

i=1

1 n
T > (i - XiB)(Yi - XiB)
i=1

F = FVyr, (3.15)

where V,,7 is a diagonal matrix that consists of the r largest eigenvalues of
L3 (Y — X8)(Y; — X;B), arranged in descending order. The loading
estimator is

N =F'(Y — XB)/T.

In practice, Bai (2009) proposes a more robust iteration procedure: given
F, A, slope estimate can be computed by

n -1 5
B(F,A) = (Z X;Xi) SOXI(Y; - FA), (3.16)
i=1 i=1
and given B above, ' and A can be computed from the pure factor structure
Y, — XiB = F\;, +e;, i =1,...,n. This new iteration scheme calculates a
matrix inverse (3., X/X;)~! in (3.16) and avoids updating matrix inverse
in each iteration in (3.14).
In the absence of correlations and heteroskedasticity, the IPC estimator
B defined above is vnTconsistent without a bias. However, in a general
case, B is asymptotically biased. Thus, Bai (2009) proposes a bias-corrected
version of IPC estimator of 3.
Compared to the CCE estimator proposed by Pesaran (2006), the IPC
approach has the advantage of allowing for the correlation between factor
loadings and regressors. In addition, no rank condition is required.
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3.4. Likelihood Approach

Bai’s (2009) IPC approach treats both factors and loadings as parameters,
and controls the interactive fixed effects through estimating them. The ben-
efit of this approach is allowing for arbitrary correlations between regressors
and factors and loadings. However, there are too many parameters to esti-
mate and a bias due to incidental parameters may arise. To address this
concern, Bai and Li (2014) propose a likelihood approach to estimate the
sample covariance matrix of factors (or loadings), instead of factors (or
loadings) themselves, thus eliminating the incidental parameters problem
in the time dimension (or cross-sectional dimension).
The model considered in Bai and Li (2014) is

Yir = T+ N fr +ew, i=1,....mt=1,...,T. (3.17)

To estimate (3, Hsiao (2018) considers a quasi-likelihood approach for (3.17)
using the following objective function:
T 1 S I5—1
—5 (%] -5 ;(m — XiB— FX)'S7N (Y — XiB — FAi),

in a special case of homoskedasticity, i.e., 3. = E(e;ei) = o2Ir. Bai and
Li (2014) take a different approach. Similar to Pesaran’s (2006) model, the
relationship between z;; and factor structure is specified in an additional
equation:

Tit = Vi ft + vi. (3.18)

Different from Pesaran (2006), this model allows for the correlation between
x;+ and \; through the correlation between «; and \;. Bai and Li (2014) treat
loadings \;, 7y; as parameters and estimate them jointly with 8 by forming
(3.17) and (3.18) in a simultaneous equation system. Let T'; = (\;, Vi),
zit = (yit, o))" and w;z = (g4, v);). The model consisting of (3.17) and
(3.18) can be written as

1 g
Zit = Féft + Ut
0 I

Let B = [(1) _If/}, 2 = (2lyyeszhy) and T = (Ty,...,1,), v =
(uly, ..., ul,) . Stacking observations across i, we obtain
(IN®B)2t :Fft—i-ut, t= 1,...,T. (319)

Thus, the model (3.19) becomes a high-dimensional factor model considered
in Bai and Li (2012) except the term (I, ® B) in front of the observable z;. As
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in the estimation of system of equations, the objective function of maximum
likelihood estimation considered in Bai and Li (2014) is

1 1
L =-—|2..|— —tr[(l, ® B)M..(I, ® B")X.} 3.20
WL= oS - (T © BM.(L @ B)SY] (320)
where ., = TM IV + %, M., = %ZtT:l(zt — Z)(z¢ — z)’ is the data
matrix and z = %Zthl z¢. The parameters to be estimated here are
(8,1, Mys,%,). Here N(p + 1) x r matrix I' contains all factor loadings
Ai,¥i in equations of y;; and wy, ¢ = 1,...,n, and 7 X r matrix My =

+ Zthl(ft — f)(fe = f) has r x (r +1)/2 distinct elements, f = + Zthl fr.
Different from Bai (2009), here only matrix M, instead of r x T' param-
eters fi,t = 1,...,T, is to be estimated. Thus, the incidental parameters
problem in time dimension is avoided. Moreover, n(p+ 1) x n(p+ 1) matrix
Yy = E(uu)) = diag(X11, ..., Znn) is a block diagonal matrix due to the
uncorrelation of w;; across i.

The maximum likelihood estimator (MLE) of (8,T', My, ¥,,) is defined
to maximize In L in equation (3.20). The identification conditions required
are as follows: Myy = I, 7- S fi =0, and LV, 'T is a diagonal matrix
with its diagonal elements distinct and arranged in descending order. Under
these conditions, parameters to be estimated reduce to (3,T, ¥,).

Bai and Li (2014) show that under some conditions and \/n/T — 0, the
MLE of 8 is v/nT consistent, efficient and has no asymptotic bias, which
is different from Bai’s (2009) IPC estimator. To implement the maximum
likelihood method, Bai and Li (2014) adapt the ECM (expectation and
conditional maximization) procedures.

In equation (3.19), an individual specific intercept term can be intro-
duced to accommodate an intercept in equation (3.17) and nonzero means in
equation (3.18). As shown in (3.20), only the second moments are involved,
so including an intercept term does not affect the MLE.

Bai (2013) extends the likelihood approach to a dynamic panel data
model with a factor error structure. With a proper treatment of the initial
observation, the proposed MLE is consistent, efficient and asymptotically
unbiased in cases of fixed T and large T'.

3.5. Other Studies

Other important approaches to deal with the unobserved factor structure
in static panel data models include the quasi-difference method by Ahn
et al. (2013), instrumental variable approach by Sarafidis and Robertson
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(2015), ete. In a dynamic model, Moon and Weidner (2017) propose a bias-
corrected least squares estimator. Hsiao (2018) reviews the existing factor-
augmented panel data regression models in the literature and categorizes
them into four groups by treating \; and f; as random or fixed effects. In
terms of the potential correlations between A\; and z;;, and between f; and
x;t, Pesaran’s (2006) model and CCE approach introduced in Section 3.2
can be considered as the case of treating \; as random and f; as fixed. Since
in Bai’s (2009) model, both \; and f; are allowed to be correlated with 2,
the IPC approach is considered as the case of treating both A\; and f; as
fixed.

Hsiao (2018) suggests a quasi-likelihood approach as a common frame-
work for four different combinations of random and fixed A; and f;. In a
dynamic model,

Yit :6lyit71+x2tﬁ2+>\gft+€it7 Z:].,,Tl,t: ].,...,T,

when T is fixed, it is reasonable to treat \; as random and f; as fixed. In
Hsiao’s (2018) Monte Carlo experiments, both CCE and IPC approaches
are invalid for the case of the dynamic model when T is fixed. In this
case, a quasi-maximum likelihood estimator introduced by Hsiao (2018) is
consistent and asymptotically unbiased as n — oc.

3.6. An Empirical Example

In this section, CCE, IPC and likelihood approaches introduced above are
illustrated by using a panel data set for China’s provincial infrastructure
investments over the period of 1996-2015. This data set is employed by
Feng and Wu (2018) to investigate the productivity effect of infrastructure
by estimating the output elasticity with respect to public infrastructure in
an aggregate production function.

We start with a homogeneous panel data model based on an aggregate
production function:

Git = Bo + Bubir + Brkir + i + A + €, (3.21)

where g;; is the logarithm of GDP per labor in province i in year ¢, and
b;+ is the logarithm of public infrastructure stock per labor, and k;; is the
logarithm of noninfrastructure capital stock per labor. In this equation,
By and [ are, respectively, the output elasticities of public infrastruc-
ture and noninfrastructure capital, and u; denotes province specific fac-
tors, such as location, weather, endowments of raw materials. Time effects
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A are used to control for national-level macro shocks, and ¢;; denotes the
idiosyncratic error. To estimate the parameter of interest 3y, the following
first-differenced equation form is used to deal with the nonstationarity of
macroeconomic variables g;:, b, kit

Agit = BbAbit + 61@Akit + AN + A€y, (322)

Summary statistics of the variables used in the regressions and detailed
information of the data construction and variables can be found in Feng
and Wu (2018).

Table 3.1 gives the first-differenced (FD) estimates assuming that the
regressors Ab;; and Ak;; are exogenous. Besides the full sample estimates in
column (1), estimates using subsamples of noneastern and eastern provinces
are reported in columns (2) and (3) to highlight cross-region heterogeneity.
Similarly, to allow for structural changes in elasticities, subsample estimates
using the periods of 1997-2007 and 2008-2015 are presented in columns
(4) and (5). Substantial differences in the magnitude of the estimated g are
observed, indicating that cross-region heterogeneity and structural changes
should be accommodated in an empirically more flexible model.

Table 3.1 also reports Bai’s (2009) IPC estimates in column (6), Bai
and Li’s (2014) MLE in column (7) and Pesaran’s (2006) CCE mean group
(CCEMG) estimates in column (8). In column (6), the IPC estimates of
By and B are 0.197 and 0.349, respectively.! Compared with column (1),
the IPC estimate of [ varies little after controlling for interactive fixed
effects, while the IPC estimate of (3, increases from 0.127 to 0.197. MLE
results proposed by Bai and Li (2014) are included in column (7). In the
case of two factors, the MLE of 5, and (i are 0.233 and 0.517, slightly
bigger than those of IPC. When there is one unobserved factor in errors,
the MLE results are very close to IPC estimates.

Column (8) estimates a heterogeneous model to allow for different elas-
ticities across provinces:

Agir = Bu,iAbit + Brilkir + Al + A€y (3.23)

Column (8) assumes a factor structure in the error Ae;y = 7/ fi + € in
equation (3.23) to capture the heterogeneous impact of unobserved macro
shocks f;, and the fact that regressors Ab;, Ak; can be affected by the

LA Stata ado file regife developed by Gomez (2015) is used to calculate Bai’s (2009)
IPC estimates. Here, two factors are assumed. The estimates are quantitatively similar
to those with three factors in the errors.



Table 3.1. Output elasticities estimates.
Dependent variable: Output per labor
FD IPC MLE CCEMG

Independent variables (1) (2) (3) (4) (5) (6) (7) (8)
Infrastructure per labor 0.127%%* 0.166%** 0.107*** 0.144%** 0.088%** 0.197%%*  0.233  0.194%**

(0.025) (0.025) (0.026) (0.031) (0.036) (0.017) (0.023)
Noninfrastructure per labor 0.324%%* 0.346%** 0.321%%* 0.340%** 0.315%** 0.349*%**  0.517  0.407***

(0.027) (0.024) (0.025) (0.040) (0.024) (0.018) (0.037)
Regions All Noneastern  Eastern All All All All All
Periods All All All 1997-2007  2008-2015 All All All
Year effects Yes Yes Yes Yes Yes Yes Yes Yes
No. of observations 569 360 209 329 240 569 569 569
Overall R? 0.727 0.762 0.758 0.755 0.670 0.72

Notes: Standard errors are reported in parentheses. The stars, *, ** and *** indicate the significance level at 10%, 5% and 1%, respectively.

ig
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unobserved common factors f;. For this model, Pesaran’s (2006) CCEMG
can be applied directly. Compared with the usual first-difference estimates

in column (1), CCEMG in column (8) accommodates two empirical fea-

tures: slope heterogeneity and cross-sectional dependence. The CCEMG

estimates of B, and B are 0.194 and 0.407, respectively, very close to the

corresponding IPC estimates in column (6) and both are slightly different

from the FD estimates in column (1).

3.7.

(1)

Exercises
(Doz, Giannone, and Reichlin, 2012) Consider
yr = Afi + e,
where fi = (fit,..., fre) 18 an r x 1, A is an n x r factor loading
matrix, and e; = (e14,...,ene) is an n x 1 idiosyncratic components

with e, "< N (0,%) where ¥ is a diagonal matrix. Assume
AL fr = w
with
ALY =1— AL~ — AL

an r X r filter of finite length p with roots outside the unit circle, and
an r-dimensional Gaussian white noise, u; =" N(0,I.). Let 6 be the
quasi maximum likelihood estimator (QMLE) of parameters . Define

Fy = E[F|Y]

with F = (fl,...,fT)/ and Y = (y17"'7yT)/ where F\@‘ _
(f31>--+» fzp)- Show that

1 ~ ~ ~ = 1
trace (T(F — [;H) (F - F(;H)) =0, (A—)

nT

as (n,T) — oo where H = (ﬁéﬁg)_lﬁéF and A,r = min{V/T, 2}.

> logn
(Continued) Assume

Je"RE N, 1)
and
e, "N N(0,021,).
Show that:
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(a) the log-likelihood function is
T T T
log L(Y;0) = —% log 27r—§ log |AA'+02In|—§ trace(AAN +021,);
(b) the QMLE are
A =V(D-75%1,)'/?
and
~2 1 N
0% = —trace(S — AA'),

n

where D is an r X r diagonal matrix containing the r largest eigen-
values of the sample covariance matrix

1
S==Y"Y,
T )

and V is the n x r matrix whose columns are the corresponding
normalized eigenvectors such that V'V = I, and SV =V D;

(c) F;=YV(D-3%1,)"/*D~1.

(Barigozzi and Cho, 2019) Consider

Yit = Xit T €4t

with
/
Xit = )\if t-
Let
T
vPe TRTE
Xit = WijWiYt,
i=1

where W; = (W1, ..., Wn;) is the normalized eigenvector correspond-

ing to the jth largest eigenvalue of the sample covariance matrix of y;.
Show that

logn 1
opce _ . _ ot &
Max max X% — xitl = Op (max (\/ T ﬁ) log T).

(Bai and Liao, 2013) Consider
Yit = Nife + uit

where f; is an r x 1 vector of common factors, A\; is a vec-
tor of factor loadings, and wu; is the idiosyncratic component.
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Let yr = Wity -y Unt)’s A = (A1, \) and ue = (ure, ..., unt).
In vector form,

yr = Nfy + uy.
Define

T
(A fr) = argrj{lifn Z(yt — Afe)Wr(ye — Afr)
Jo i

subject to 4 ZtT 1 ﬁﬁ’ = I, and A'WrA is diagonal, where Wi is an

nxn we1ght matrix. Let Y be the n x T matrix of y;;. Show that

)\ and ft are both r x 1 vectors such that the columns of the T x r

matrix \/1:7F = ﬁ(fl, ceey fT) are the eigenvectors corresponding to

the largest r eigenvalues of Y/W7Y and A = (Ay, .. ,/Xn)’ = %Yﬁ
(5) (Bai and Liao, 2016) Consider

Yit = o + N fe + Wi,

where «; is an individual effect, \; is an r x 1 vector of factor load-
ings, f; is an r x 1 vector of common factors and w;; denotes the
idiosyncratic component. Let y: = (y1t,- -, Unt)’s A = (A1, An),
a=(a1,...,a,) and up = (uis, ..., unt) . In vector form,

Yr = o+ Afy + g

Let § = £ 30y (v — W) — ) and Sy = £ 30, (fi = D = T
withy = % Zthl yeand f = £ Zthl ft. Assume Sy = I, and A’STA
is diagonal. The quasi-likelihood function is

1 1
L(A,%,) = —log[AN + %,] + —tr(S(AN + 2,)7 1),
n n
where ¥, = E(uu}). Define
(Kv i\]u) = arg ([r\nin) L(A, Eu) + PT(EU)

with
1
Pr(%,) = -~ Z PnT Wiz Xijl,
i#]
where (1,7 is a tuning parameter that converges to zero and wj; is an
entry-dependent weight parameter. Let

fo= NEAN)TINE (g - 7).
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Assume log(n) = o(T'). Show that as (n,T) — oo
L& 2 P
LS. sz Bo,
L 2 P
and

Ife = fell 20

for each ¢ where || - || p is the Frobenius norm.
(Fan, Liao, Liu, 2016) Consider

ye = Afe + ey

Assume A is known, A = 1,,, and X, = E(ee}) = I, where [,, denotes
the n-dimensional column of ones with [|I,1],||2 = n. Let ¥ = E(yy;)-
Then

Y = Var(fi)l,l, + 1
and
S = Var(fu)lnll, + I.

Note || = o = |4 X1, (f1e = F1)? = var(fue) | x [[Laly ]|z where || Al
denotes the operator norm of a matrix A. Show that gHE — X2 =
0,(1) and ||E — ||y = 0o if n > /T.

Consider

yr = Afi + e,
where f; is an r x 1 vector of common factors, y: = (Y1t,- .-, Ynt)’,
A= (M,...;\) and ¢ = (elt,/...,em)’. Let FF = (f1,...,[r)
and Y = (y1,...,yr) . Assume A& — ¥\ which is positive definite,

E(eie}) = ¥ = diag(o?,...,02), +F'F = I, and AN is diagonal

with distinct entries. Let F' be the first r leading eigenvectors of Y'Y’
multiplied by v/T and A = % Show that for each 4

VT — X)) %5 N(0,021,)

if ‘/TT — 0 for each 1,
and

VT(fi = f1) % N(0,57'Q%a)
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if g — 0 for each ¢, with
1 !/
—NA— X,
n

and
]‘ /
—A'YA — Q.
n

Consider a quasi-likelihood function

/

T
(YA F,X) = —nTlog(2m) — Elogdet

/ —1
Y’ <X;f +2> Y

=

1
— —tr
2

with X = AF’ and XTX, = AA’. Let A and ¥ be the quasi-maximum
likelihood estimates (QMLE) of A and ¥. Show that as (n,7") — oo
for each i

VT = Ai) %5 N(0,021,)
and
VI(3} —o?) 5 N(0, 2+ ri)o?)
where x; is the excess kurtosis of e;;. Define

fi= (NSRS Yy,

Show that
Valfe = 1) 5 N(0.Q 7Y
if 72 — 0.
(Continued) Let
=
B=(F'F)'F'F= FTF.

Show that

if factors are strong, i.e., NA 5y LetY = VTUDV' with D =

n

diag(di, - . ., dwinn,r))s and U'U = V'V = I,.. Define A = UD with




52

Large-Dimensional Panel Data Econometrics

U'U = I, and D = diag(dy,...,d,). By assuming factors are weak,

i.e., dp — pr < 0o, show that

1 c .
o O

(1+e)o otherwise
and
4
Pr — . 1/4
~ ——— if pp > /%0,
BB s\ i+ 7
0 otherwise

if ¥ =021, and 7
Consider a large factor model as in Bai and Ng (2002),

Yt = Nift +uy fori=1,....nand t =1,...,T,
to test the null hypothesis of
Hy: )\, =0
for all i against the alternative that

Hl)\17é0

(3.24)

(3.25)

for some 7. To test the null hypothesis in equation (3.25), a standard

F-statistic is defined as

(RRSS — URSS)/nr

B\ = ORssTmm = )

(3.26)

where RRSS and URSS denote the residual sum of squares from
the restricted and unrestricted models, respectively. Show that the
F-statistic can be written as a ratio of the average of r largest eigen-

values and the average of the rest T'— r eigenvalues,

F)\(’I”) = N =7 =
ﬁ Zj:r—i-l lj

~ ~ ) T ,
where Iy, ..., Ir are eigenvalues of =% " | X; X[.
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(10) Let X;; be i.i.d. standard normal variables. Write
1 :
Sp = (EZXikak> :
k=1 ij=1
which can be considered as a sample covariance matrix with n samples
of a p-dimensional mean zero random vector with covariance matrix

Ipxp. Define
T,, = In(det S,,)
P
= In\,;,
j=1
where A, ; are the eigenvalues of S, j =1,...,p.

(a) Show that when p is fixed, \; = 1 and hence T}, 2 0.

(b) Show that
ﬁTn 4 N(0,2)
p
for any fixed p.

(c) One may think that the possibility that 7;, is asymptotically nor-
mal provided p = O(n). However, this is not the case. Explain
(no need to show it formally) why

\/?Tn — —00
D

(11) Suppose )?it is observed with a measurement error €;; in a large factor

when (p,n) — oco.

model

)?it = )\;ft + et
with

Xit = Xt + it
and

1 - o (2
ﬁ;;&tf p(E)»
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where 0,7 = min(y/n,vT). Show that PC and IC estimators of the
number of factors in Bai and Ng (2002) are still consistent. Impose
the conditions/assumptions you need as you see fit.
(12) (Kao and Oh, 2017) Consider a factor model
Yit = )\;ft + €4t

i=1,...,n,t=1,...,T, where f; is an r x 1 vector of factors, \; is
an r x 1 vector of factor loadings and r is the number of factors, and
eir R N(0,1). Let
IC(k) =InS(k) +k-G(n,T)

with

1 n T

)= 5 D> (= N,
t=1 t=1

where k < min(n,T), G(n,T) is a penalty function, Xf and f/’} are
estimated loadings and factors given by the number of factors k, e.g.,
Bai and Ng (2002). Define

kic = arg mkin IC(k).

Show that IC(k) in Bai and Ng (2002) can be written as

IC Zz +k-G(n,T),
]k+1

where {1 > ¢5 > --- > {,, denotes the n eigenvalues of an n x n sample
covariance matrix 7 Zthl xjxe. Let AIC(1) = IC(r) —IC(r +1) > 0,

where
IC Z | +r-GnT)
_] r+1
and
IC(r+1)= Z il +(r+1)xGn,T).

] r+2
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Show that the probability of the number of factors would be overesti-
mated by exactly one has the form

P(AIC(1) > 0) = P (%%)) > gn,T) L0, <%>

where W is an (n—r) x (n—r) Wishart matrix with identity covariance
matrix, £1(W) is the largest eigenvalue of W, Tr(W) is the sum of n—r
eigenvalues of W and

o =—14V1+2G(n,T).



This page intentionally left blank



Chapter 4

Structural Changes in Panel
Data Models

Based on Baltagi, Feng and Kao (2016, 2019), this chapter studies the
issue of structural changes in large panel data regression models. Parameter
instability due to new policy implementation or major technological shocks
is more likely to occur over a longer time span. Consequently, ignoring
structural changes may lead to inconsistent estimation and invalid inference.

We consider a heterogeneous panel regression model and extend
Pesaran’s (2006) work on common correlated effect (CCE) estimators for
large heterogeneous panels with a general multifactor error structure by
allowing for unknown common structural breaks. We propose a general
framework that includes heterogeneous panel data models and structural
break models as special cases. The least squares method proposed by Bai
(1997a, 2010) is applied to estimate the common change points, and the
consistency of the estimated change points is established. We find that the
CCE estimators have the same asymptotic distribution as if the true change
points were known.

Then, we discuss the case of endogenous regressors and structural
changes in error factor loadings. Allowing for endogenous regressors makes
the proposed panel regression empirically more appealing. An extensive
Monte Carlo study is employed to examine the proposed estimator in var-
ious scenarios. In addition, an empirical example of infrastructure invest-
ment is used to illustrate the estimation of common break date and slope
parameters.

57
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Finally, we also review the recent development in this literature, includ-
ing Lasso-type approaches in Qian and Su (2017) and Okui and Wang
(2018).

4.1. Heterogeneous Panels with a Common
Structural Break

In a heterogeneous panel data model:
yit:l'/itﬁi—f—eit, i=1,....,n; t=1,...,T, (41)

i 18 a p X 1 vector of explanatory variables, and the errors are cross-
sectionally correlated, modeled by a multifactor structure

eit =i ft + €it, (4.2)

where f; is an m x 1 vector of unobserved factors and ~; is the corre-
sponding loading vector. Here, ¢;; is the idiosyncratic error independent of
x;t. However, z;; could be affected by the unobservable common effects f;.
Projecting x;; on f;, we obtain

t=1 T

/ B .
Iit:Fift+vit7 Z:].,...,TL7

\ (4.3)

ey

where I'; is an m X p factor loading matrix and v;; is a p x 1 vector of
disturbances. Due to the correlation between x;; and e;;, ordinary least
squares (OLS) for each individual regression could be inconsistent. Thus,
Pesaran (2006) develops the CCE estimator of §; by least squares using
augmented data.

In this chapter, we allow for structural breaks to occur in some or all
components of the slopes f3;. Following Bai (2010) and Kim (2011), a struc-
tural break at a common unknown date kg is assumed. This could be due
to a macro policy implementation or a technological shock that affects all
markets or firms at the same time. More formally,

Yit :w/itﬁi(ko)'i‘eit» i=1,....n; t=1,...,T, (44)

where some or all components of §;(kg) are different before and after
the date ko. Following Bai (1997a), this structural break model can be
written as

x;ﬁi—"eita tzla"'ka?
Yir = { ! (4.5)

x;tﬁi+zgt(5¢+eit, t:k0+1,...,T,
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1 = 1,...,n, where z;; = R'xz; denotes a ¢ x 1 subvector of x;; with
R" = (0gx(p—q)» Iq)- Here, I, is the ¢ x ¢ identity matrix with ¢ < p. The
case where ¢ < p denotes a partial change model, while the case where
q = p is for a pure change model. Pauwels, Chan and Mancini-Griffoli
(2012) propose a testing procedure for kg in this setting.

Substituting z;; = Rz in (4.5), we obtain

Bi(ko) = Bi + Rd; - 1{t > ko}
{Bliﬁiv t:]-v"'vk07

ﬂ?i:ﬂi—"R(si? t:k0+1a"'7T7

so that B9; — f1; = R6;, and §; denotes the slope jump for .. When 6; = 0,
there is no structural break in the slope.

The case of multiple break points will be discussed in Section 4.5. In
Sections 4.2 and 4.3, we consider the simple case of one common break
as in model (4.5). Compared with the heterogeneous panel data model
considered in Pesaran (2006), equation (4.5) has the extra component R; -
1{t > ko} in the slope, involving the unknown structural change point k.
Thus, ignoring the structural break in the slopes may invalidate the CCE
estimator proposed by Pesaran (2006). Compared with the simple mean-
shift panel data model in Bai (2010), our model is enriched by adding
a regression structure with x;; # 1 in general, as well as cross-sectional
dependence characterized by a multifactor structure in the errors. When
there are no unobservable common factors f, our model (4.4) can also be
regarded as an extension of Bai (1997a) to a panel data setting. In addition,
the model (4.4) above is similar to Kim (2011), who considered the case of
a deterministic time trend with a common break.

Before proceeding to the general model (4.5), we start with a simple
case of heterogeneous panels in the absence of common correlated effects f;
and then extend the main results to the general case.

To estimate the common change point kg, we need the following addi-
tional assumptions.

Assumption 4.1. ky = [1T], where 79 € (0,1) and [-] is the greatest
integer function.

Note that unlike the time-series model considered by Bai (1997a), the
restriction of 79 € (0, 1) is unnecessary in a panel mean-shift setup consid-
ered by Bai (2010) as long as T'/n — 0. However, this assumption is required
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in our heterogeneous panels with general regressors. Enough observations
are needed to consistently estimate the slopes in each regime.

Define ¢, = >"" | 8.9;. For series 4, §.6; measures the magnitude of the
structural break, thus ¢,, is an indicator of the break magnitude for all n
series sharing a common break.

Assumption 4.2. ¢, — oo and (i) d;l—" is bounded as n — oo; (i) ¢, L —
oo as (n,T) — oo.

6; could be random with a finite variance across i, with
Assumption 4.2(i) describing this case. When ¢; is considered as random,
Assumption 4.2 means that %" is stochastically bounded in part (i), and
that 2" converges in probability to 0 in part (ii). Alternatively, ¢; could
denote fixed parameters. Since Assumption 4.2(i) allows for the case where
% — 0 as n — 0o, Assumption 4.2(ii) implies that it cannot converge to 0

: ; i e
too fast. Consequently, Assumption 4.2(i) imposes an upper bound on 2=,

while Assumption 4.2(ii) imposes a lower bound on ‘%"

In case T grows at a comparable rate or faster than n, i.e., T = O(n¥)
with ¢ > 1, Assumption 4.2(ii) implies that ¢, can diverge at any rate.
When ¢, increases at a rate less than n, Assumption 4.2(ii) allows for the
possibility of no structural break in some series. Assumption ¢,, — oo rules

out the case where there is no structural break in the slopes in all series.

4.2. Model 1: No Common Correlated Effects

In this section, we assume that there are no unobserved common effects f;
in the errors and regressors. Or the loading vectors +; and I'; are equal to
zero. For 1 =1,...,n,

x;ﬂi—"‘gita tzla"'ka?
Yit = { ' (4.6)

B + 20 e, t=ko+1,...,T.

This is the special case of cross-sectionally independent errors, where a
common break ko occurs in the heterogeneous slopes. This model generalizes
Bai’s (1997a, 2010) and Pesaran and Smith’s (1995) models. When n =1,
equation (4.6) is the time-series model considered in Bai (1997a). When
x4 = 1, this model reduces to the one in Bai (2010). In case the lagged-
dependent variable is included in x;+ and ¢; = 0, equation (4.6) turns out
to be the setup in Pesaran and Smith (1995).
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Assumption 4.3. (i) The disturbances e;,4 = 1,...,n, are cross-
sectionally independent; (ii) for each series i, €;; is independent of x;
for all ¢ and ¢; (iii) €;+ is a stationary process with absolute summable

autocovariances,
oo
it = Zail@,tflv
1=0
where {(it,t = 1,...,T} are i.i.d. random variables with finite fourth-order
cumulants. Assume 0 < Var(e;) = >_,° a% = 07 < oo. Also, for the T'x 1
vector €; = (€41,€42,...,&ir), Var(e;) = Xq ;.

When ¢;; is serially uncorrelated, lagged-dependent variables are prede-
termined and can be included as regressors in (4.6).

Assumption 4.4. For i = 1,...,n, the matrices (1/]) Zt 1 Infl?m
(1/7) Zt —7—j1 TitTyy, (1/5) Zt ko—j+1 zipayy and (1/7) Zt o1 Tit Ty aTe
stochastically bounded and have minimum eigenvalues bounded away from
zero in probability for all large j. In addition, for each i, (1/T) Zthl Tty
converges in probability to a nonrandom and positive definite matrix as
T — 0.

This assumption is borrowed from Assumptions A3 and A4 in Bai
(1997a). Its counterpart across the cross-sectional dimension is also needed.

Assumption 4.5. For any positive finite integer s, the matrices
1 ki 1 ko+ .

i Dk —sg Tith and DT STONE wpal,, 0= 1,...,n, are
stochastically bounded, with minimum eigenvalues bounded away from
zero in probability for large n. In addition, for each ¢, (1/n)> " | zual,
is stochastically bounded as n — oc.

Assumption 4.6. {§;,i = 1,...,n} are drawn independently of {x;,
i=1,...,n}

Let b; = (8.,6})',i =1,...,n, denote the slope parameters. In the ran-

2]

dom coefficient model considered by Pesaran and Smith (1995) and Pesaran
(2006), we assume the following.

Assumption 4.7. Fori=1,...,n,

bi=b+ Vb,is Vb,i ~ i.i.d.(O, Eb), (47)
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_ VAV I R _ (%25 O s
where b = (8',8"), v = <U6,i> and ¥, = ( s 25) for i = 1,2,...,n,

where ||b]] < 00, ||Xp]] < 00, and the random deviations v ; are independent
of x;; and e;; for all 7, j and ¢.

For any matrix or vector A, the norm of A is defined as ||A]| = /tr(A4A’).
This assumption is a simplified version of Assumption 4 of Pesaran (20006).
Under Assumption 4.6, {;,7 = 1,...,n} are not necessarily random. When
{0;,1 = 1,...,n} are considered as random, as part of Assumption 4.7,
Assumption 4.6 becomes redundant. Under Assumption 4.7, 35 # 0 implies
a structural break in the slope.

By (4.4),

Vit = Ty B + 2y RO 1{t > ko} + €4,

if the structural break is ignored, the term z7, R§;1{t > ko} is absorbed in
the error term &;; = x}, R6;1{t > ko} + ;. This leads to inconsistency of
OLS for each series due to endogeneity. Thus, estimating ko first is essential.

Let }/z = (yil, e ,yiT)/, X1 = (xil, PN 7IiT)/ and E; — (5i175i27 PN 75iT)/
denote the stacked data and errors for individual ¢ = 1,...,n over the
time periods observed. Similarly, define Zo; = (0,...,0, 2i kt1,- - -, 2i1) -
Equation (4.6) can be written in matrix form as

The parameters of interest are (;, §; and the change point ky. We first
estimate ko using least squares as proposed by Bai (1997a, 2010). For
any possible change point k = 1,...,T — 1, define the matrices Xs;(k) =
(O, ‘e ,O, Li 41y« - 7$iT)/7 and Zzl(k) = (0, ey 0, Zik41y ZiT)/- When
k happens to be the true change point ko, Zai(ko) = Zpi. Define Xy, =
Xoi(ko), thus Zy; = Xo;R. To make the notation more compact, we let
Xi(k) = (X3, Z2i(k)) and Xo; = (X;, Zoi). Thus, (4.8) becomes

Y, = XiBi + Z0id; + ¢; = Xoiby +5, i=1,...,n. (4.9)

Given any k= 1,...,T — 1, one can estimate b; by least squares,

2 o BZ(k) o ) INv . — . Ava .
bi(k) = <&_(k)) = [X; (k)X (B)) 'K (k)Y:, i=1,...,n. (4.10)
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The corresponding sum of squared residuals is given by
SSRy(k) = [V; — Xi(k)b; (k)]'TY: — Xi(k)bi (k)]
= [Yi = XiBi(k) — Zai(k)6; (k)] [Yi — XiBi(k) — Z2: (k) (k)],

i=1,...,n. Note that both b;(k) and SSR; (k) depend on k. For each series
i, ko can be estimated by arg minj<x<7—1 SSR;(k) as in Bai (1997a). Given
that the structural break occurs at a common date for all cross-sectional
units in the panel setup, the least squares estimator of kg is defined as

k= min Z SSR; ( (4.11)

1<k<T 1

In Baltagi et al. (2016), different weights are used in the sum (4.11) above
to allow for the possibility of different magnitudes, e.g., different variances,
across series.

When n = 1, k defined in (4.11) boils down to the change-point estima-
tor considered by Bai (1997a) in a time-series setting, with k — ko = O, (1)
for large T. In time-series models, only the break fraction 7o = ko/T,
instead of kg itself, can be consistently estimated. In a multivariate time
series setup, Bai, Lumsdaine and Stock (1998) show that the width of the
confidence interval of the estimated change point decreases with the num-
ber of time series. This result implies that cross-sectional observations with
common breaks improve the accuracy of the estimated change point. In
fact, Bai (2010) shows that the least squares estimator of the change point
is consistent in a panel mean-shift model, i.e., k—ky = 0p(1). A similar
result is also obtained by Kim (2011) in a panel deterministic time trend
model. In our heterogeneous panel regression model, equation (4.11) com-
bines the information from each series by summing up SSR; (k). With a large
n, k uses more information provided by the multiple time series sharing a
common break. Consequently, the panel data estimator k is more accurate
than the time-series estimator and achieves consistency, i.e., k— ko 0 as
(n,T) = o0

Theorem 4.1. Under Assumptions 4.1-4.6 (or 4.7), limg, o
P(k = ko) =1.

Given the estimated change point ]Af, the corresponding estimator of the
slopes is b; = b;(k), i = 1,...,n. When b;, i = 1,...,n, are considered as
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random variables under Assumption 4.7, the cross-sectional mean b can be
consistently estimated by the mean group estimator proposed by Pesaran
and Smith (1995) and Pesaran (2006):

bua == b= 2 S EEEIKE Y. (@12)

4.3. Model 2: Common Correlated Effects

In this section, we extend Model 1 to the general model with common
correlated effects (4.5): for i =1,...,n,

yir = 25, Bi(ko) + et

_J@uBi + e, t=1,... ko,
alyBi + 240 + e, t=ko+1,...,T,

where e;; = 7! f; + €ir. The regressors z;, i = 1,...,n, are allowed to be
correlated with the unobservable factors f; modeled in (4.3), x;x = T} fi4-vjs.
When §; = 0, the model reduces to the one considered by Pesaran (2006).
Kim (2011) considers the special case of z;; = (1,t)’. Recently, a simplified
model with z;; = 1 and fixed T is considered by Westerlund (2019). In this
heterogeneous panel data model with a common break kg, the parameters
of interest are b; = (B.,9,)', ¢ = 1,...,n, and the change point ko. The

following assumptions are needed.

Assumption 4.8. Common factors f;, ¢t = 1,...,T, are covariance sta-
tionary with absolute summable autocovariances, independent of errors €,
and v, for all 7, s, t.

Assumption 4.9. Errors e;5 and vj; are independent for all i,7,s,t.
Moreover, vy, ¢ = 1,...,n, are linear stationary processes with abso-
lute summable autocovariances, vy = > o Sivi—i1, where ((ir,vl, ) are
(p+1)x1 vectors of i.i.d. random variables with variance—covariance matrix
Ip41 and finite fourth-order cumulants, and

Var(vie) = » SaS) =iy, and 0< [T, < oc.
=0

Assumption 4.10. Factor loadings ~; and I'; are i.i.d. across i, and inde-
pendent of €4, v;; and f; for all 4, j, t. Assume v; =y +n;, 1; ~ 1.1.d.(0, Q)
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and I'; =T + &, & ~1.1.d.(0,9Q¢), i = 1,...,n, where the means v, I" are
nonzero and fixed and the variances €2, Q¢ are finite.

Together with Assumptions 4.3 and 4.7, Assumptions 4.8-4.10 given
above are the same as Assumptions 1-3 of Pesaran (2006), with the addi-
tional restrictions v # 0 and I' 2 0.

The correlation between z;; and e;; due to unobserved common factors
ft renders OLS inconsistent. If f; were observable, it could be treated as a
regressor, and this correlation can be removed using a partitioned regres-
sion. Let F' = (f1, f2,..., fr), then the corresponding orthogonal projec-
tion matrix is given by My = Iz — F(F'F)~'F’. In this case, equation (4.5)
can be written in matrix form as

Premultiplying (4.13) by My, we get
Vi=X,Bi + Zoidi + &, i=1,...,n, (4.14)

which is of the same form as equation (4.8) considered in Model 1 of no
factor structure above, with transformed data Y; = MY, X, = M X; =
M Vi, Zoi(ko) = MyZy; and &; = Mye;. For each i = 1,...,n, the T X p

vector V; denotes (vj1,...,v;7). Conditional on F, (Xi,ZOi) and &; are
uncorrelated under Assumption 4.9.
However, f;, t = 1,...,T, are unobservable. To proceed, we follow

Pesaran’s (2006) idea of using the cross-sectional averages of y;; and
as proxies for f;. Combining (4.5) and (4.3) yields

Wit = <y1t> = Ci(ko)/ ft + uit(ko), (415)

(p+1)x1 Tit (p+1)xmmX1  (p41)x1

where

cl<k>—<-rl>< ' 0)
m;(p-&o-l)_ Tt Bi(ko) I,)
uit(ko) = (Eit i Uétﬁi(kO))-

Vit
Note that like 3;(ko), the slope C;(ko) in (4.15) also shifts at ko.

Cri=vi+Tifu, Iv), t=1,... ko,

(4.16)
Coi = (vi + T2, 1), t=ko+1,...,T.

Ci(ko) = {
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Common break kg splits the data generating process for all individuals
into two regimes, and each regime has the same structure as that considered
in Pesaran (2006). Consequently, unobserved common factors f; can be
partialled out by using cross-sectional averages in the same spirit.

Let w; = Z?:l 0;w;+ be the cross-sectional averages of w;; using weights
0;,i=1,...,n. In particular,

@, = C(ko) fi + s (ko), (4.17)

where

élzzeiclia tzl»"'ak()a
_ n i=1
C(ko) = 0:Ci(ko) =
= Co=50,Cos, t=ho+1,...,T.

i=1

The common break assumption is needed, otherwise C(kg) is not well
defined. Now @, (ko) is defined as

(ko) = Z Oiwir (ko)

n
&t + Z 0;v;, 81
p , t=1,... ko,

- . (4.18)

Ee+ Y 0;v; P
i:zl ! , t=ko+1,...,T.

Ut

As in Pesaran (2006), the weights 6;, i = 1, ..., n, satisfy conditions: ; =
O(3), Xoiz1 0i =1 and 337, |6;] < oo

n

Assumption 4.11. Rank(C;) = Rank(Cy) =m < p + 1.

We assume that the rank condition is satisfied. Pesaran (2006) shows
that in the case of deficient rank, it is impossible to obtain consistent
estimators of the individual slope coefficients, but their cross-sectional
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mean can be consistently estimated. When C/(kg) is of full rank, f; can
be written as

fi = [C(ko)C(ko)'] ™" C(ko) (@ — (ko).
From (4.16), the matrix C(ko)C (ko)" has two regimes, shifting at ko,

{C{él, t=1,....ko,

Cko)Clko) = 4 1
(0) (0) 0502, t=ko+1,...,T.

Assumption 4.11 implies that C(ko)C (ko)’ is invertible. As shown in Lemma
1 of Pesaran (2006), the cross-sectional average of the errors vanish in both
regimes as n — oo, where &, = > | 0,641, U = Y+, 0;v;, yielding

fo = [Clko)C(ko)'] ™" Clko)my & 0. (4.19)

This suggests that it is asymptotically valid to use w; as observable prox-
ies for f;. Let W = (wy,ws,...,wr)" denote the T x (p + 1) matrix
of cross-sectional averages. Denote the T x T matrix M, by M, =
Ir — W(W'W)~1W’. Thus, similar to the result MyF = 0, by (4.19) it
is expected that the terms involving M, F' are ignorable asymptotically as
n — oo.

Premultiplying (4.13) by M,, instead of My, we obtain

Mw)/i = MszBz + MwZOi5i + MwF’)/1 + MwEi, = ]., e, n. (420)

Let the 7' x p matrix X; = M, X; = (Zi1,...,a&7) denote the transformed
regressors. Similarly, define Y; = M,Y;, Zo; = MyZy; and &, = Mye;.
Thus, equation (4.20) becomes

Y; = XiBi + Z0ibi + My Fyi + &

where é? = M,F~v; + &;.

Lemma 4.5 in Section 4.8 shows that each element of M,,Fy; is of order
Op(\/iﬁ) and vanishes as (n,T) — oo, implying that ¥ can be treated as &;
asymptotically. Based on this intuition, we can follow the procedure pro-
posed in Model 1 above to estimate kg and b; = (3}, })’, using transformed
data {V;,X;,i=1,...,n}.

For any possible change point k = 1,...,T —1, define matrices Zo;(k) =
My Zoi(k), X;(k) = (Xi, Zoi(k)) and Xo; = (Xi, Zo;). With new notation,
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equation (4.21) becomes
Y; = Xoibs + 8%, i=1,...,n. (4.22)

Given k, slope b; can be estimated by least squares,

W%{§®:&®XWWMWKi:LWn (4.23)

The resulting sum of squared residuals is

SSRy (k) = [Y; — X (k)b (k)] [Y; — X, (k)b; (k)]

and the estimator of kg is defined similarly as

k= 4.24
e, iy | SSG a2
Assumption 4.12. For ¢ = 1,...,n, the matrices %X{MwXZ— and

%X;M X; are nonsingular, and their inverses have finite second-order
moments.

This assumption of identifying b; and b is adopted from Pesaran (2006).
Let 4, be the tth element of matrix X;, ¢ = 1,...,n. To identify kg, we
need a modified version of Assumptions 4.4-4.6.

Assumptlon 4.13. For ¢ = 1,...,n, the matrices (1/]) Zt 1 Infl?m
(1/7) Zt —1—j1 TatTyy, (1/7) Zt ko—j+1 Tiplyy and (1/7) Zt o1 Zit Ty are
stochastically bounded and have minimum eigenvalues bounded away from
zero in probability for all large j. In addition, for each i, (1/T) Zthl T @,
converges in probability to a nonrandom and positive definite matrix as
T — oo.

Assumption 4.14. For any positive finite integer s, the matrices
1 k ~ o~ 1 ko+ ~ .

n Z?:l Ztiko—s+1 Iitz;t and n Zz 1 Ztoks—i-l xltzztv = 17 -.e, N, are
stochastically bounded, with minimum eigenvalues bounded away from
zero in probability for large n. In addition, for each ¢, (1/n) Y 1" | Zudl,
is stochastically bounded as n — oo.
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Assumption 4.15. {6;,i =1,...,n} are drawn independently of the pro-
cess of {Zj,i=1,...,n}.

Alternatively, under a random coefficient model, we have a slightly dif-
ferent version of Assumption 4.7.

Assumption 4.16. Fori=1,...,n,

bi=b+ Ub,is Ubyi ™~ 11d(07 Eb),

_ VAEVAV) I R _ (%25 O s
where b = (8',8"), v, = <U6,i> and ¥, = ( s 25) for i = 1,2,...,n,

where ||b]] < 00, ||Xp]] < 00, and the random deviations v ; are independent
of v;, I';, €;¢, and vj; for all 4,7 and .

Under Assumption 4.16, b; is independent of I';, implying that as n —
o0, Cl = Z?:l 0;Cq; ﬁ> E(Clz) = (y—l—l‘ﬁ,l‘) and ég ﬂ) E(Cgl) = (7+I‘(ﬂ+
R¢),T). In this case, rank condition (Assumption 4.11) requires nonzero
means for v and I" in Assumption 4.10 when n is large. Similarly in Model
1, when {0;,i = 1,...,n} are considered as random, as part of Assumption
4.16, Assumption 4.15 becomes redundant.

After the transformation (4.20), it can be shown that the change point
estimator k is still consistent in a linear model with a multifactor error
structure (4.5), i.e., k — ko = 0,(1).

Theorem 4.2. Under Assumptions 4.1-4.3, 4.8-4.15 (or 4.16),

Theorem 4.2 can be proved similarly to Theorem 4.1, see the technical
details in Section 4.8.

Given the change point estimator l;, the CCE estimator of the slope
coefficients can be written as

With the consistency of k, the asymptotics of b; can be established.

Proposition 4.1. Under Assumptions 4.1-4.3, 4.8-4.15, and \/T/n — 0
as (n,T) — oo, for each i,

VT (b — b;) 5 N (0, Eg,?szgﬁé,ﬁ)v
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where

E = plim X(MXO“

T—)oo

Ygz,; = plim sza 1X01, i=1,...,n.
T—)oo

An additional condition vT'/n — 0 as (n T) — oo is required here, due
to the fact that M, Fy; is included in 5 = My F~; + &;, the error term
of transformed model (4.21) using cross-sectional averages. This yields an
extra term in v/T'(b; — b;) whose order is O,(v/T/n) + O,(1/y/n) which is
asymptotically ignorable when /7' /n— 0 as (n,T) — co. See the Supple-
mentary Appendix.

As discussed above, Assumption 4.2 allows that 7" can grow faster than
n,ie., T = O(n?) with ¢ > 1. Here, the relative speed of n and T', VT /n —
0 as (n,T) — oo imposes an upper bound on ¥, i.e., 1) < 2. Therefore, in the
case of T = O(n¥) with 1 <1 < 2, both Assumption 4.2 and vT/n — 0
as (n,T) — oo required by Proposition 4.1 are satisfied.

As discussed by Pesaran (2006), a consistent Newey—West-type estima-
tor of Yg;; can be obtained using the transformed data,

Sgzq = Aio +Z (1 ~ —) (Aij + A}),

< I o= _ . .
Aij = T Z €it6i,t7int(k)Xit(k)/,
t=5+1
where w is the window size. é; is the tth element of &; = Y; — X, (l~c)l~7 and
Xt (k) is the tth row of X;(k). Since Yg,; can be con51stently estimated by

%Xl(k) X, (k). Thus, a consistent estimator of b3 EXE ZEX - is given by

R B s R0 - (425)

Since b;(k) has the same limiting distribution as b;(ko), parameters b;,
t=1,...,n, in model (4.5) can be inferred as if kg were known.

The mean group estimator with a common break can be defined
similarly:

bua == Sbi= 1 S KB EEIKE T (@4.20)
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Proposition 4.2. Under the Assumptions 4.1-4.3, 4.8-4.14, 4.16,
Vi(buc — b) 5 N (0, 5p).

As in Pesaran (2006), ¥; can be consistently estimated by

n

Y.

For detailed proofs of Propositions 4.1 and 4.2, see the Supplementary
Appendix. Unlike Pesaran (2006), an additional step is needed, that of
estimating kg. As shown in the propositions above, with the consistency
of k, the convergence rate of k is not required for deriving the asymptotic
distributions of b;, for i = 1,...,n, and byg.

4.4. Multiple Common Break Points

When multiple common break points k( ) ...,kéB’“)

there are By + 1 regimes for each individual:

, occur in the slopes,

x;tﬁi + Cit, t= ) kél)v

xhBi + #1015 + e, t = k(l) +1,. k:((f),
e : . (4.27)

Ty Bi + 2408, +€it, t= k(()Bk) +1,...,T,

fori=1,...,n.

Estimation of multiple break points has been discussed by Bai (1997b)
and Chong (1995) in a mean-shift model, Bai and Perron (1998) in linear
regression models and Bai (2010) in a panel mean-shift model. To deal with
this issue in the model (4.27), we can follow the sequential or one at-a-time
approach discussed by Bai (1997b, 2010). The number of common breaks,
By, is assumed known. The idea of the sequential approach is to estimate
break points one by one. For example, if By, = 3, the estimation of kél), kéz)
and ké3) can be completed in three steps. In the first step, one break point
is assumed as in Model 1 (or Model 2) above, and can be estimated by
(4.11) (or (4.24)), denoted by kM) (or £™®). In the second step, in each of
the two sub-panels split by k(1) (or (1)), the same procedure (4.11) (or
(4.24)) is applied. Thus, two single break estimators are obtained in these
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two sub-panels. Moreover, k(2 (or 15(2)) is defined as the one associated
with a larger reduction in the sum of squared residuals. Similarly, kM and
E® (or kM and k®) yield three sub-panels. In the third step, in each of
these three sub-panels, one break point can be estimated as in Model 1
(or 2). Among these three break estimators, we choose the one associated
with the largest reduction of sum of squared residuals, denoted as k® (or
E®). As suggested by Bai (2010), it can be shown that after rearranging
(kMW E@ G (or (W, k@ E®)) in temporal order, (kM k@ k®)) (or
(D, k@, E®) in Model 2) is consistent for (k{", k$®, k) as long as the
assumptions listed in Section 4.2 (or 4.3) hold in each of the sub-panels.

Once the consistent estimators of (kél), - .,kéB’“)) are obtained, the
parameters [3;,014,...,0B,., 1 = 1,...,n, can be estimated by least squares
as in (4.10) (or (4.23)). Thus, their mean group estimators can be obtained
similarly.

4.5. Endogenous Regressors and Break in Factors

In the empirical studies using the CCE and iterated principal component
(IPC) approaches, there are two main concerns. First, to apply these two
approaches, long panel data sets are usually required. However, over a long
span, parameter instability due to structural breaks is possible. Second,
with the exception of Temple and Van de Sijpe (2017), and Chirinko and
Wilson (2017), endogeneity due to the correlation between the regressors
and the idiosyncratic errors could bias the resulting estimates. Though an
error factor structure can be used to control for the correlation between the
regressors and the unobserved factors or loadings, the correlation between
the regressors and the idiosyncratic errors could still be present due to
reverse causality or other sources. This endogeneity is common in empiri-
cal studies using aggregate data, for example, the return of public infras-
tructure as surveyed by Gramlich (1994) and Calderon, Moral-Benito and
Serven (2015).

In this section, we show that the model (4.4) considered in Section 4.5
can be extended to allow for endogenous regressors and structural changes
in error factor loadings. Thus, based on Pesaran’s (2006) heterogeneous pan-
els we provide an appealing panel data regression model with four empirical
features: (i) slope heterogeneity, (ii) cross-sectional dependence modeled by
an error factor structure, (iii) endogenous regressors and (iv) structural
changes in slopes and error factor loadings.
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Specifically, the model considered here is

yir = <5 Bi(ko) + e

_ xh B +ei, t=1,... ko,
xhyBoi +eir, t=ko+1,...,T,

eir = vi(k1) fe + e, i = F;ft + Vgt

Here Cov(es,vit) # 0. The case of partial changes in slopes can be easily
accommodated as in (4.6) of Model 1 in Section 4.2. Assume there are ¢
instruments z; with ¢ > p. The instruments z;; could be affected by f;.
The key differences of this model from (4.4) are (i) endogenous regressors
and (ii) a common break ki in factor loading ~;(k1).

To deal with endogeneity, we start with a simplified case without
considering the error factor structure. Different from the assumption in
Sections 4.2 and 4.3, here ;4 is allowed to be correlated with ;.

Let b; = (8,;,05) ,i = 1,...,n. For every i, and k = 1,...,T — 1,
define Xli(k) = (Iﬂ, N 7xi,k)/ and XQZ(IC) = (xi)k+1, ey xiT)/. Simi-
larly, define Yh(k) = (yila . 7yi,k)/ and )/21(]{3) = (yi,k+1, e 7yiT)/~ Let
Y: = (yir,---,yir) and &; = (&i1,€i2,...,7) denote the stacked data
and errors over time, thus Y; = (Y1;(k)’,Y2;(k)"). Using the notation
X;(k) = (Xn'o(k) Xg?(k) ), equation (4.6) can be written in matrix form as

Y; :Xi(ko)bi—f—ai, t=1,...,n. (428)

Following Perron and Yamamoto (2015), we can project €; on the col-
umn space spanned by X;(ko) such that the new error term ef (defined
below) is uncorrelated with X; (ko). Rewrite equation (4.8) as follows:

Y; = X;(ko)B; (ko) + €7, (4.29)

where ¢f = (I — Px)e; = (¢)4,...,¢}p)" and Px is the projection matrix
based on X;(ko), and

B
B3
As argued by Perron and Yamamoto (2015) in a time-series model, a struc-
tural change in the original parameter f3;(ko) implies a shift in the new

parameter, the probability limit of 87 (ko ), at the same break date ko, except
for a knife-edge case.

-t Xi(k'o)lai.

Bi (ko) = ( ) = b; + [Xi(ko)'Xi (ko)
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Since the new errors e}, are uncorrelated with x;;, equation (4.29)
becomes Model 1 in Section 4.2. Following the same lines of proof as in
Theorem 1, it can be shown that k is consistent for ko, i.e., k — ko = op(1),
under appropriate assumptions.

In the general model,

Y;‘:Xi(ko)bi-i-F’yi(kl)-i-Ei, 1=1,...,n.

The new complication is the additional term F-;(k1). Besides nonzero
Cov(v;t,€it), this unobserved factors create an additional source of endo-
geneity due to the unobservable common factors f; that affect both z;; =
T fi + vy and ey

With endogenous regressors x;¢, this general model with a multifactor
error structure can still fit into the simplified case discussed in the previous
subsection. Hence, we can still use OLS to estimate ky. However, due to the
common f;, errors e;; are no longer cross-sectionally independent. This is
a major difference. As pointed out by Kim (2011), the cross-sectional cor-
relation in the errors could offset the information across the cross-sectional
dimension under the common break assumption. Thus, k— ko = op(1) is not
necessarily achieved without controlling for f;. It depends on the magnitude
of the cross-sectional correlation governed by the unobservable loadings.

As shown in Baltagi, Feng and Kao (2019), the CCE approach is still
valid in this general model. Since f; are unobservable, we follow Pesaran’s
(2006) idea of using the cross-sectional averages of y;; and x;; as proxies for
ft. Combining (4.3) and (4.5) yields

Yit
wip = ( ) = Ci(ko,k1)" fr + uit(ko),
(p+1)x1 Tit (p+1)xm mx1  (p+1)x1

where

1 0
Ci k 7k = 7 k 7Fi )
m<><8)+11)) (i) )<ﬁi(k0) Ip)
git + ’Uitﬁi(ko))'

Vit

uit (ko) = (

In the case that the instruments z;; are affected by fy, z;; can be included
in the vector w;:. Note that like f5;(ko), the slope C;(ko, k1) in (4.15) also
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shifts at kg, and k1. Without loss of generality, we assume ky > k. Thus,

Cri = (v + LiBu, 1), t=1,... ko,
Ci(ko, k1) = { Cai = (y1i + Lifai, Ti), t=hko+1,... ki,
C3i = (v2i + Tifai, Ty), t=ki+1,...,T.
Common break kg splits the data generating process for all individuals
into two regimes, and in each regime the unobserved common factors f;

can be partialled out by using cross-sectional averages in Pesaran (2006).
Let w; = Z?:l 0;w;; be the cross-sectional average of w;; using weights 6;,

i=1,...,n. In particular,
wy = C(ko, kl)/ft + ﬂt(ko), (430)
where
B N
C(ko, k1) = Zeici(kmkl)
i=1

Ci=> 0;Cyi, t=1,... ko,
i=1

={Co=> 0;Cyi, t=hko+1,... ki, (4.31)

=1

632201'031'7 t=k+1,....T,

i=1

and

Uy (ko) = Z 05t (ko)

&t + 0}, 81
‘ ; Lt =1, ko,
.
= L (4.32)
g+ Y 0;v; B

; ’ , t=ko+1,....T,

Ut

— n — n
where & =Y 1" | Oigir, Uy = > O;vsz.
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For equation (4.30), when C(kg, k1) is of full rank, f; can be written as
fo = [Clko, k1)C ko, k1)'] ™" C ko, ka) (@, — s (ko). (4.33)

For simplicity, we assume that the rank condition is satisfied.

Assumptions 4.10 and 4.11 imply that C(ko, k1)C(ko, k1)’ is invertible.
As shown in Lemma 1 of Pesaran (2006), in (4.18), the cross-sectional
averages of the errors &;, vy, Y ., 0;v},51; and >, 0,0}, (2; all vanish as
n — oo, thus

(ko) 5 0

in both regimes as n — oo, regardless of the correlation between £;; and
v;¢, yielding

ft — [é(ko, kl)é(ko, k‘l)/] -1 é(ko, k’l)ﬂ)t ﬁ> 0. (434)

This suggests that it is asymptotically valid to use w; as observable proxies
for f;. This finding also shows that the CCE approach proposed by Pesaran
(2006) is robust to endogeneity and structural changes in slopes and factor
structures. Same as Model 2 above, OLS of ky using the CCE transformed
data is consistent, i.e., k — ko = op(1).

4.6. Monte Carlo Simulations

This section employs Monte Carlo simulations to examine the consistency
of the estimated break points k and k summarized in Theorems 4.1 and 4.2.
Since the CCE estimators in Model 2 have the same asymptotic distribu-
tions as if the true common breaks were known, their asymptotic properties
are not examined here. Two different designs are used for Models 1 and 2,
respectively. In Model 1, there are no common correlated effects in the
errors and regressors, so least squares can be run for each individual series.
While in Model 2, the regressors and errors are correlated due to common
correlated effects f;. A transformation, using cross-sectional averages of the
dependent variable and regressors proposed by Pesaran (2006), is needed
to remove such effects asymptotically.

In the following experiments, the focus is on the histograms of k and k
in setups with different combinations of (n,T).
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4.6.1. Model 1: No common correlated effects

The data generating process (DGP) of Model 1 is modified from that in
Pesaran (2004, p. 24):

yit = o + Bi(ko)yit—1 + e, t=1,...,n;t=1,...,T;

eir = Vi ft + €t

Here we set v; = 0, so there is no cross-sectional dependence in the errors.
Instead, in this dynamic heterogeneous panel model, there is a common
break kg = 0.57 in the slopes 3;, for i = 1,...,n, i.e.,

611'7 t:17"'7k07
Bi(ko) =
627):617;"_61'7 t:k0+17"'7T7

where §; is the jump in the slope for each series. We assume (1; ~
ii.d. U(0,0S) and 51 ~ i.i.d. U(O, 02) We set oy = /Li(lfﬂli), M = €0i+?’]i
where g¢; ~ i.i.d. N(0,1) and »; ~ ii.d. N(1,2). In addition, we assume
yio ~iid. N(0,1) and g4 ~ i.i.d. N(0,0?), with 0? ~ x3/2.

In (4.11), for any possible change point k = 1,...,T — 1, the estimated
change point k is the one that minimizes the sum of n individual sum of
squared residuals. 1000 replications are performed to obtain the histogram
of k for each setup.

Panel A of Fig. 4.1 reports the histograms of k for T = 50 and n =
10, 50, 200. The frequency of choosing the true value kg increases from 17%
for n = 10 to almost 90% for n = 200. It shows that the distribution of &
shrinks with n. This finding supports Theorem 4.1, confirming that multiple
individual series provide additional information on kg, and that k converges
to ko as the number of series goes to infinity.

To consider the case where there is no structural break in slopes in some
series, we set 0; = 0 in [n/4] series, implying that ¢ increases with n at
a rate of O(n3/4). Panel B of Fig. 4.1 reports the histograms of k for this
case with 7' = 50. Similar to Panel A, the pattern that k converges to ko
as n increases remains. However, the frequency of choosing the true value
ko is significantly smaller than that in Panel A of Fig. 4.1. For example,
for n = 50, the frequency of choosing the true value kg drops from 44%
in Panel A to 34% in Panel B. This suggests that for the accuracy of the
estimated change point, allowing for no break in some series is equivalent
to reducing the number of series or the magnitude of break ¢y .
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4.6.2. Model 2: Common correlated effects

The data generating process for Model 2 is as follows:
yit:ai—i—ﬂi(ko)xi,t—i—eit, i=1,....,n; t=1,...,T,

eit = V1ift + Eit,
where a; bl N(1,1) and ~y; bl N(1,0.2). The idiosyncratic errors are
generated as e; RN N(0,02) and o? KN U(0.5,1.5). There is a common
break in the individual slopes:

/3117 t: 17...’k07
Bi(ko) = ko = 0.5T),
Boi = Pri +0;, t=ko+1,...,T,

where B1; = 1+ n;,1; bl N(0,0.04) and §; bl N(0,0.04).
Unlike Model 1, the error e;; and the regressor x;; contain the common
correlated effect fy:

Tyt = Qi + Yo2ifr + Vit,

where a; "5 N(0.5,0.5), y2; "5 N(0.5,0.5) and vy, "5 N(0,1— p2,), with

poi = 0.5. The factor f; is generated by the stationary process:
ft:Pfft71+'Uft7 t:7497707177T7
iid.
pr=05,vp < N(0,1-p3), f-50 = 0.

The correlation between x;; and e;; renders OLS inconsistent in the individ-
ual regressions. Thus, transformation (4.20) using cross-sectional averages
of y;; and x;; is needed to remove f; before conducting least squares esti-
mation of kg.

The setup above is a simplified version of the design in Pesaran (2006).
First, as in model (4.4), the observed factors are omitted for simplicity.
Second, the number of regressors and unobservable factors are reduced to
1, respectively. Third, the correlation structures in v;; and €;; are removed.
The only new feature of this model is that there is a common break at ko,
specified as 0.57.

The first row of Fig. 4.2 presents the histograms of the estimated
change point k for T = 50. It replicates the pattern in Fig. 4.1, show-
ing that after the transformation, the frequency of choosing the true value
ko increases significantly with n. Figure 4.2 also reports, in the second
row, the histograms of the estimated change point k without conducting
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transformation (4.20). It indicates that in the presence of common cor-
related effects, cross-sectional information using multiple series fails to
improve the accuracy of the estimated change point.

Figure 4.3 reports the histograms of k and k for T = 200. The same
pattern emerges, suggesting that the distribution of k shrinks to ko as
n — oo. Different from Fig. 4.2, the frequency of k, the estimator without
conducting transformation (4.20), choosing the true break date increases
with n in Fig. 4.3 when T is large, although not at a rate as high as
that of & using the transformed data. Whether |IA€ — ko| shrinks to 0 or
not as (n,T) — oo depends upon the correlation between x;; and e;. In
Fig. 4.4, we increase this correlation by changing the distribution of -y,
from N(1,0.2) to N(2,0.2). In this case, the cross-sectional information
using multiple series fails to improve the accuracy of the estimated change
point k. This is consistent with the findings of Kim (2011).

4.6.3. Case of endogenous regressors

We also check the impact of endogeneity on the consistency of the break
point estimator using various experiments. The DGP used here is a modified
design of Model 2. The main difference is that e;; is correlated with a;; (or
v;) by adding a term pe ;v;; in the process of e;:

eit = 1i (k1) fr + pe.ivie + (1 — p2)/2ey, (4.35)

where p. ; denotes the correlation between x;; and e;;. We also allow a break
in the factor loading v1;(k1) at a different time point ky = [0.77:

Y1is tzl,...,kl,
Yi(k1) =
Vi + Ay, t=ki+1,...,T.

In the process generating e;:, the loadings v1; ~ i.i.d. N(1,0.2), Ayq; ~
iid. N(0.5,0.5), pei ~ iid. U(—0.5,0.5) and &;; ~ ii.d. N(0,0?) with
o? ~iid. U(0.5,1.5).

In the error structure (4.35), there are two sources of endogeneity due
to the unobserved factor f; and the random component v;;. For simplicity,
we first ignore the break in factor loading v1;(k1) and set Ay, = 0 in
Fig. 4.5. As pointed out by Perron and Yamamoto (2015), the break fraction
To = ko/T can be consistently estimated by OLS even in the presence of
correlation between x;; and e; in a time-series regression. However, in a
panel data setup, the cross-sectional correlation in the errors due to the
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common f; could fail to improve the accuracy of the OLS estimator of kg,
as pointed out by Theorem 1A(iii) of Kim (2011) and Fig. 4.4. Thus, the
transformation (4.20) using cross-sectional averages of y;; and x;; is needed
to remove f; before conducting least squares.

The first row of Fig. 4.5 presents the histograms of the estimated change
point k for T' = 50. The frequency of choosing the true value ko increases
significantly with n. It confirms the finding that the distribution of & col-
lapses to kg as n — oo in the presence of endogenous regressors. The second
row of Fig. 4.5 also reports the histograms of the estimated change point
k without conducting the CCE transformation (4.20). It indicates that in
the presence of common correlated effects, cross-sectional information using
multiple series fails to improve the accuracy of the estimated change point.

Figure 4.6 presents the case when there is a common break in the factor
loading 1;(k1), with k1 = [0.7T] > ko. Consistent with our theory k, our
estimator of the break point in the slope parameters is robust to a break in
the error factor loadings v1;. This holds since f; is asymptotically removed
by the CCE transformation (4.20). However, as shown in the second row of
Fig. 4.6, the break point in factor loadings could lead to a spurious break
in the slope parameters if we ignore the unobserved factors in the errors.
In Fig. 4.7, we reduce the correlation between x;; and e;; by changing the
distribution of the loading ~2; from N(0.5,0.5) to N(0.1,0.1), increasing n
does not improve the frequency of k choosing k.

Figure 4.8 reports the case of rank deficiency. By changing the distribu-
tion of yg; from N(0.5,0.5), the matrix C/(ko) is not of full rank asymptoti-
cally. The first panel of Fig. 4.8 shows that the consistency of k remains in
the case of rank deficiency. As N increases, the probability of choosing the
true value kg increases.

In Fig. 4.9, we also compare the efficiency of the proposed OLS and IV
estimators of kyg. An IV estimator is used in the first step, instead of OLS,
in a simplified case without an error factor structure. The DGP is similar to
the one used in Fig. 4.5 except that there are no factors and an instrument is
introduced and regressor z;; is generated in a slightly different way, similar
to Hall et al. (2012). As expected, the IV estimator k is also consistent,
and its probability of choosing the true value kg increases with n (and T).
However, a comparison between the histograms of k and k suggests that
OLS yields more accuracy in terms of the probability of finding the true
value kg than the IV estimator.
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Fig. 4.9. Histograms of the OLS estimator k and IV estimator & in a simplified case without a factor structure in the errors (7" = 50).

Note: In this simplified case, there is no factor structure in the errors. The instrument z3;; is introduced and regressor x;; is generated
in a slightly different way (similar to Hall et al., 2012). 23;; = 2a; + v3i ft + v2;+ where v3; ~ i.i.d. N(1,0.5), v2;+ ~ i.i.d. N(0,1), and
v2;; is independent of v;; and €;4.

zip = 05235 + vit; eir = peivie + (1 — p2;)Y/2%eit, peyi ~ Lid. U(=0.5,0.5), i ~ iid. N(0,02), 07 ~ iid. U(0.5,1.5), y1; ~
iid. N(1,0.2), v2; ~ iid. N(0.5,0.5), a; ~ iid. N(0.5,0.5), vy ~ ii.d. N(O,l,—pf}i), pvi = 0.5. These variables are mutually
independent. The replication number is 1000. T' = 50, ko = 25.

k: The OLS estimator of the change point.

J:: The IV estimator of the change point: the IV estimator is used in the first step, instead of OLS.
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4.7. An Empirical Example

In Section 3.6, CCE, IPC and likelihood approaches are illustrated by using
China’s provincial panel data during 1996-2015 to estimate the output
elasticity with respect to public infrastructure in an aggregate production
function. In this section, based on Feng (2020), we empirically investigate
how to deal with common factors and common breaks using the estimators
proposed in this chapter.

Baltagi, Feng and Kao (2016, 2019) extend Pesaran’s (2006) CCE
approach by allowing for unknown common structural changes in slopes
and error factor structure and endogenous regressors in large heterogeneous
panels. They find that Pesaran’s CCE approach is still valid when deal-
ing with unobservable common factors in the presence of common breaks
in slopes and error factor loadings and endogenous regressors. Given that
there are no empirical investigations of the proposed estimators available,
this section aims to compare these estimators to Bai’s (2009) IPC esti-
mator and Pesaran’s (2006) CCE mean group estimator in the context of
China’s provincial infrastructure investment covering the period 1996-2015.
In this specific empirical context, the trade-offs of allowing for endogeneity
and common structural breaks in heterogeneous panels with an error factor
structure can be illustrated.

Consider the general model,

Y = Xi(ko)bi + Fryi(k1) +e5, i=1,...,n.
Denote wi; = (yu,2}), Wy = %Z?:l wig, W = (0},wh,...,wk) and
M, = Ir — W(W'W)~1W’. Baltagi, Feng and Kao (2019) argue that
W can be treated as exogenous asymptotically when n is large, and

that it can be included as the first-stage regressors along with instru-
ments z;. Similar to the definition of X;(k), we define the instrument
matrix Z;(k) = (3% %, ) where Zui(k) = (241, 2},)" and Zai(k) =
(2Zly1s---» %) Denote Z" (k) = (Z;(k), W). The predicted value of X (k)
is Xl(l;) = PZ+(,;)Xi(l;:). Given the OLS estimator of the break date, k, the
IV estimator of b; is given by [X; (k) M, X;(k)] ' X;(k) MyY;, i =1,...,n,
and the mean group estimator of the cross-sectional mean of b;,7 =1,...,n,
is defined in Baltagi, Feng and Kao (2019) by

%i[Xi(k)'Min(k)]*1521-(1})'Mwn—, (4.36)

which is labeled as CCEMG-IV-b here.
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In this example, we make use of China’s institutional context to obtain
an instrument to deal with endogeneity issue. The endogeneity due to the
reverse causality between output and infrastructure has been widely docu-
mented in the literature (Gramlich, 1994).

In Section 3.6, Table 3.1 reports FD estimates of output elasticity of
infrastructure, fp, in a homogeneous model assuming exogenous regressors:

Agir = Bo Dby + Brlkie + Al + Aeyy. (4.37)

Here, we consider the case that Ab;; and Ak;; are endogenous due to
reverse causality. Thus, first-differenced instrumental variable (FDIV) esti-
mation is reported in Table 4.1. Aenb;;, the infrastructure capital per labor
in two economically neighboring provinces, and lagged values Ak;;_o in dif-
ferenced form are used as instruments for Ab;; and Ak;;. The validity of
instruments has been discussed in Feng and Wu (2018). In line with Feng
and Wu (2018), after controlling for endogeneity, there is no strong evidence
on a large and significant estimate of ;. In addition, comparisons between
columns (2) and (3), and between (4) and (5) also confirm the finding in
Table 3.1 of potential cross-region heterogeneity and structural change.

Besides endogeneity, we also consider three other empirical features in
various cases: slope heterogeneity, common factors and a common break in

Table 4.1. Output elasticities estimates: Endogenous regressors.

Dependent variable: Output per labor

FD IV
Independent variables (1) (2) (3) (4) (5)
Infrastructure per 0.077 —0.070 0.033 0.202 —0.202%*
labor
(0.150) (0.316) (0.137) (0.199) (0.244)
Noninfrastructure per  0.250%** 0.245* 0.286*** 0.099 0.438%***
labor
(0.079) (0.133) (0.074) (0.126) (0.128)
Regions All Noneastern Eastern All All
Periods All All All 1997-2007 2008-2015
Year effects Yes Yes Yes Yes Yes
No. of observations 569 322 187 269 240
Overall R? 0.704 0.614 0.742 0.687 0.510
Instruments Aenbt, Aki_o
First-stage regression 0.256 0.153 0.287 0.241 0.283
coefficients

First-stage t-ratio (4.61) (2.02) (3.92) (3.15) (3.45)
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slopes. In Table 4.2, columns (1)—(3) of Panel A consider the case of exoge-
nous regressors, including mean group (MG) estimates without consider-
ing unobserved factors in column (1), Pesaran’s (2006) CCE mean group
(CCEMG) estimates in column (2), CCEMG allowing for a common break
in slopes (CCEMG-b) in column (3). Column (1) of Table 4.2 estimates a
heterogeneous model to allow for different elasticities across provinces:

Agit = Bp,iAbis + Br,iAkis + ANy + Aeyy. (4.38)

Pesaran’s (2006) CCEMG reported in column (8) of Table 3.1 is included
as column (2) of Table 4.2 as a reference, assuming a factor structure in the
error Aey = v, fi + i in equation (4.38). Column (3) extends Pesaran’s
(2006) approach by allowing for a common break kg in the slopes:

Agir = Bri(ko)Abig + Br.i(ko)Akie + AN + Aeir, A€y = Y. fi + €is.
(4.39)

Compared with the first-difference estimates in column (1) of Table 3.1,
CCEMG in column (2) of Table 4.2 accommodates two empirical features:
slope heterogeneity and cross-sectional dependence. CCEMG-b in column
(3) adds one more feature of parameter structural change to CCEMG in
column (2). In column (3) of Table 4.2, using the estimation procedure in
Baltagi, Feng and Kao (2016), the estimated common break 2004 splits
Oy and [ in two regimes of 1997-2004 and 2005-2015. The CCEMG-b
estimates of 3, and () deviate moderately from their CCEMG counterparts
in column (2) of Table 4.2 in different directions.

Columns (4)—(6) of Panel B of Table 4.2 are the IV versions of columns
of (1)—(3) of Table 4.2 assuming that Ab;, Ak;; are endogenous. MG-IV
in column (4) is the IV version of MG without considering unobserved
common factors. In the simplified case without unobserved common factors,
Y: = X;(ko)b; + €4, = 1,..., N, Baltagi, Feng and Kao (2019) show that
the OLS estimator l;:, b; can be consistently estimated by the IV estimator

bi1v (k) = [Xz‘(if)lpzi(;;)xi(k)]ilxi(k)/Pzi(;;)Kw

where the projection matrix P, ;) = Z:(k)[Zi (k) Z; (k)] Z;(k)'. The cross-
sectional mean of b; can be consistently estimated by a mean group (called
MG-IV) estimator vazl bi.rv (k). CCEMG-IV in column (5) refers to
the estimator (4.36) assuming no break. Column (6) is the IV version of
CCEMG with an estimated common break in the slopes. The instruments
Aenbgy, Aky—o are used for the endogenous Ab;, Ak;. Compared to the



Table 4.2.

Output elasticities estimates: Common factors and common break.

Dependent variable: Output per labor

Panel A: exogeneity

Panel B: endogeneity

MG CCEMG CCEMG-b MG-IV  CCEMG-IV CCEMG-IV-b
Independent variables (1) (2) (3) (4) (5) (6)
Infrastructure per labor 0.205%**  (0.194%** 0.252%** 0.179%%* 0.156 0.165 0.289* 0.468
(0.025) (0.023) (0.044) (0.036) (0.132) (0.137) (0.137) (0.418)
Noninfrastructure per labor  0.361***  (0.407*** 0.386*** 0.441%%* 0.231* 0.286* 0.527*%* —0.370
(0.031) (0.037) (0.052) (0.047) (0.149) (0.174) (0.168) (0.597)
Periods All All 1997-2004  2005-2015 All All 1997-2004  2005-2015
Year effects Yes Yes Yes Yes Yes Yes
No. of observations 569 569 239 330 509 509 179 330
Overall R? 0.65 0.72 0.78
Empirical features
Slope heterogeneity Yes Yes Yes Yes Yes Yes
Cross-sectional dependence No Yes Yes No Yes Yes
Structural break No No Yes No No Yes
Endogeneity No No No Yes Yes Yes

*

and *** for 10% and 1% significance, respectively.

S]OPOJN DID(] ]2UDJ UL S26UDY) [DUNIONLIG

€6



94 Large-Dimensional Panel Data Econometrics

FDIV estimates in column (1) of Table 4.1, the CCEMG-IV estimates in
column (5) of Table 4.2 show a positive and significant 5, but weak evi-
dence on the productivity of infrastructure.

In column (6) of Table 4.2, as suggested by Theorem 1 of Baltagi, Feng
and Kao (2019), with endogenous regressors the estimated common break
date remains the same as 2004 in column (3). Interestingly, CCEMG-IV-
b estimates of (B, and Py in the period 1997-2004 are 0.289, 0.527 and
significant, but no longer significant in the period 2005-2015. Compared
with the case of exogenous regressors in column (3), the IV estimates in
column (6) have much bigger standard errors.

To look at the effect of choosing structural break on coefficient estimates,
we also use the imposed break date of 2007 as in the subsample estimates in
columns (4) and (5) of Table 4.1. In this case, the CCEMG-IV-b estimate
of B becomes 0.765 and significant over the period 2008-2015, but the
coefficient of [y is still insignificant.

This application shows that the proposed panel data model has the
advantage of accommodating more empirical features in the data than
existing models considered the literature in Panel A of Table 4.2. How-
ever, the trade-off seems also pronounced, especially when the endogeneity
issue arises. The estimates in Panel B of Table 4.2 become less accurate
especially when the sample size is not very big. From this point of view,
applied researchers have to strike a balance between model flexibility and
data constraints.

4.8. Recent Development

In this section, we review other approaches on estimating panel regression
models with structural changes in the recent literature. Specifically, we
introduce the Lasso-type approaches proposed by Qian and Su (2016), Li,
Qian and Su (2016) and Okui and Wang (2018).

To facilitate the discussion, we start with a simple setup of time-series

regression with endogenous regressors and multiple structural changes dis-
cussed by Qian and Su (2014):

yt:(E;ﬂt-i-Et, t= 1,...,T, (440)

where slopes ; vary over time. In this setup, structural breaks in slopes
are modeled by time-varying coefficients {f1, ..., Sr}, and the sequential
changes in 3; are assumed to be sparse. Assume there are m unknown
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break points T, = {T1,..., T} in slopes that slit the time span into m+ 1
intervals, i.e.,

ﬂt:aj fOI‘t:Tj_l,...,Tj—l and j=1,....m+1 (441)

with TO =1 and Tm+1 =T.

To estimate the number of breaks m, break dates 7,,, Qian and Su
(2014) apply the group-fused Lasso approach in a two-step procedure based
on a penalized lease squares

T T
1
mm—Z(yt — ;) +)\Z|\5t — Bi—ll, (4.42)
(BT t=1 t=2
where A is the tuning parameter and | - || denotes the Frobenius norm. In

Step 1, the break date estimates ’TmA = {Tl, .. TmA} can be obtained by
the solution {8} to (4.42) such that 3; = f, for t, se[Tj_1,Tj — 1] and
ij #* ﬂATAFl for j =1,...,m)+1, where m) denotes the estimated number
of breaks.

Qian and Su (2014) prove that if 7y is equal to the true number of
breaks, %m , s consistent under certain assumptions. In addition, given that
A is chosen properly by minimizing a BIC-type information criterion, 7y
can be consistently estimated with a probability approaching to one. In Step
2, regime-specific parameters a,, = (af,...,qa;, ;)" can be consistently
estimated by applying the post-Lasso GMM procedure.

Recently, Qian and Su (2016) extend their work from a time-series
regression model to a panel data model with exogenous regressors:

Vit = i + 2B +ug, i=1,...,mt=1,...,T >2, (4.43)
where time-varying coefficients {ﬂl, ..., Br} follow the same modeling setup
(4.41) with parameters of interest: = {T\,..., Ty}, number of breaks
m and ay, = (o, ..., o, )" In this panel data model, first differencing is

used to remove fi;,

Ayip = iy By — )41 Be—1 + Duyg
= Ay By + w5 1 (Be — Bro1) + D

As in Qian and Su (2014), a two-step procedure is applied to estimate
parameters of interest. In Step 1, a penalized least squares (PLS) is used
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to obtain shrinkage estimators of breaks {Tl, .. ,ka} and Mmy:
1 n T T
?élng Z Z(Ayit — B+ $§,t71ﬁt—1)2 + A Z W || Be — Be—1]]
(3 KL wr t=2
(4.44)

where A; is the tuning parameter. In this adaptive group-fused lasso
(AGFL) approach, weights w; are used and treated as known by using
preliminary estimates of {3;}. The new features in this panel data model
include transformed equation due to first differencing and additional dimen-
sion Y1 ; due to the data along the cross-sectional dimension.

Similar to the time-series model (4.42), the estimators of breaks T =
{Tl,...,TmA} and m), are shown to be consistent under certain con-
ditions given that tuning parameter A\ is carefully chosen. In Step 2,
post-Lasso estimation is applied to obtain consistent estimator of slopes
d~ = a2 (Tm,) = {@;} for each regime, j = 1,...,7 + 1, based on

= {Tl,... mA} in Step 1:

m+1 T;—

IBTInHE Z Z Z Nyir — DNy By — 1t71(ﬁt _615—1))2

j=1t=T;_1 i=1

m+1 Tj_l n

7%171,{152 Z ZAylt Axlhop)?

j=1t=T;_; i=1
or

m+1 Tj_l n

mln—z Z ZAyn Nzlyaj)?

]1tT1111

1 m n
/ / 2
T Z Z(AyiTj = Tir, 1 + T, 1)
=1

j=li
where the second term is used for asymptotic efficiency.
By generalizing the fixed effects p; in (4.43) to interactive fixed effects

modeled by a factor structure A, f;, Li, Qian and Su (2016) extend Bai’s
(2009) model to the case of multiple breaks in slopes:

yit::r;tﬁt+>\;;ft+€it7 ’L':].,...,Tl;t:].,...,T, (445)

where {31, ..., Br} follow the same modeling setup (4.41) with break dates
m = {T1,..., T}, number of breaks m and o, = (af,...,a;,,,)"
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Here, f; denote unobserved factors and A; are corresponding loading
vectors. To deal with the latent factor structure, a novel penalized prin-
cipal component (PPC) estimation procedure is introduced:

m—+1 Tj
A nTZ Z S (0 — algfr — i) Zwtllﬂt Byall
{ﬁt’ft’} =1 t=T;_, i=1

(4.46)

The latent factor structure in (4.46) brings rich empirical features, e.g.,
cross-sectional dependence, at a cost of additional unknown parameters
{ft, \i} to estimate, besides {f;} in (4.42) in a time-series setup and in
(4.44) in a panel data model. Thus, an iteration procedure similar to Bai’s
(2009) TPC approach is applied to the first term of estimate {f¢, f, \i} -
Then, the rest procedure falls into the framework of (4.44).

Okui and Wang (2018) consider a group pattern of heterogeneity and
structural breaks in slopes in a panel data model:

/ .
Yie = TyBic +ei, t=1,...,n;t=1,...,T,

where f;: are group specific and time-varying within the group

Gis {ﬂg,lv e 76{],'1—'}7 i'e'a
Yit = TifBg; .t + it

In this model, slopes 3y, + vary across groups and over time. The AGFL
approach proposed by Qian and Su (2016) is applied to estimate the group
structure and slopes.

In these Lasso-type papers discussed above, structural breaks in slopes
are modeled by time-varying parameters. Compared with the traditional
modeling of structural breaks by allowing one or very a few jumps in slopes
in time-series literature, this modeling approach is more like a top-down
strategy by allowing changes in any time periods with a sparsity restric-
tion. The model flexibility of this top-down strategy could accommodate
more empirical features in the data than existing methods, and the phe-
nomenon of structural breaks in slopes is considered as a model among a
set of models dependent on values of model parameters. In this way, iden-
tifying structural breaks and parameters is equivalent to a model selection
procedure, and shrinkage or Lasso approaches are thus applied to estimate
slope parameters, break dates, and number of breaks all together.

Compared with the traditional structural break literature, the Lasso-
type approaches have been proved to be more flexible in modeling, but,
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at a cost of being less straightforward to implement the proposed estimation
procedures. In addition, the consistency of Lasso estimators of breaks and
slope parameters depends on a proper choice of tuning parameters, which
requires certain conditions. In empirical studies, it seems unclear whether
the required conditions are guaranteed.

4.9. Technical Details

This section provides technical details required to prove the main findings
above. Since the panel data model (4.6) considered here includes the time-
series model in Bai (1997a) as a special case of n = 1, it can be shown
similarly that k — ko = O,(1). In the proofs that follow, we assume k—ko
is stochastically bounded. With more information along the cross-sectional
dimension under the common break assumption, we further show that k—
ko % 0as (n,T) — oo.

Fori=1,...,n, let SSR; be the sum of squared residuals of regressing
Y; on X; in case there is no break, i.e., Zs;(k) = Orxq. Using the identity

SSRi — SSRi(k) = [Yi — Xif(k) — Zai (k)i (k)] [Yi = XiBi(k) — Zas(); (k)]
—[V; = XiBi(R))'[Ys — X (k)]
= 0;(k)'[Zai (k) M; Za; (k)]0 (k)
with M; = T — X,;(X!X;)"' X/,

n n

beors, pip 3SR =ars o |3 S
= arg max i—1[SVi(k) — SVi(ko)],

where S‘/;(k) = 51(/€)/[Zgl(k)/MZZm(k)]éz(k) Note that S‘/;(ko) -

bi (ko) [Z4; M; Zoi) bi(ko) is not a function of k.
To prove Theorem 4.1, >~ | [SVi(k) — SV;(ko)] can be decomposed into
a deterministic part and a stochastic one. Partitioned regression gives

8i(k) = [Zai(k) M Zoi(K)] ™" Zos (k) MyYi, i=1,...,n.
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Substituting Y; = X;5; + Zp;0; + €; into the equation above, we obtain
6i(k) = [Zai (k) M; Zoi(k)) ™" Zai (k) M; Zo:6;
+ [ZQi(k)/MiZQi(k)]_l Zgl(k)/Mlgl

and Sl(ko) =9; + (Z(l)iMiZOi)_l Zoi' Mg
To simplify notation, & is suppressed in 0;(k) and Zs;(k) when no con-
fusion arises. Since

SV;(k) = 8/(Zb; M; Z2)6;
= 6;(Zy M Z2i)(Z; M Z2i) ™ (Z;M; Z01)
+ 200( Z4; M Z9i ) (2, M Z2;) ™ Zh, Mg
+ i M Zoi(Z5; Mi Z2s) ™" Z; Mes,
it follows that
SVi(k) — SVi(ko)
= —0i[(Zo;iM; Zoi) — (Zo;iM; Z:)(Z5; Mi Zoi) ™ (Z; MiZoi))i (4.47)

+ 26:(Z61M1Z21)(Z51M1Z21)_1ZélM181 — 25;Z61M151 (448)
+ E;MiZQi(ZéiMiZQi)ilzéiMiEi — E;MiZOZ‘(ZéiMiZOi)ilzéiMiEi.
(4.49)

The deterministic part is denoted by
Jii(k) = 8i[(Z0;M; Zoi) — (Z4;MiZ2:)(Z5;Mi Z2i) ™ (Z5;Mi Z0i)}8s, (4.50)
and the stochastic part is denoted by
Joi(k) = 200(Zh; M; Zo;)(Zh; M; Zo;) ' Zb; Mie;
— 20, Z0; Mig; + € M; Zoi(Z; M; Z;) ™ Zi; Mg
— el M; Zoi(Z{; M Zo;) ™' Z{; Mie;.
Thus SV;(k) — SV;(ko) = —J1:(k) + J2; (k) and

n

kh=arg max [SVi(k) — SV;(ko)]

=1

1<k<T-1

=arg max |— Z Jui(k) + Z Joi(k) |-
i—1 j
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Define

be XQZ-*XOi:(0,...,0,:1:1-,;6“,...,xi,kO,O,...,O)/ fork<k0,
A —(Xgi — XOi) = (O, . ,O,$i7k0+1,. .. ,xi,k,O, . ,O)/ for k Z k‘o,

and Za; can be defined similarly.

For a finite large number Cj and arbitrarily small positive number
a < 79, define the set K(Cy) = {k:1 < |k —ko| < Cy,aT <k < (1 —a)T}.
Since k — ko is stochastically bounded, we only consider the values of £ that
belong to set K (C}).

Let A1 (k) be the minimum eigenvalue of £ 3" | R/(X},Xa;)R. Define
A1 = minge g (o) A1(k). Under Assumption 4.5, A1 (k) > 0 and A; > 0.

Lemma 4.1. Under Assumptions 4.1-4.7, for all large n and T, with prob-
ability tending to 1,

This lemma is similar to Lemma A.2 in Bai (1997a).
Lemma 4.2. Under Assumptions 4.1-4.7, uniformly on K(Cy),
(l Zz 1 1ZA181 = OP(V ¢N)7

)
(i) = S0, 8124, X (KX 1 82— 0, /%0);
(i) le | 012 My Z) (Bt ) Baglss — 0,(1) 4,
) 4
)
)

=R

1

Z! M, Zo; n
Zz 1E:M; ZA%(%Q) IZ/AiMigi:OP(T);

n Zb, M; Zo; n i
(V) 72 1 &M Zoi (2o =) 'ZpjiMigi = Op(7) + Op(\/T);

(vi) Y7, & A\/jo_Zm |:<Z2z]¥1221)—1 _ (Zéif\;izm')—l} ZoMies _ Op(%).

(lV T
1

VT

Proof of Lemma 4.2. (i) Under Assumption 4.3, for large n,

ar (Z 5;Z/Az€1> = Z(S;Z/Azzs,iZAZ(SZ
i=1

=1

It can be shown equal to O(¢y)under Assumptions 4.4-4.7, implying
210127 = Op(Vén) on K(Cr).

The proofs of Lemma 4.2(ii)—(vi) are similar. O
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With these lemmas, we are ready to prove Theorem 4.1.
Proof of Theorem 4.1. To prove lim(y 1) Pk = ko) = 1, it is
equivalent to show that, for any given ¢ > 0, for both large 7" and n,

P(|k—ko| > 1) < e. It is sufficient to show that P(sup g o) 2oieq [SVi(k) —
SVilko)] > 0) <., or

su inf J1i(
(K(CI;) K(Ck)z . )

By Lemma 4.1, it suffices to show P(supyc,) q%N > Jai(k)] > A1) <€
For any k € K(Cy),

Z Jai(k
i=1

ZJ21

1=1

Z [260( 20 M; Z2i)(Z; M; Zoi) ™ Zy; Miie; — 26, Z; Mg

Z 8 M; Z9i(Z: M; Zoi) =1 25 Me;

— E/Z-MiZ()i(ZéiMiZOi)_IZ(/)iMiEi] .

Consider the first term, Zo; = Zo; + Za; for k < ko,

Z (26020 M; Z2i)(Z; M; Zoi) ™ Zy; Miie; — 26,2 Mg

n

= Z [2§;Z/AlMZEZ — 262(Z/AZM1Z21)(Z£1M1Z21)_1Z§ZMZ€1]

i=1

. 7 (XX )‘1 Xle;

1A Az \/T

2 | 28 MiZo;\ " 28 Me,

_"__ 67{ leMlzz ( 21 K Z) 21 1<
\/T ; ( A 2) T \/T

By (i), (ii) and (iii) of Lemma 4.2, the first term

Z [25;(Z61M1Z21)(ZéZM1221)71ZéZMZ€1 — 26;Z61M181j|

=1

= Op(\/¢_N)-

(4.51)
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Now consider the second term

Z 1M Zoi(Zh;M; Za;) ™ Z; Mg; — £ M; Zoi (24 M; Zoi) ™ Z; M)

1| / ZéiMiZQi - /
S T izzlgiMiZAi (T ZAiMiEi

—1
Zh;Me;
T ) Ad €

ZhMiZoi\ ™' ([ ZhMiZei\ ™
T T

Similarly, by (iv), (v) and (vi) of Lemma 4.2, the second term

E; ]\4Z0Z <Z51M1Z21

Z(/)lM1€Z
VT |

ZsMZOl

N
Z [5;M1221(ZézM1221)71ZézM151 — 5;M1201(Z(/)1M1201)71Z61M151j|

=1

~0, (%) +0, (@) (4.52)

Combining (4.51) and (4.52), we obtain

- = [ouvam + 0, (2) + 0 ()]
-on() v [ @) e ()]

Under Assumption 4.2, d%w |> i, Joi(k)| vanishes for any k € K(Cy), so
does its maximum. O

¢N

ZJ21
=1

Proof of Theorem 4.2. Compared with (4.8) of Model 1, equation (4.21)
of Model 2 has the same form using transformed data {Y“ ni=1,...,n},
except for the additional term M, Fv;. The focus of the proof of The—
orem 4.2 is on showing that M, Fv; can be ignored asymptotically as
(n,T) = o0
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For i = 1,...,n, let SEf{l be the sum of siu/ared rg\siduals of
regressing Y; on X; alone. Using the identity SSR; — SSRi(k) =
51(k)/[Zgl(k)/M122Z(k)]5l(k) with Mz =1- Xl(X{XZ)ilX;, we obtain

o, pin | SR = e, a5 5V.l4
=arg max ZI[SVl(k) — SVi(ko)],

where SV ;(k) = 0;(k)' [ Zas (k) M; Zai (k)] (k).
Partitioned regression gives
8i(k) = [Zas (k) M Zos (k)] ™" Zou () MY
Substituting Y; = Xlﬂi + Zoidi + é? into the equation above, we obtain
8i(k) = [Zai(k) My Zay(K)] ™ Zos (k) M; Z0i6;
+ [Zoi(k) M Zos(K)] ™" Zoa (k) M,
and Sz(ko) = 51 + (Zélezol)_lzol’Mléf
The rest of proof can proceed in the same way as that of Theorem 4.1
using the new notations with “7”. Note that there is an additional term
My, Fy; in é = My, F~; +&; in Model 2. In what follows, we show that each

element of M,,Fy; is of order O ( —), which implies that &Y behaves as ¢;
as in Model 1 asymptotically as n —> 0. O

To examine the effect of this extra term on the estimated % and l;i, we
introduce some new matrix notation. Since x;; = T'.f; + v in (4.3), we
write

X = F I +V;,

Txp TXmmxp Txp
where V; = (vi1,...,v;r) . Denote Fy = (0,...,0, fro+1,-- ., fr) and Vo; =
(0,...,0,0 ky+1s - - -»0i,7)". Thus,
Xoi = (0,...,0,2 got1s- s Tir)
=(0,...,0,T% frot1 + Vikot1,-- - Lifr +vir)
= ol + Vo,
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For the error term (4.18), denote

gt + sziﬂz
Uy = ' ; ‘ and
Ut
0
t=1,...,k
<0)7 ’ s VO,
Adinlko) = i@-v/ Ré;
T t=ho+ 1, T
0

Thus, ﬂt(ko) = Z?:l Oiuit(ko) = Ut + Aﬂt(ko) Denote U = (’ﬁl, . ,ﬂT)/
and

/

N 0\ [ D 0] 41 RS: > 0] 1 Ro;
ATk = [ () (o) | S | &
0 0

Thus, stacking cross-sectional averages w; = C(ko)' f: + t(ko), we obtain

T - _ _ _ 7
TXI(/}'QD = (W1, .., Wky, Wkgt1,---,0T)

= (C{fr+ 11, ., Cfro + Uy, Co fros1 + kg1, - - -, Cofr + r)

=FCy + FO(CQ — 61) +U + AU(kO).

Denote

F = (FF C =(C,(Cy—C))Y and U =U+ AU(ko).
Tx2m (F, Fo), 2mx (p+1) (G (Cs 1)) an Tx(p+1) * (o)
Therefore,

W =FC + U. (4.53)

With this notation, we obtain lemmas, which can be proved similarly to
Lemmas 1-3 in Pesaran (2006).
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Lemma 4.3. Under Assumptions 4.1, 4.2, 4.8-4.15, uniformly on K(Cj),

(i) 1 = Op(), Atin(ko) = Op( L)

(i) 200 = 0p(L); AFT = 0,(A=), 2V/F = 0,();

(i) 2170 = Op(2) + Op(A=), 20 = 0p(2) + Op( A=), V50 =
Op(3) + Op( )5

(iv) £X[U=0p(L) + Op(A=); £X4,0 = 0p(1) + Op(A=)

Lemma 4.4. Under Assumptions 4.1, 4.2, 4.8-4.15, uniformly on K(Cy),

(i) #F'F = 0,(1); £+F'F = 0,(1);
(i) XIF = 0,(1); £X;(k)'F = O,(1).

Proof. Item (i) is obvious by Assumption 4.8.
(ii) Since X; = FI; +V; = (F, F,)(I',,0) + V;, %XZ’IF can be written as
I, 0)(ZF'F)+4V/F. By (i) and Lemma 4.3(iv), = X/F = O,(1). Similarly,
2 T T" " T p
%Xi(k)'ﬂ? = 0,(1). O

With Lemmas 4.3 and 4.4, we are ready to establish the property of
the T' x m matrix M, Fy;, which will be frequently used in the derivations

below. Denote

11—, 1, 1.
E I F/ - /]F - Y.
C U+TU (C+TUU,

(r+Dx(p+1) T
e’} —1
fB) = (=) <%@’F'F@) E
) k=1

(p+1)x(p+1

k 1 1
— J—

—CFF .
(e

By Lemma 4.4(v), E = O,(+ )+O( —), thus f(E) =
In addition, denote

ﬁ
e
>

!

/ a0 -1
D1 =-T/(E )"FTF +T (C’F—C) + f(E) (4.54)
and
/F'F _/IF’F U'F
(p£)2xm: [<C —(C) + f(E) < T ) (4.55)
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Since C = O(1), EX and EE are 0,(1), f(E) = O,(2) + Op( A7), and

UE— 0,(A0). .
D1=0,1) |0, (%) + 0 (4= )] ot

Lemma 4.5. Under Assumptions 4.1, 4.2, 4.8-4.15, uniformly on K(Cy),
My, F~i = FD17i + UDyy;.

By Lemma 4.3(1) where each element of U is Op(ﬁ)v each element of
M, Fry; is of order Op(ﬁ)'
Proof. Plugging in (4.53), we obtain

1o 1, 1y 11
== - - —U'D
W'W = ZCFFC+ ~CFU+ ZUFC+

11—, —
—CFFC+E.
T +

By Lemma 4.4(i), %@/IF’IF@ is Op(1). Since E = Op(%)qLOp(\/%), it could
be very small when both n and T are large. By Horn and Johnson (1985,

p. 335)

o) - (Lww)
T T

1
_ <l@’W@) - (%@/F’F@JrE)

—1

T
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_ (lg'rre o h LeFrC B
A\T T

[e%e) 1., o —1
<T(CIFIF(C> = f(E).

1 -, — -t
I-l—(T(CFF(C) E

(—1)kH! l<%@’1€’m>l E

k=1

This yields

A 1, 2\ "

It follows that

/1 N\"tq1 o
M,F = |Ip — —w’ —W'|F
T W(TWW> W
[ 1, — -1 1, - -,
= |Ir — (FC+ D) FCF'FC + f(E) T(]F(C—HU) F

= [Ir — (FT)(C'F'FC) ' (FT)|F — (FT) { f(E) (lm)

1=,
TU } F
Lecy Lo) F
T T '
As discussed in Pesaran (2006), Myz = Iy — (FC) (@/F’F@)_l(lﬁ‘@)’ =Ir—

F(F'F)~'F under the rank assumption. This implies that the first term is
0. Therefore, plugging in (4.54) and (4.55), we obtain

1, — -t
+ (TCFFC) + f(E)

1, -\
-0 (T(C]F]F(C) + f(E)

My F~v; =FD1vy; + IUDQ’}/Z'. (456)

O

4.10. Exercises
(1) (Westerlund, 2019) Consider a panel model

yir = a1 (t < ko) + il (t > ko) + Nife + €t
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where 1(A) is the indicator function, ko is the breakpoint, f; is a the
common factor and J; is the loading. We can use the common correlated
effects (CCE) of Pesaran (2006) to approximate f; by 7,

Tyo=ml(t <k)+al(t>k)+\:+5,

and
Fo=2 ", —mlt <k)—a@l(t>k) -z
Then
Yir = 0uil (£ < k) + 001 (£ > k) + MA Ty + €t
with
Sui= i — MA@,
boi = Q2 — MA@,
and
€it = Eit — /\J_lgt.
Define
k = arg 1<£r21%r1 ) RRS,, (k)
with
RRS,( Zn: 8] Myly: — D(k)31],
i=1
where
yi = 61:D1(k) + 62:D2(k) + Aixilﬁs;
Yi = Wits-- o vir) s Ui = [W1o--- 07 s and € = [e,..., 7] . Also
0y = [511,521], (k) = [D1(k), Do(K)], Dy(k) = [1},07 ]/, Doy(k) =

(07, 1'T7k] My = Iy — A(A’A)~1A’. Show that
Plk=k) —1

as n — oo for any fixed T'.
(2) (Pestova and Pesta, 2017) Consider

Yit = 051 (t > k) + 064,
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where o; > 0. Define

n T
k= argmkinz {%@ Z (yit — yik)Q + ﬁ Z (yit — gik)Q}v

t=k+1

where w (t) is a weight, 7,, is the average of the first k and gy is
the average of the last T — k observations for each i. Show that if
Ly 62 > 0

1=1 "1

as n — oo for a fixed 7.
(3) (Bhattacharjee, Banerjee and Michailidis, 2017) Consider

i1 + Eit, t:1,2,...,[T7’],
Tit —
' Wiz + e, t=[T7]+1,2,...,T.

Define
n [T7] ) T )
T = argmkln; ; (i — pa (1))" + t_[Tz%H (wit — fiiz (7))
with
1 I
i1 (T) = 7] ;wit
and
1 T
iz (1) = 517 > wa
t=[T7]+1
Let
pr = (a1, -+ pn1)
and
po = (12, - -, fn2)-
Show that

T llus — pall3 (F—7) = O, (1).
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(4) (Aue, Hormann, Horvath and Reimherr, 2009) Let {y;}7_; be a time
series of dimension n with E(y;) = 0 and ¥ = E(y.y;). Define

(Z vech[y,y;] — Z vech[yy; )

A = max S,@E}lSk,

and
Ly s
with
1Sr - 3|, =0,(1)
k = 1,...,T, where, for an n x n matrix M, |[M|, = sup,_, ||$T|

denotes the matrix norm induced by the Euclidean norm on R". Show
that under the null as 7' — oo

Hy : Cov(yr) = --- = Cov(yr)
Ar % A(d) = supz Bi(r

and

d
=> B (r)dr,
=1

where d = @, B (r), 1<1<d, are independent standard Brown-
ian bridges.
(5) (Kao, Trapani and Urga, 2018) Let

Wy = Vec(ytv y£)7

wy = vec(ye, y; — 2),
[T7]

T TT Z ytyw

and

2177: ( Z Vel

t [T7]+1
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~

T {T[Vec(i)] fvee(S,)]' }

(1 7) [vee(Ea)] [ree(E1)

~ ~ ~ m l ~ ~ ~ ~
VE,T = (\IIO,T+\I]0,1—T) +Z (1 - E) [(l:[]lﬂ'—i_q];,‘r) (\I]l,l—'r""\lll,l—T)]
1=1
with
U, = Z [wt — VQC(ET)] [wt_l — Vec(ET)]
t=1+1
and
N 1 T N N
Uiy = T(l — T) Z [wt — Vec(El_T)] [wt_l — Vec(El_T)].
t=[Tr]+1
Let
AT(T) =R x D)\T.
Show that
sup ||V
(Tr]

(6) (Yao and Davis, 1986) Consider z1,...,z) N (1,0%) and
Thal,- s Tn N (14 6,0%). We want to test Ho : k = n versus
H, : k < n. Define

Sk kSa
T, = max vn_ nvR
) -

with
Sk =x1+ -+ zg.

Show that under the null

1
lim P (— (T, —by) < c) = exp(—2n~2%e7°)
n—o0 ap
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with

1
V2TIngn’
1 1

b, =—+ =a,l
an+2a nsn

Ay —

and Iny is the kth iterated logarithm, where —oo < ¢ < oc.
(Bai, Han and Shi, 2019) Consider

y )\;1ft+5it7 tzla"'kaa
i =
! )\ngt+5it7 t:k0+1,...,T,

where ko = [T'10], fi is a r x 1 vector of unobserved factors, ko is the
unknown break date, \;; and \;o are the pre- and post-break factor
loadings, and ¢, is the idiosyncratic error. Let

. Alft+5t7 t:]-v"'vk07
o= Agft—l—gt, t:k0+1,,T

with

Yt = (ylh v 7ynt)lv
Al == ()\llw"?)\nl)/v

and
Ay = (M2, An2)

Let Fv]g) denote vk times the first r eigenvalues of Yk(l)Yk(l)/ and ﬁ,ﬁz)
denote /T — k times the first r eigenvalues of Yk(2)Yk(2) , where

Yk(l) = (21,.. .,xk)/
and
Yk(z) = (!Bk+1, ce ,.’L'T)I .

Let ﬁ denote the transpose of the tth row of F= [ﬁél),ﬁém] . Define

k = arg rnkin SSR(k, F)
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with
n k n T e
SSR(k, F) ZZ Yit — ft i1) Z Z (yie — fiXi2) ™,
i=1 t=1 i=1 t=k+1
(1) (1
21 k 9
~(2) (2
- B Ty
12 T _ k )
Yk(ll) (yzlv"'vyik‘)/7
Yk(ll) (ylla"'ayiT)/'
Show that
(a) if
n'~*loglogT
— =2 0
T s
loglogT
loglogT _
n
and
loglogn
——=— =0
T —
then

lim P(k=ky) =1,

(n,T)—o00

where 0 < o < 1.
(b) ifa:O,%%Oandlogl%T%O,then

k—ko=0,(1).
(8) (Chen, 2015) Consider

. Alft+€t7 t:17~"7k07
o= Agft+€t, t:]{,‘o—f—l,...,T.



114 Large-Dimensional Panel Data Econometrics

Define the least squares (LS) estimator of the break point as
-~ — . . A A
k argmkln |:A1rTlAl£ant (kav 1, 2):|

with

k T
S’n«t (kav A17A2) = Z Hyt - AlftH2 + Z ||yt - AthHQ .
t=1 t=k+1

. Show that 7 — 7 = Op(ﬁ) where 0,,; = min{\/n, VT}.

Sl

Let 7 =



Chapter 5

Latent-Grouped Structure in Panel
Data Models

5.1. Panel Latent Group Structure Models

In this chapter, we study the issues of homogeneity pursuit in panel mod-
els. How to control for unobserved heterogeneity is critical to economists.
This chapter considers panel models where individuals may be grouped at
different levels. Panel data models with grouped heterogeneity have gained
popularity to model the unobserved heterogeneity recently, e.g., Bonhomme
and Magresa (2015), Su, Shi and Phillips (2016), Vogt and Linton (2017).
Suppose we observe panel data (yit, zit), ¢ = 1,...,n, t =1,...,T, where
y:+ is the scalar-dependent variable and x;; is a covariate vector

Yit = T3 0 + qir + €it,
where «a;; are unit-specific effects such as, e.g.,
Qi = 1; + 0.
We assume that the individual units are grouped into K groups so that
Qi = Qg,t,

where g; € {1,..., K} denotes group membership and (ag1,...,aqr) are
K group-specific sequences of time effects.

Bonhomme and Manresa (2015) consider a panel model with grouped
fixed effects (GFE)

Yit = x;tﬁo + a?]?t + E4t- (5.1)

115
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Model (5.1) contains three types of parameters: the common parameter §;
the group-specific time effects ay for all g; € {1,..., K}; and the group
membership variable g; for all i. We denote « as the set of all ag’s, and
as the set of all g;’s.

The grouped fixed effect estimator in model (5.1) is defined as

n

T
(ﬁv ava) = arg min Z Z (y’tt - x;tﬁ - agit)Qv

O am) = i

where the minimum is taken over all possible groupings v = {¢g1,...,gn} of
the n units into K groups, common parameters 3, and group-specific time
effects a.

5.2. K-means Clustering

K-means clustering is a method of vector quantization, originally from sig-
nal processing, that is popular for cluster analysis in data mining. K-means
is one of the most popular clustering algorithms. K-means stores k cen-
troids that it uses to define clusters. K-means finds the best centroids by
alternating between (1) assigning data points to clusters based on the cur-
rent centroids and (2) choosing centroids (points which are the center of a
cluster) based on the current assignment of data points to clusters. Let us
consider the K-means clustering method where there are no covariates in
the model, i.e., 5 = 0. Denote

/

yi:(yi17-~-7yiT)

Let

!
ag = (g1, g2, ..., QgT)

and

o= (a’l,a’l,...,o/K)/

be a K'T' x 1 vector that stacks all ag¢’s. The K-means grouping procedure
prescribes a criterion for partitioning a set of points into K groups: to
divide points y1, . . ., y, in RT according to this criterion, first choose cluster
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centers aq,...,aq in RT to minimize
n
Qn = min [y — oy
1 ge{l,...K}

n T
- E E yzt aqt ’
=1

96{1
ie.,

a = argmin@,,, (5.2)
(o7

where || - || denotes the usual Euclidean norm, then assign each y; to its
nearest group center. Note that the global minimization is NP-hard and
requires integer programming due to the discrete feature of g € {1,..., K}.
There are almost K™ ways to partition n observations into K groups. That
is, in practice, finding o at which @,, attains its global minimum involves
a prohibitive amount of calculation, except in the one-dimensional case. It
is also well known that, in general, the K-means algorithm terminates in a
local optimum and does not necessarily find the global optimum. The mean
of the points must equal to gy, otherwise @, could be decreased by the
first replacing ag+ by that cluster mean then, if necessary, reassigning some
of the y’s to new groups. The criterion is, therefore, equivalent to that of
minimizing the within group sum of squares.

1 X
min — Z a~tfoz :op(l).
i TS

Now we assume y; are i.i.d. across individuals and have finite second
moments. Define

a = argmin K
(o7

a 2
Z yzt QG (a)t ) ‘| .
t=1

Next we show
aba

as n — oo with T fixed. For the purpose of illustration consider K = 2
and 7' = 1. Now the problem is to choose optimal centers a; and Qs
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to minimize
2
Qn (a1, 02) me |y1_a1| yi — oz ) (5.3)

then allocate each y; to its nearest center. The optimal centers must lie at
the mean of those observations drawn into their clusters. Next we show that
a = (a1,az)  converges in probability to @ = (@, @z) as n — oo, where @
minimizes

Q (a1, a2) = E[min(|y—a1|2,|y—a2|2)].

Clearly, we can use the uniform law of large numbers to show that
Qn (a1, a2) converges in probability uniformly to @ (a1, a2) as n — oo.
This suggests that & which minimizes @, (a1, 2) converges in probability
to @ that minimizes @ (a1, ag). Assume there exists a unique @ minimiz-
ing Q (a1, a2) . What happens when this uniqueness condition is violated?
We may relax the assumption that @ (a1, as) has a unique minimum, by
assuming @ (aq, o) achieves its minimum for each (o, a9) in a region D
and argue the distance from the optimal (a1, @z) to D converges to zero in

probably (or almost surely).! Suppose y; ity [0,1], then

1
Elmin (|y — a1”, |y — az|*)] :/0 min (|y — a1|?, |y — az|*)dy

By symmetry we may assume a1 < as. We can show that

Qe = [[{o<y<t@ranfy-ap

It is easy to show that @ (a1, a2) takes a minimum value of % at ap = i

and ap = %. The values of @ are found by minimizing @, (a1, asz). Clearly,

1

Qn (51,@2) it Q(ahaz) = E

I This example is taken from Pollard (1981).
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Thus,
. o~ 1
limsup Q,, (a1, az) < 18

because @, (a1, 02) < Qp (%, %) . Then we can show & & @ easily.
Next we show that

Vi (@—a) % N(0,Q), (5.4)

where the matrix €2 involves the integrals of the population density over
the faces of the optimal clusters. The proof of (5.4) depends on a quadratic
approximation

~ _ | VSO
Qn(a):Q(a)*ﬁZn(a*a)+§(a*a)F(a*a)

+0p <%rn> oy (12), (5.5)

where r, = |[a —@l|, T is a positive definite matrix and Z,, has an asymp-
totic N (0, V). The optimal & that minimizes @, («) lies close to the vector
a+ \/Lﬁf_lZn that minimizes (5.5) in the sense that \/n (@ —a) —I'"1Z,
converges to zero in probability.
Again consider K =2 and T = 1.2
. 2 2
m (a1, az,y) =min (|y — 1|, [y — az).

Note

VI (Qn (o1, 02) — Q (a1, )
— % Z (m (a1, a2,y;) — E (m (a1, @2,9:)))

= An (0517012).

[N

Note that near optimal centers, a; = % and @y =

)

2
oo t) o d) ()

+§ —§+bitm
gl cubic terms.

2This example is taken from Pollard (1982a, 1984).
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Note that @ (a1, ) has partial derivatives with respect to a; and aq except
at y = % (a1 + az) . This suggests

8Q(a1,a2)_ ]. 1
Mgt =2 (u-g){osv<y)

8Q(a1,a2)7 3 ].
dont 2<y1> {5§y§1}'

Then concentrate on values of (a1, as) close to the population optimal

values (%, %)

and

_1+1
041—4 \/ES
and
3+1t
gy = — + —t.
*Ta ' n

Now we take a Taylor expansion of m about (%, %)

1 1 3 1 13 1 1
A+ —=s, -+ —=t)=A4,[>,= 2—=sB,, + 2—tC,,
<4+\/ﬁs4+\/ﬁ> <44>+ TR
where
1 — 1 1
By, = — ~-)Jo<y<:
IR
and

1 13 1

+ higher order terms
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71+1 352 st+3t2
S48 o\ 8 4 8
+1A L3 +21(B +tC,) + high der t
—A, =, - — " n er order terms
n 4’4 ns '8
1+1A 13+1( dratic i d t) 4 higher order t
= — —Ay -, = — ratic 1 n T OI T rms.
48 \/ﬁ 11 nqua atlc 1 S a. gher orde [§ S

To accuracy of the order Ln, the location of the minimum of @),, can
be found by minimizing the quadratic term such that
+

ay = (linear function of B,, and C,) + higher order terms

RS,
Sl

~

3 1
Qg = 1 + — (linear function of B,, and C,,) + higher order terms.

Jn

The linear functions of B, and (), have an asymptotic joint normal distri-
butions, because B,, and C, have to form a normalized sum of independent
random variables. Then optima centers follow a central limit theorem

(5 (e 2)on(e-2) v

where
Q=r"tvr
3 _1
| 2 1
1 1
and
L0
24
V= o 1l
21

Next we consider the case with large n and large T'. Assume 5 = 0. Let
7% = {g?,...,9%} denote the population grouping. Let v = {g1,...,9n}
denote any grouping of cross-sectional units into K groups. Note that the
dimension of « diverges as T tends to infinity and hence the standard
techniques (e.g., Newey and McFadden, 1994) cannot be used to show the
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asymptotics. Clearly, the grouped fixed model is related to interactive fixed

effects (Bai, 2009) with

gt = (Oélt,OZQt,...,OéKt) X (0,0,...,].,...,O)
G
= 1{g; = g} ag-
g=1

Bonhomme and Manresa took the advantage of this connection to establish
the consistency of K-means estimator when the dimension « is large. Define

n T
Q) = = D3 (= )

Note

Qo) = =303 i — o’

We also define
such that

Following Bonhomme and Manresa (2015) we can show

sSup |Q\ (av'y) - Qv(av'y) | =0p (1)

a,y

as (n,T) — 0.
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Next we establish that @ is consistent for a®. We consider the following
Hausdorff distance d:

RPN S Y |

g =1

We can show

We note that there exists a permutation o such that

r 2
Z (@)t — ) = o0p (1)

We obtain o (g) = g by relabeling. Define

T
{ Z Oégt <T],Vg}
T

gi = argmlnz Yit — Qg e
t=1

’ﬂ |

’ﬂ |

Let

We can show that for n > 0 small enough, we have, for § > 0,

sup Zl{gz ) # 97} = 0p(T ).

Let
n T
(@,7) —argml ZZ Yit — Olg, t
i=1 t=1
and

n T
a= argmainzz Yit —

i=1 t=1
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Note that & is the estimator of @ when the group membership 7° is known.
Let

n

ng:ZI{g?:g}

i=1
for all g. We also can show that for all g and ¢ as (n,T) — oo

. 1
gy — g =0y <ﬁ) (5.7)

if 22 — 7 and for any 6 > 0
Qg — ag)t =0,(T7). (5.8)

Then we can show

~ 1
O[g,t — O[g,t = Op <ﬁ) (59)

and
Vi (@gy —ad,) % N(o, —2) (5.10)

where

Wyt = nh_{go o ; EE (1 {9? = 9? =g} euncjt).

=1 j=1

We can also show

n T
1 .
_T Z Z (aﬁi,t — ag?,t)Q = Op (1) (511)

n

Bonhomme, Lamadon and Manresa (2017) study panel data estima-
tors based on a discretization of unobserved heterogeneity when individual
heterogeneity is not necessarily discrete in the population. They focus on a
two-step grouped fixed effect estimator, where the individual units are clas-
sified into groups in a first step using K-means method and the model is
estimated in a second step allowing for group-specific heterogeneity. Again
we assume 5 = 0. Let f (y;|aio) be the conditional density of y; conditioning

0
on «;.
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In the classification step, one relies on a set of individual-specific
moments

1 T
hi==> hy
T ) (yt)

to learn about the unobserved heterogeneity «;. Classification consists in
partitioning individual units into G' groups based on the moments. The
partition units g; is obtained by

(ﬁ,ﬁ,...,gn) =arg min ZHh —h( gz)|

hogis.ogn i1

)

where {g;} are part1t1ons of {1,...,n} into at most K groups and h =
(h 1),...,h(G) ) In the estimation step, one maximizes the log-likelihood
function with respect to group-specific effects, where the groups are given
by g; from the first step. Let

1 () = o8 f (o)

and

Qa = arg mgxz li (i (95))
i=1

with
a=(a(l),...,a(K))".

Assume there is a Lipschitz continuous function ¢ such that as (n,T) — oo

%i [hi = ¢ (a9)|” = Oy @)

Let B, (K) be the approximation bias of o

B, (K :mln—ZHa —a(g) ’

a,{gi} N

Bonhomme et al. (2017) provide an upper bound on the rate of convergence
of h (g;) of ¢ (af)

P @) -0 @) [P =0, (1) + 0, (Ba (). Ga2)
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5.3. Conclusion

This chapter reviews the recent developments in homogeneity pursuit in
panel models. It focuses on the asymptotics, e.g., consistency and limiting
distribution, of K-means-based methods. Other related issues on homo-
geneity pursuit are taken from the literature and put in exercises. A major
challenge in homogeneity pursuit is estimation of the appropriate of groups
or clusters. Many existing methods focus on the within-group dispersion,
e.g., BIC in Bonhomme and Manresa (2015), resulting from a grouping of
the data into K groups.

5.4. Exercises

Please spell out all the conditions and assumptions you need for the proofs.

(1) (Steinley and Brusco, 2011) Show that the minimum ratio of the

within-cluster sum of squares to the corrected total sum of squares

for a uniform and a standard normal partitioned into two groups is i
and 1 — %, respectively.

(2) (Mahajan, Nimbhorkar and Varadarajan, 2012) In the K-means clus-
tering problem, we are given a finite set of points S in R?, an integer
k > 1, and the goal is to find k centers to minimize the sum of the
squared Euclidean distance of each point in S to its closest center.
Show that K-means clustering is NP-hard even in d = 2 dimensions.

(3) Pollard (1981, 1982a,b) has found regularity conditions which assure
consistency and asymptotic normality, with a convergence rate of v/,
of the K-means estimators. One of the regularity conditions is that
the Hessian between group sum of squares is nonsingular. Serinko and
Babu (1992) consider K = 2 and T =1 as in (5.3) and y; has a double

exponential distribution?

m (o, g, y) :min(|y—a1|2,|y—a2|2).

3The pdf is
1
F@)= Lp " exp Al
with 8 > 0.
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Show that

d .
nt (@ — ;) % a;sign(2)V/] 7]

j=1,2, where Z ~ N (0,1) and a; are constants.
(4) Qu and Gao (2018) consider a time-invariant group fixed effect model
Yit = Tit + agi + vit,
Tit = G2y + 0 + €,
i=1,...,nyt=1,....T; g, € {1,..., K}, where E (vyyzs) = 0 for
i # j, t # s. The grouped fixed effect (GFE) estimator of (53, a, ) is

T

(3,&,@) —arg rn1 ZZ Yir — Tt — a(h) )

z:l t=1

Now let P(g; =1) = P(g; =2) =%, K =2 and T = 1. Show that

3

B5B
with
— a
ﬁ:ﬁ‘f'g
1 1 20 (o1 —a9)?
a=0=(a?+a?)— 264% - Z6[(a1 + A7 + e e
2( 1 1) 2 [( 1 2) ] \/%
and
42 2 621 2 2 2 62A2 62 A2
b= ¢ 0 + §(a1+a2)+og—? —?[(al—i—ag)— ]
as n — 0o.

(5) (Bonhomme and Manresa, 2015). We assume that the group-specific
effects are time-invariant, 8 = 0, and K = 2:

Yit = Qg;t + Eit,

where &;; N (0,0?) and g; = {1,2}. Without loss of generality, we
assume oy < ao. Show that

P(@ia) =g = 1) =1 -0 (V2.

g

where @ (+) is the cdf of a standard normal. This implies that the group
misclassification probability tends to zero at an exponential rate.
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Bonhomme and Manresa (2015) consider the following model:

vie = 7380 + algo + viy
with v M N (0,02), where the true number of groups is K° = 1,
and where a® = o9 denotes the true value of a. Let (3,a) be the GFE

estimator of (3%, a’) with K = 2 groups. Show that as T is fixed and
n — 0o

Bo B0
and
2
~ D 0
Lol oy =
Qo OO\ TT
forg=1,2.

One of the most pressing questions, in practice is how to determine
the number of groups. A popular method for determining the number
of groups is the information criteria, such as the Bayesian information
criterion (BIC) as in Bonhomme and Manresa (2015)

n

T
1
[(K) = — DD (yir - aggf + Khyr

=1 t=1

and

~

K= arg ey T
where Kiax is an upper bound. Show that the estimated number
of groups K is consistent for K if, as (n,T) — o0, hyr — 0 with
min (n,T) hpr — 0.
Prove (5.6).
Prove (5.7)—(5.11).
Prove (5.12).
Let K denote the number of groups and G = {g1, ..., g,} denote the
grouped membership such that g; = {1,..., K'}. Ando and Bai (2016)
consider a panel grouped factor model

/
Yit = Ty B+ fgi,tAgs i + Eits
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1 =1,....,n,t = 1,...
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,T, where x;+ is a p x 1 vector and fg, ; is

an r X 1 vector of unobservable group-specific factors that affect the
units only in group g;. Here Ay, ; are the factor loadings and e;; is the

unit-specific error. Let

yi = (Y, - - -
/

Ty = (wilv"'v

f]: (f;,lv"'v
and

Ei:(Eﬂ,...,
where, for g; = j, fg, = f;. Let

Aj:<Aj,17...7

9 yiT)/ )
x;T)I’
/
i)

51‘T)/

Ajn)

be an r x n factor loading matrix. Define

(B\vévﬁa"'vf/gvxlv"'axs)

S
= argminz Z lyi —2iB — fg: Mg i

i=1igi=j

|* + 0T - pr.», (18));

where pg ~ (|8]) is the penalty function. Show that

18— 8°]] = 0p (1)

and for all 7 > 0

P sup
i€{1,...,n}

s (n,T) — o0

@@ﬁM—ﬂ>Q:%m+4i)

TT

Su, Shi and Phillips (2016) propose a classifier Lasso (C-Lasso)
approach to achieve classification and estimation for panel models
in which the penalty takes an additive-multiplicative form that forces
the parameters to form into different groups. Define

QnT =

=1 t=

n T
% Z 21/) (wits B, Wi (B))
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with
1 T
fii (B) = argmin — >~ 4 (wis; Bi, i),
wi T p

where ¢ (w;; Bi, pti) denotes the logarithm of the pseudo-true condi-
tional density function of y;; given x;;, p; are individual effects and 3;
is a p x 1 parameter of interest. Assume the true values of 3;, 87, to
follow a group pattern

Ko
B =Y ap1{iec Gy}, (5.13)
k=1

for any j # k. Shi et al. propose a classifier Lasso (C-Lasso) esti-
mates, 5 and & to estimate 8 = (f1,...,0,) and o = (@1,...,ax) by
minimizing the following penalized profile likelihood function:

where af # of for any j # k, UkKong ={1,...,n} and G{NGY = @

n Ko

Qura (8.0) = Qur (8) + > SO T[ 16 — el

i=1 k=1

where A is a tuning parameter. Show that

Bi—B?:OP (%"‘/\)

Xl =0 (7)

Huang, Jin and Su (2018) consider a panel cointegrated model with
latent group structure

and

Bi— B

! !
Yit = s + 51,#1,@5 + ﬁz,ixz,it + Uit
and
T1it = T14t—1 + E1,it,

where p; is the unobserved individual fixed effects, x1 ;4 are I(1) and
x4 are I(0) for all 7. We allow the true value of 3 ;, 6?,1-, to follow a
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grouped pattern
o) ifie@?
ﬁ?,i -
% ifieGY
where af # o for any j # k, Uk VG =1{1,2,...,n},and GR N GY =

& for any j # k. Let o = (on,...,ak), 1 = (B11,.--,01,n) and
B2 = (B21,--.,0B2n). Here, we assume p; = 0 and fS2; = 0 for all .

Let 8; = B1; and B = (31, and

QnT T2 Z ||y1 1 1Bz||

Huang et al. propose to estimate 8 and « by minimizing the following
C-Lasso-based penalized least squares

(B? a) = arg %171(? QnKT,A (ﬁv O[), (514)

where

3I>

n K
I8 =l

i=1 k=1

nTA(Bv )= Qunr (B) +

and A = A (n,T) is a tuning parameter. Show that

15~ 2l =0, (7 +2)

ICNIPN b
g;Hﬁi*ﬁ?HQ:Op (T—Z)

where by = loglogT.

Lu and Su (2017) propose a testing procedure to determine the num-
ber of groups in panel latent group models. Lu and Su consider the
following linear panel regression model:

and

Yit = 117;,55? + i+ €t

Assume n individuals belong to K groups and all individuals in
the same group share the same slope coefficients. That is, 3s are
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homogeneous within each of the K groups but heterogeneous across
the K groups as in (5.13). Let 31 be the C-Lasso estimator similar to
(5.14). Let yix = yit — U;, where J; = %Z;‘ll yir and T is defined
similarly. Let

Qur () = == 3 G — Fabi)®

i=1

A n Ko
o (B,0) = Qur (B) + ﬁz H 18 — cull,
i=1 k=
and
(B\’ a) = argIéliil Q’r{,(T,)\(B?a)?

where \ is a tuning parameter, 3 = (317 ... 7371) and @ = (ay,...,0k,)
be the C-Lasso estimators. Define

~ 7 A ~
it = Yit — Iitﬂi — M

with
T
Z Yit — ztﬁz
and
B = (yie —Ts.) — (wie —Ti)' Bi.
Let é\i = (é\ila ce ,a‘T)I, €Tr; = (.%'1‘1, ce ,{BiT)I, MO = IT — %ZTZIT and

ir is a T x 1 vector of 1s. Lu and Su propose to use a residual-based
Lagrange multiplier (LM) statistic

n

LM(Ko) = > Moz, (a} Mow:) @} Mo?;

i=1

to test the hypothesis
HO K= KO
versus
Hy : Ko < K < Kyax,

where Ky and K.« are prespecified by researchers. Define

LLN[(KVO) — B,r
Jnr (Ko) = v 7
nT
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with

and

where Q; = E(Q;) and Q; = =@ Mox;. Show that J,1 (Ko) 4N (0,1)
as (n,T) — co.

Let @; r be the conditional 7-quantile function of y;; given x;; with
the form

Qir (Yit|wi, i (1)) = 2,8 () + (1),

where 7 € (0, 1) is the quantile index, and individual fixed effects «; (1)

taking only K different values, ay (7),...,ax (7). Gu and Volgushev
(2019) consider a penalized estimator
(3,&1,...,&n) =arg min O (8, ai,...,q,)
yXL e, On

with

n

®(ﬁva17 ce 70571) = Zzpr(yit - 517;,56 — Oli) + Z)\” |Ozi — Ozj|7
i=1 t=1 i#j

where p;(u) = {7 — I (v <0)}. Here u is the check function and \;;
are the penalty parameters. Show that

T

~ ~ 1 &
Q0 B0 =t | _ <
B=B8"+op(||l5 - All) =T HT;;{T I (uz < 0)}
Saggio (2012) considers a nonlinear group fixed effects (NLGFE)
estimator

yie = 1}, 8° + ago + vig > 0},

where 3 is the common parameter and oy is the group-specific param-
eter. Superscript denotes the true parameter values such as g9 denotes
the true group membership indicators and g0 the true group effect
associated with units that belongs to group g°. The group membership
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variables g; assign each individual ¢ € {1,...,n} into the K groups.
Let a = (ag,,...,aq,) and v = {g1,...,9n} € I'r, where I'c is the set
of all possible groupings of all {1,...,n} into K groups. The NLGFE
is given by

n T
(8,d,7) = arg max > wilog ® (a8 + ag,)

Tli=1 t=1

+ (1 = yir) log [1 — @ (27,8 + g, )]

Define

n T
6i(f.a) = argge{{{lf}.(.,c} ; ; yit log ® (7,8 + ag,)
+ (1 — yat) log [1 — (2}, 8 + g, ) ]
which corresponding to the optimal assignment for each i. Then
n T

0= (B,a) = arg maxd > yilog @ (i + ag,(5,0))

i=1 t=1

+ (1 —yir) log [1 — @(27,8 + ag,(s,m) |-

Let 6 be the infeasible NLGFE

7= (5.3) = are %Xziy log ® (a1, + )
+ (1= yir) log [1 — @(2, 8 + ago) .
Show that
VAT (6 -0) % N(0,%)
and
VaT (6 - 6) % N(0,%)

as (n,T) — oo and n = exp(ev/T) with € > 0, where X is a positive
definite matrix. Spell out the conditions you need.



Latent-Grouped Structure in Panel Data Models 135

(17) Denoted observed data as {w;:}, where i = 1,...,n, t = 1,...,T.
Define

n T
1
QHT(ﬂvalv"'v :ﬁ;;%) wltvﬁvaz

Let § be the common parameter, {c;} be individual specific parame-
ters, and f (w;, 3, ;) be the density function of w;;. Let

I, = {i : individual ¢ belongs to group g}

g=1,..., K. Bester and Hansen (2016) consider a grouped fixed effect
estimator

(B, {3,}) = arg o 15 ZQQT B.7),
Y9 g 1 =
where
Qur (B,7) Z Zlogf wit, B,7)
9 icly t 1

with a; = 4 for all i € I, where ny is the number of individuals in
group ¢. Show that

(B.(35}) * (8°.{a?})

and
VaT (B —8°) % N (0,J-QJ71).
Let
37 gy S Qur (3,3 (9)
and
a; (B) = argmax Qir (8, ).
Show that

VAT (P - %) % N (eB, J~QJ ")

as 7 — ¢, where B is a bias term.
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(18) Vogt and Linton (2017) consider a nonparametric panel regression

Yit = M (Tit) + Uit
and
Wit = o + V¢ + Eit,

where m; are unknown nonparametric functions and wu;; denotes the
error term. Let G1,...,Gk be a fixed number of disjoint sets which
partition the index set {1,...,n}, ie., GU---UGg = {1,...,n}.
Suppose for each k € {1,..., K}

m; = 1my

for all 4,7 € Gy. Let gr be the group-specific regression. Vogt and
Linton propose a thresholding procedure to estimate the groups
G1,...,Gg. Let S C{1,...,n} be some index set and pick an index
i € S. Let G € {Gy1,...,Gk} be the class to which i belongs and
suppose that G C S. We would like to infer which indices in S belong
to the group G. Define

By = [ {mi ) = m; (0} (o)
By = [ 4 () = s (0} (o) o

X W (i — @) G

’ﬁ’l/i (.T) = T y
> i1 Wh (zie — )
and
it = yir — G — 7. + 7 (5.15)
with
T
1
yi =7 Z Yit,
=
NUNE S«
Yo =1 _ Z _yztv
J=Lj#i
and

. 1 n T
y():m Z Zyitv

j=1.5#i t=1
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where 7 is some weight function, Wy, (z) = +W (%), W is a kernel
function, and h is the bandwidth. Define the ordered distances as

Ajy S Aj2) < < Ajng)
and
3z‘[l] < 3z‘[2] <. < 31'[ns]»

where ng = |S], the cardinality of S. Note that (-) and [-] are used
to distinguish between the orderings of true and estimated distances.

Note that
=0 forj<p,
Ai(j) I=r
>c forj>np,
max |3ij — Ay =0, (1),
ij
and
~ =0 for j <p,
Aili] 4 < :
>c+o,(1) forj>p

with some constant ¢ > 0. This implies that we can estimate G =
{(1),...,(p)} by G={[1],...,[p]} if p were known. Let

D = max {] AL nst A < TmT},
where 7, 7 is the threshold parameter such that

max Aij S Tn,T-

JjeEG
Then define G = {[1],...,[p]} . Define
. 1 .
gk (z) = Gl i(z),
| k| i€ék

where |G| denotes the cardinality of the set G. Show that

Gk () — gk () = Oy <\/ﬁ i h2>

and

ViRTh @G, () — gi, (z)) > N (B, Vi (2))
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asn — 0o, W 2y ¢4, for some constant ¢, > 0, where 7, = |ék|,
ng
ni, = |G/,
Bo(@) = S [W () P tim { Ly G0+ 20 () i ()
2 n—00 | N e fz ( ) ’
i€Gy,
and
1 o? (z)
ka:/W2gpd<plim — : .
() (e Jim 40 3 3
Vogt and Linton (2019) propose multiscale estimators of the unknown

groups and their unknown number which are free of bandwidth or
smoothing parameters. Consider

Yit = My (Tit) + Wir
and
Uit = o + Y + Eit

Assume there are K groups, G1,...,Gg, with UkK:1 G, =A{1,...,n}
such that

m; = 1my
for all i, j € Gi. That is, for each 1 < k < K,
mi = gk

for all i € G where g, is the group-specific regression function asso-
ciated with the class GGj,. Define a local linear kernel estimator of m;

Zt 1 Wi (z,h) Y7,
Zt 1 Wit (2, h) ’

with the weights W;; (x,h) and ¥, is defined in (5.15). Define a mul-
tiscale statistic as

min () =

Jij = ma>)< {1@] (x,h) — A (2h)}

(z,h

such that hyin < h < hmax and z € [0, 1], where

-~ _ M (x) — My ()
Vi (@) = VTh oy @ h)
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and U (x,h) is a scaling factor. Let S C {1,...,n} and S C

{1,...,n} be two sets of time series. Let
A(S,S") = dij. 5.16
(5.57) icsges M (5.16)

To partition the set of {1,...,n} into groups, Vogt and Linton suggest
to combine the multiscale dissimilarity measure in (5.16) with a hier-
archical agglomerative clustering algorithm. Let GEO] = {i} denote the

1th singleton cluster for 1 < ¢ < n and define {@[10], ceey GL?]} to be the
initial partition of {1,...,n} into clusters. Let @[;—1]7 cee @Ef:(lﬂ,l) be

the n — (r — 1? clusters from the previous step. Determine the pair of
clusters chr_l and GE:,_H for which
A@UEE N = win A@FUGEY
(GG ) 1§l<l,127131_(r_1) (GG )

and merge them into a new cluster. Iterating this procedure for
r=1,...,n—1yields a tree of nested partitions é[f], e égb That
is, the hierarchical agglomerative clustering algorithm merges the n
singleton clusters GEO] = {i} step by step until we end up with the
cluster {1,...,n}. In each step of the algorithm, the closest two clus-
ters are merged, the distance between clusters is measured by A. Let

K=min{K=12,..., lg}%xKﬁ(égf‘K]) <1,

where 7, 1 is a threshold sequence. Show that
PG @R — (G, Gk)) = 1
and
P(K =K) — 1.

Okui and Wang (2019) consider the following panel group structure
model:

!
Yit = Ty By, ¢ + Eit-

Let G = {1,...,K} be the set of groups where ¢g; € G indicates
the group membership of unit ¢. Units in the same group share the
same time-varying (4 where g € G. For each group, there are my
breaks and {Ty1,...,Tym,} denotes a set of break dates. Let ay,;,
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j =1,...,mg, be the values of coefficients until the jth break date
and g ,,+1 be the value of coefficients in the last period

Byt = g,j

if Ty ;1 <t < Ty, where Tyo = 1 and Ty, 41 = T + 1. Let
B= (Bl B Bogs - ,ﬂ’K,T), v={g1,...,gn} Define

n T
(Bﬁ) = argmgl ﬁ Z Z Yit — wgtﬁ!]i,tﬁ

T
FAYS g 1Be — Bor

geG t=2

where A is a tuning parameter and w,,; is a data-driven weight
defined by

. 2 A —K
Wy,t = ||5g,t - Bg,tfln

with x being a user specific constant and B being a preliminary esti-
mate of 8. Define

) 1 n T T '
f = argmin - SN (i —2iuBeo ) XY D g 1Byt — Bys-ll

i=1 t=1 geG t=2
where 6 is the estimator of § when the group memberships + are

known. Denote ny as the number of units in group g,

n

”9221{9?29}

i=1

for g € G. Show that for all g and ¢

—~ o 1
69,1& - 69,1& = 0p (ﬁ)

~ 1
s ti-0 ()

for 6 > 0 if & — 7, and (n,T) — oo for 0 < 7y < 1.

Let x1,...,x, be a random sample from the mixture of exponentials,
(1—a)Ex(1)+aFEx(0), where Ex (0) denotes the exponential distri-
bution with mean #. Show that under the homogeneous model where

and



(23)

Latent-Grouped Structure in Panel Data Models 141

a = 0, the only way to ensure a finite Fisher information is to require
0<0<2.

Consider a sample normal mixture model given by (1 —a) N (0,1) +
aN (u,1). Consider the likelihood ratio test for the hypothesis Hy :
1 = 0. Show that the likelihood ratio test statistic goes to infinity in
probability as n — oo.

Let x;, ..., z, be arandom sample of size n from a mixture population
with the probability density function (pdf)

f(z;a,01,0) =(1—a)N(0,1)+aN (6,1),

where 0 < o <1 and |0] < M. Let R,, be the log-likelihood ratio test
statistic for testing Hp : af = 0 versus H, : af # 0. Chen and Chen
(2001) show that as n — oo

2
Rni{sup €(t)} ,
t|<M

where £ (t) is a Gaussian process with zero mean and the covariances

et —1

V(e =) - 1)

Cov(£(s),£(t)) = sgn(st)

(Bickel and Chernoff, 1993) Suppose that z1, ..., x, are i.i.d. standard
normal random variables. Denote
Sy (t L (toimr e
[ p— T 2
n (1) Tn (e )e
and
M, =sup Sy, ().
t
Show that
. 1/2 B 1/2
nlgr;o P{ (loglogn) '~ [M, — (loglogn) ’* | + log (\/§7r) <}
= exp (—e*x).
(von Luxburg, 2010) Stability is a useful tool for selecting the num-

ber of clusters, K. The general rule is to choose K which leads to
the most stable clustering results. The clustering Cx of a data set
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S ={x1,...,x,} is a function that assigns labels to all points of S,
that is

CKZS—){L...,K},

where K is the number of clusters. Define the instability of a clus-
tering algorithm as the expected distance between two clusterings
Ck (Sn),Ck (S{l) on different data sets S, S/, of size n:

Instab(K,n) = E(d(Ck (Sxn),Ck (S5))),
where d(C, o ) is a distance between clustering C' and C’ Define

bmax

— 1
Instab(K,n) = B > d(Cy, Cy)
max b,b/zl
and
K= argmkinlfs:ca)(K, n).
Let
Qu(cr.eever) = =3 min s — o
n\tl,...,CK ni:l & 7 k
and

Q= E[mkion fckHﬂ
= /mkin |z — ex||? dP,

where P is the underlying probability distribution of . Show that if @
has a unique global minimum, then the K-means algorithm is stable
as n — oo,

lim Instab(K,n) =0
n—oo

and if @ has several global minima, then the K-means algorithm is
unstable as n — oo,

lim Instab(K,n) > 0.

n—oo
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(26) (Continued) Assume that the underlying distribution P is a mixture
of two well-separated Gaussian. Denote the means of the Gaussian by
p1 and pio.

(a)

Assume that we run the K-means algorithm with K = 2 and we
use an initialization scheme that places on initial center in each
of the true clusters. Show that the K-means algorithm is stable.
That is, it terminates in a solution with one center close to p1 and
one center close to us.

Assume that we run the K-means algorithm with X' = 3 and
we use an initialization scheme that places at least one of the
initial centers in each of the true clusters. Show that the K-means
algorithm is unstable in the sense that with probability close to
0.5 it terminates in a solution that considers the first Gaussian as
cluster, but splits the second Gaussian into two clusters; and with
probability close to 0.5, it does it the other way round.
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